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PREFACE 


Modern developments in various fields of applied science have greatly 
increased the importance of mechanics as a fundamental engineering sub- 
je(du The in Teasing use of high-speed macdiines has given rise to many 
complex problems the solution of whi(^h requires a thorough knowledges 
of vibration theory and balancing. Present research with guided missiles 
has likewise aroused new interest in the scieiic.e of ballistics and the theory 
of the gyroscope. Experimental studies on the behavior of structures 
under various kinds of dynamic loading have called attention to many 
new problems of structural dynamics. To meet these increasing needs 
for more extensive training in dynamics, many of our engineering schools 
now offer a number of advanced courses in this branch of mechanics. 
This book is intended primarily as a textbook for such courses. It may 
also be of interest to research and pra(‘ticing engintMTS in dealing with 
dynamical problems. 

In the preparation of the book, the authors have tried to present the 
general principles of dynamics togetlier with their application to some of 
the more important technical problems encountered in various fields of 
engineering. 

The first cliapter deals with the dynamics of a particle and the solu¬ 
tion of the differential equations of motion for various particular cases. 
Applications include a section on rectilinear motion with various kinds of 
resistance, several sections on vibration problems, one on planetary 
motion, and one on exterior ballistics. Since it is not always possible to 
obtain rigorous solutions for differential equations of motion, applica¬ 
tions of several approximate methods of graphical and numerical integi-a- 
tion are also shown. In general, the accuracy of such methods is entirely 
satisfactory for the solution of practical problems, and it has seemed 
desirable to give engineering students some ideas of approximate solutions 
of dynamics problems. 

The second chapter introduces the notion of a system of particles and 
proceeds with a development of the important principles of linear and 
angular momentum and the law of conservation of energy. Applications 
of these principles include discussions of rocket motion, impact phe¬ 
nomena, and fluid motion. This chapter also includes several sections 
dealing with the problem of engine balancing and flywheel calculations. 
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These sections are developed in sufficient detail to give the student a 
working knowledge of this important engineering problem. 

Chapter III takes up the dynamics of systems with constraints and 
introduces the notions of generalized coordinates and generalized forces. 
The method of setting up equations of motion by using the principle of 
virtual work in conjunction with D^41embert’s principle is treated in 
detail. Following this method of approach, the Lagrangian equations of 
motion are developed in general form and their application illustrated 
by numerous examples. The last section is devoted to a brief discussion 
of Hamilton's principle. 

C'hapter IV deals with the theory of small vibrations of conservative 
systems. Both free and forced vibrations of systems with two degrees 
of freedom are discussed in detail, special attention being given to the 
theory of dynamic dampers. Approximate methods of calculating 
principal frequencies of systems with several degrees of freedom are also 
discussed, and one section treats the lateral ^ubration of beams as an 
example of a system with an infinite number of degrees of freedom. The 
last two sections consider several examples of vibration about- a steady 
state of motion and the theory of variable-speed dampers. Throughout 
this chapter, the Lagrangian method of writing equations of motion has 
been used. 

The last chapter deals with the rotation of a rigid body about a fixed 
point, beginning with a discussion of the kinematics involved and pro¬ 
ceeding to a development of Euler’s equations of motion. As an example 
of the application of these equations, the theorv of the gyroscope is dis¬ 
cussed with reference to such technical uses as the gyroscopic compass, 
the gyroscopic pendulum, and gyroscopic stabilizers. 

The book contains more material than can be covered properly in one 
course, and, very probably, few instructors will desire to follow it from 
cover to cover. In anticipation of this, each chapter has been made as 
nearly self-contained as possible so that the material can be used in any 
desired combinations. The authors have found, for example, that the 
material in Chap, III and portions of that in Chap. IV are adequate for 
a short course in Lagrangian equations and their application to vibration 
problems. Again, the material in Chap. I has been used in a similar 
way for a short course on graphical and numerical methods of integration 
of differential equations of dynamics. Chapters II and V might likewise 
be found useful for short courses dealing with engine balancing and the 
theory of the gyroscope. 

In addition to numerous examples discussed throughout the text, the 
book contains approximately 150 problems without solutions. For 
the most part, these are attached to those sections dealing with the 
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development of general principles and are designed to give the student 
an opportunity to test his own powers of application. Answers are given 
to most of these problems. 

Various books on both theoretical and applied dynamics were used in 
the preparation of this book. In this respect, acknowledgment is due 
to Lamb’s “Dynamics,” Routh’s “Elementary Rigid Dynamics,” and 
in particular to the book “Technische Dynamik” by Biezeno and Gram- 
mel for material used in the treatment of engine balancing. 

Also used to some extent were the Russian books: E. L. Nikolai, 
“Theoretical Mechanics,” vol. Ill, Moscow, 1939, and L. G. Lojciansky 
and A. J. Luri;, “Tlicoretical Mechanics,” vol. Ill, Moscow, 1934. 

We take this opportunity to express our thanks to Bruce Carder for 
assistance in the preparation of drawings and t.o Mrs. Evelyn Sarson for 
her extreme care in the typing of the manuscript. 

S. Timoshenko 
D. H. Young 

Palo Alto, Calif. 

September, 1948 
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area, amplitude 

area, radius, acceleration 

flexural rigidity 

torsional rigidity 

coeflficient of viscous resistance 

diameter 

constants of integriition 
dimensions, coefFicicnts, (juaiitities 
modulus of elasticity 
natural logarithmic base, ecccmtricity 
force 

frequency, coeflicient of friction 
modulus of elasticity in shear 
gravitational acceleration 
angular momentum 
height 

moment of inertia 
moments of inertia 
products of inertia 

radius of gyration, general number, a/ —1 

polar moment of inertia 

any number 

constant 

spring constant 

Lagrangian function, length 

length 

moment of force 
mass of a particle 
normal force 
any number 
origin of coordinates 
force 

angular frequency, pressure 
generalized force, quantity of flow 
generalized coordinate 
resisting force, resultant force, radius 
radius, root 
axial force 

curvilinear displacement, stress 
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NOTATIONS 


T kinetic energy, tangential force 

t time 

V potential enejgy, volume, terminal velocity 

V velocity 

II" weight 

w weight per unit volume 

X, Y,Z components of force 

x,y,z rectangular coordinates 

x,y,z components of velocity 

x,y,z components of acceleration 

a phase angle 

jd magnification factor 

7 mass per unit volume, damping factor 

a,^,y angles, quantities, direction cosines 

8 deflection, vaiiational symbol 

€ phase angle 

X amplitude 

fjL coefficient of friction, dynamic viscosity 

p mass density, radius of curvature 

T fieriod of vibration 

0 ) angular velocity 

d,4>,\p angles of rotation 

coordinates 
vector quantities 




CHAPTER I 


DYNAMICS OF A PARTICLE 

1. Differential Equation of Rectilinear Motion. —A particle is defined 
as a material paint that occupies no appreciable space. Many physical 
bodies are so small compared with their range of motion as to be treated 
as particles. Dynamics of a particle comprises a study of the motion of 
such bodies under the action of applied forces. This study is based 
largely on Newton’s first two laws of motion. The first law states that 
every particle remains at rest or moves uniformly in a straight line, except 
in so far as it may be compelled by force to change that state. This law, 
sometimes called the inertia law, establishes the inherent resistance of 
matter to change in motion and indirectly defines the concept of force 
as the only agent that can change or tend to change the motion of a 
body. The second law states that when a force acts upon a given particle, 
that force produces an acceleration of the particle in the direction of the 
force and proportional to its magnitude. From this law, we see that the 
effect of a given force on a given particle is independent of the effect of 
any other force that may also act on the 

particle and, likewise, independent of any ^ 

motion that the particle may have had before ^ 

the force began to act. For example, a Fia. i. 

constant force in a given direction pro¬ 
duces a constant acceleration in the same direction irrespective of whether 
the particle was initially moving in that direction or not. Thus, at 
the very outset, we must recognize that the motion of a particle will 
depend not only upon the acting forces but also upon the initial motion. 

In the particular case where the resultant acting force is constant in 
direction and any initial motion of the particle was also in that direction, 
we obtain a rectilinear motion. In such case, taking the line of motion 
as the x-axis (Fig. 1), the acceleration of a particle will be defined by the 
second derivative of displacement x with respect to time t, for which we 
use the notation x. Then denoting the magnitude of the resultant force 
by X, the second law of motion may be expressed by the equation 

mx — X, (1) 

where the constant of proportionality m represents the mass of the 

1 



ADVANCED DYNAMICS 


[Chap, I 




particle. This is the differential equation of rectilinear motion; we see 
that it is an ordinary differential equation of second order. 

Depending upon the law of variation of the acting force Eq. (1) 
may take many different forms. For example, we may know the acting 
force as a function of the independent variable time, A"^ — h\i), or as a 
////^y/y/A function of the displacement of the particle along 

^ its path, X = F(x). Again, in the case of resisted 

^ motion, we may have the force as a function of 

^ velocity, X *= F(x). Very often, the resultant 

< force will be a combination of all of these cases, 

^ and we have 

EM %posiHon 

example, if we have a spring-suspended mass 

d- m m vibrating vertically in air under the action of a 

-axj I variable external force Q = F{t) (Fig. 2), there will 

X act, in addition to Q, a spring force proportional 

to the displacement x and a resisting force propor¬ 
tional to the velocity x. Thus, Eq. (1) becomes 

mx = ~ Ax — ai: + F(t), (16) 

and we have a linear dij[fer€ntial equation with constant coefficients,^ 

In Fig. 3, we have a mass m attached to u thin cantilever spring, the 
effective length of which can be varied with time y///yyy/////////, 
in any prescribed manner by moving tl:e support. | 

A, Thus, in discussing lateral vibrations of the mass 
m, we have a spring characteristic that varies with time, 3 ^ 

and the equation of motion, without any external \ 

force Q, becomes \ 

mx = —F{t)x — ax. (Ic) \ 

In this case, we obtain a linear differential equation with 
variable coefficients. ^ 

If, in Fig. 2, we take the resistance proportional KxH 

to the square of the velocity and write Fm. 3 . 

mx = —kx — ax- + F(0, (Irf) 

we obtain a nonlinear differential equation. 

To describe completely a rectilinear motion of a particle, we need to 
know the displacement x for each instant of time t. Thus in any given 
case, our problem consists in finding a function 

X = S{t) 

^ The solution of Eq. (\h) is discussed in Arts. 5, 6, and 7. 


(2) 
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that satisfies Eq. (1) and also the known initial conditions of the motion. 
In general, a second-order differential eciuation will have a solution that 
can be represented by a function containing two arbitrary constants. 
In this ambiguous form, the function is called a general solution of the 
equation. It may be said to represent a family of curves in the rr^-plane 
and any particular pair of values for the arbitrary constants defines, 
uniquely, one of these (lurves. Analytically, the problem usually 
resolves itself into finding the general solution and then selecting values 
for the two arbitrary constants in such a way as to satisfy the known 
initial conditions of bhe motion, namely: the initial displacement Xo and 
the initial velocity io; f.c., 

X = xo, X = xo, when t = 0. (3) 

While differentiation of a given function, to find its successive deriva¬ 
tives ^ can always be conducted ac¬ 
cording to definite mathematical 
rules, the inverse problem of inte¬ 
gration of a given differential equa¬ 
tion, to find its primitive^ is mure 
difficult, and there is no general 
method of procedure. In the 
simplest cases, where the variables 
Ciin be separated, the solution can 
always be made by two successive 
steps of simple quadrature. Consider, for example, the case in which the 
acting force X = F{t) (Fig. 4). Then Eq. (1) becomes 

X = - F(l). (a) 

m 

To integrate this equation, we first write 

dx = “ F(t)dt. 
m 

Then, by simple quadrature, we obtain^ 

^ = m /o 

where Ci is a constant of integration. To evaluate this constant, we use 
the known initial condition (x)^«o = U For t = 0, the integral vanishes^ 

1 By F(t)dt it must be understood that we mean the difference between the 

value of the integral function at any time t and its initial value at / =» 0. 

* We assume that F(t) is finite at i = 0. 
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and we find Ci = — xo- Thus the velocity-time equation becomes 

^ = + Fmt. (4) 

Using the notation 

G{i) = J‘ F{t)dt, (b) 

and proceeding as above with a second integration, we obtain 

X C2 ^ Xot d- [ G(t)dt. 

m Jo 

Assuming now (x)t^o — .To, we find C 2 = — To and the general displace¬ 
ment-time e(|nation becomes 

X = Xo + Xof + - [ a{t)dt. (5) 

'fn Jo 

For any rectilinear motion of a particle under the action of a force that 
can be expressed as a function of time, Eqs. (^4) and (5) reduce the solu¬ 
tion of Eq. (1) to the evaluation of two definite integrals. In connection 
with these equations, we note that the terms containing To and To repre¬ 
sent the influence of the initial motion while the integrals represent the 
effect of the acting force. 

Example: A particle moves r(K^tiliri(*arly under the action of a force X — Po sin oit. 
Find the general velocity-time and displacement-!in e equations. 

Solution: Using Eq. (4), we obtain 

T = io -f- — [ — cos wtYo = To + “ (1 — cos cot), (c) 


The corresponding velocity-time diagram is shown in Fig. 5a, 
Taking 


G{t) = ~ (1 — cos 0)0, 


and using Eq. (5), we find 


T =» To + To< 4 —(cot — sin cot), 
co*m 


(d) 


The corresponding displacement-time diagram is shown in Fig. 55. We see that 
we have a simple harmonic motion of amplitude Po/co^ni and period 2ir/to superimjjosed 
upon a uniform motion having velocity xo -H Polutn. 

From Eqs. (4) and (5), we observe (1) that if no force acts upon a 
particle, it moves uniformly with its initial velocity xq and (2) that if a 
force F(t) acts only for the time dt, thereby creating a so-called impulse 
F(t)dty it produces, in the time dt, a negligible displacement and an 
instantaneous change in velocity dx = {\/m)F{t)dt. These two observa- 
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tions suggest another way of expressing the displacement-time equation 
for the rectilinear motion of a particle under the action of any force 
X == F{t), Referring again to the force-time diagram in Fig. 4, we 
imagine that the continuous action of the force is divided into a series of 
infinitesimal impulses, each represented by an elemental strip of area 


X 



F(t)dL Confining our attention to just one of these impulses, occurring 
at the instant we conclude that the displacement at any later time 
ti resulting therefrom will be 

dx{t, -t)= ~Fit)dt(h - f). 

Hence, the total displacement at the time <i, due to the succession of 
impulses from ^ = 0 to i z.e., due to the continuous action of the 
applied force, will be 

^ Jo ~ 

and the complete displacement-time equation can be written in the form 
X = Xo + Xoti + ~ I F{t){ti - t)dL (6) 

The integral of expression (c) can be given a simple geometrical inter¬ 
pretation. Since F{f)dt represents the area of one elemental strip in Fig. 
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4, we see that F(t)dt(ii — t) is the statical moment of this area with respect 
to the ordinate at ti as an axis. Hence, the complete integral is simply the 
statical moment of the finite area of the force-time diagram between the 
ordinates t = 0 and t = said moment being taken with respect to 
the latter ordinate. Equation (6) is sometimes useful in studying the 
rectilinear motion of a particle under the action of a force X == F(t). 



The above geometrical concept lends itself to a very simple graphical solution. 
Suppose, for example, that we want a displacement-time curve for the rectilinear 
motion of a particle of mass m under the action of a force X ~ F(t) as represented by 
the force-time diagram in Fig. 6a. Then we pretend that the ^-axis is a cantilever 
beam built-in on the right and carrying the force-time diagram as a distributed load. 
Replacing this distributed load by a scries of concentrated forces proportional to 
the trapezoidal areas Ai, A 2 , A a, . . . and acting through their centroids, we con¬ 
struct a funicular polygon abed ... for this system of loads as shown in Fig. 6c. 
We know from graphic statics^ that any intercept hi between this polygon and its 
first side ah, when multiplied by the pole distance H in Fig. 66, represents the statical 
moment of the shaded area with respect to the ordinate at h as an axis. Hence, this 
intercept, when multiplied by H and divided by m, represents the displacement at 
time due to the acting force X = F(t), In short, the smooth curve inscribed in the 
polygon abode ... is the desired displacement-time curve. 

If there is initial displacement xq and initial velocity xo, we have for the total dis¬ 
placement X at any time h 

X^X,+Xotl + ~ (/) 

In evaluating displacements from this formula, we note from Fig. 6 that intercepts 
hi are measured in the same units as abscissa, i.e., time. The pole distance H has the 
same dimension as fictitious force, i.e., force X time. 

^ See the authors^ “Theory of Structures,” p. 30, McGraw-Hill, New York, 1945. 
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We come now to a consideration of the case where X = F(x)y as 
represented by the force-displacement diagram in Fig, 7. In this case, 
we can again obtain a solution of the differential equation of motion (1) 


by quadrature. First, we write 

F(x)dL 

m 

Then multiplying both sides of this 
expression by i: = dx/df, we obtain 

xdx — — F(x)dx, 
m ^ 


Ffx) 



Fig. 7. 


in which the new variables x and x are separated. Integrating, we get 

Assuming now that we know the initial velocity = Xq, we find 

C = ‘-Xo^/2 and the equation becomes 

This equation states that the change in kinetic energy of the particle over 
any portion of its path is equal to the corresponding work of the acting 
force as represented by the shaded area under the force-displacement 
diagram in Fig. 7. Equation (7) is very useful when we wish to express 
the velocity of a particle as a function of its displacement. Introducing 
the notation 

G(x) = f"F(x)dx, 

Jxo 

we have _ 

X — ± yjxo^ + ^G(x)j {g) 

where the sign is taken to agree with that of xo * 

Having velocity as a function of displacement from Eq. {g) we write 


from which 




* If xo ** 0, we must choose the sign of dx/dt on the basis of the initial direction 
of the acting force F{x) when x = Xo. If this force F{x^) is positive in direction, it 
will induce a positive increment of displacement dx in time di and we have to take 
dx/dt with plus sign. If F(xo) is negative, dx/di is taken with minus sign. 
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Then integrating, we obtain 


i C 



X 


Since t = 0 when x == .To, we have C = 0, so that finally 



Fig. 8. 


7x0 


( 8 ) 


From this expression, we obtain the displacement-time 
equation x = /(O, and the motion is completely defined. 

Example: A particle of mass m starts from rest at an initial 
height h above* the center of the earth and falls under the action 
of gravity (Fig. 8). If air resistaina* is neglected and displacement 
X is nu^asured from the center of the earth, the resultant acting 
fonu* for any position of the particle above the earth will be^ 

Wr^ 

A —- TT > 


where W is the weight of the particle at the earth’s surface and r 
is the radius of the earth. We are required to find the velocity of the particle as a 
function of its position x. 

Solution: Using Eq. (7) and remembering that xo -- 0, we have 


2 



from which 


(fe) 

Taking = oo and z = 

r, we obtain 



ico = — 

w 


This is the velocity with which a particle falling from infinity would strike the earth. 
With reversed sign, expression (i) also represents the initial velocity that must be 
given to a body at the earth’s surface in order to have it completely escape the earth’s 
gravitational field; it is called the velocity of escape. Taking r = 3,960 miles, we obtain 
i*, « 7 m.p.s. This result, of course, is of no practical value, since our solution 
neglects the effect of air resistance. 

To calculate the time of fall for the particle in Fig. 8, we substitute expression Qi) 
for X in Eq. (8) and obtain 



To evaluate this integral, we let 

_ X = h cos^Bj (k) 

where 0 «= cos~^ a / x/h is a new variable. Then 


dx = —2/i sin 6 cos 0 dd 

and Eq. (j) becomes 

* This follows from Newton’s law of gravitation, which states that the force of 
attraction between any two masses is inversely proportional to the square of the 
distance between their centers. 
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(0 


{m) 


From this cxprrssion, ^ho time of fall i can be calculated for any position x. The 
equation, of course, is valid only for r < x < h. 


PROBLEMS 

1. Under the influence of gravity and without resistance, particles start simul¬ 
taneously from rest at O and slide along variously inclined straight groove's cut in the 
surface of a cone with inclined axis (Fig. 9). Prove that after any lapse of time 
all the particles will lie on the surface of a 
sphere of diameter D — IgP. 

2. Assuming xo ^ Xo — 0, develop general 
velocity-time and displaceunent-tirne equa¬ 
tions for the re(!tilinear motion of a particle of 
mass m under the action of a force X = 
where Fo and a are constants. 

3. Assuming xo — Xo — 0, develop general 
velocity-time and displacement-time equa¬ 
tions for the rectilinear motion of a particle of 
mass m under the action of a force X = Fq cos 
cof, where Fo and w are constants. 

4. A car of mass m moving rectilinearly 
with initial velocity Vo is brought to rest by 
a succession of negative impulses occurring 
at regular intervals of time i = r, ^ = 2r, . . . f — nr. If each impulse' reduc(is the 
velocity by the constant amount Av, what number n of impulses will be required to 
bring the car to rest and what total distance x will it have traveled by this time? 
Assume;, in addition to the impulses, a constant resistance R, 

^ = '’of «0 + At> \ 

^~Av/T + l{lm’ 2 \A»/t+ H/mJ 

6. Assuming as initial conditions x = Xo and i: = 0 when < = 0, develop the dis¬ 
placement-time equation for the rectilinear motion of a particle of mass m under the 
action of a force X = kx. Arts, x = Xocosh \/klrn • t. 


O 



Fiu. 9. 


2. Graphical Quadrature.—In the preceding article, we have seen 
that integration of the differential equation of motion (1) frequently 
reduces to two steps of simple quadrature. Thus if the acting force can 
be expressed analytically, there is no difficulty whatever. In engineering 
problems of dynamics, however, it frequently happens that the acting 
force is given graphically by an empirical curve like those shown in 
Figs. 4 and 7. In such cases, the quadratures indicated in the equations 
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of the previous article are best made graphically or numerically. We 
shall discuss here a graphical method of quadrature applicable to all 
such problems. 

Referring to Fig. 10, assume that a function r? = /(f)* is given by the 
curve AB and that we desire to determine graphically the integral 

function f = g(^) = This means simply that we have to 

construct a curve f = g(^) whose slope df/df for each value of f is equal 



to the corresponding ordinate tj of the given curve and whose succesvsive 
ordinates f represent the accumulation of area under the given curve. 
To accomplish this construction, we proceed in the following manner: 
First, we select a suitable number of points 1, 2, 3, ... 6 on the given 
curve AB and project these points onto the vertical ? 7 -axis, obtaining 
the corresponding points 1', 2', 3', . , . 6'. Next, we select a pole P 
to the left of the origin 0 and any convenient distance p therefrom. Con¬ 
necting the points 1', 2', 3', . . . 6' with the pole P, we obtain a series of 
rays 1, 2, 3, ... 6, the slopes of which are all proportional to the cor¬ 
responding ordinates of the given curve rj = /(f). 

This done, we replace the given curve AB by a step curve passing 
horizontally through the chosen points 1, 2, 3, ... 6 and so stepped that 
the areas of the similarly shaded triangles are as nearly equal as we can 
make them by eye. Considering this step curve for a moment, we see 
that since its ordinates are constant over each step, then the correspond- 

* The discussion is perfectly general, and we use the notations f, t rather than 
Xy y, z to avoid confusion with any specific quantities th&t Xy y, z might suggest. 
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ing integral curve must have a constant slope over each step, as repre¬ 
sented by the slopes of the rays 1, 2, 3, . . . 6. In other words, it must 
be a funicular polygon corresponding to these rays. To construct this 
polygon, we being at 0 and draw Oa parallel to ray 1; from a, where Oa 
intersects the first vertical of the step curve, we draw ah parallel to ray 2; 
etc., as shown in the figure. The smooth curve inscribed in the polygon 
Oabcdef and tangent to it at the points 1", 2", 3", ... is the required 
integral curve. 

This follows from two facts: (1) The step curv^e and the given curve 
AB have the points J, 2, 3, . . . <> in common; therefore, their integral 
curves must have the same slopes at these points. (2) Any ordinate of 
the integral curve at one of the points 1", 2", 3", ... 6" represents the 
accumulation of area under the given curve AB up to that point. Like¬ 
wise, it represents the accumulation of area under the step curve up to 
that point. For these areas to be one and the same, the areas of the 
similarly shaded triangles must be equal, a condition that was previously 
approximately fulfilled. Hence the smooth curve 1", 2", ... 6" and 
the true integral curve have at points 1", 2", . . . the same ordinates 
and the same tangents. With a proper selection of the points 1, 2, 3, 

. . . , our smooth curve will represent a very good approximation to the 
true integral curve. 

One question remains to be discussed, namely: how to determine the 
scale by which the ordinates of the integral curve f = g{^) shall be 
measured. If the same scale unit were used for both the unit of rj and 
the unit of ^ in constructing the given curve AB and, further, if this 
scale unit were taken as the pole distance p, then, of course, still the same 
scale unit wo\ild be used for measuring the ordinates f of the integral 
curve. However, it is usually neither convenient nor desirable f.o do this. 
In general, if and units of length are the scale units^ for f, Vy 

and respectively, and the pole distance is p units of length, then the 
tangent of the angle that any ray in Fig. 10 makes with the f-axis, i.e., 
the slope of any ray, is 


tan <i>i = (a) 

In the same way, the actual slope of any tangent to our integral curve is 

=IS' 

1 For example, if we are using a scale 1 in, =7 f.p.s. on the ^-axie, then 1 in. = 1 
f.p.s.; t.e., ef « 1 in. In such case, ^ f.p.s. is represented by in. of length in the 
drawing. 
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Equating expressions (a) and (6), we find 


since, by definition and regardless of scale, we have rj = Thus 

it follows from expression (c) that the scale unit by which ordinates of 
the integral curve ^ = gU) are to be measured is 




P 


(9) 


We shall now consider the application of the described method^ 
to a specific problem of interior ballistics.^ The curve OBC shown in 
Fig. 11 represents a typical powder pressure curve for a small-bore rifle; it 
shows the intensity of powder pressure as a function of the position of 

In this particular case, the bore is 8 
mm., the bullet weighs 10 g., and the 
powder weighs 3.2 g. From these 
given data, it is required to find the 
so-call(d muzzle velocity Vc with which 
the bullet leaves the gun and also 
the time of travel tc along the barrel. 
In maldng such calculations here, we 
shall assume that the resistance to 
motion along the barrel due to friction, rifling, etc., is negligible in com¬ 
parison with the powder pressure. In oth^r words, we assume that the 
force due to the expanding powder gas is the only acting force. 

We begin our solution with Eq. (7) of the preceding article. Noting 
that in this case io = 3:o = 0, when f = 0, and using v = x, we have 

\m'v- = a p dx = ag{x)y (d) 

wherein m' is usually taken to represent the mass of the bullet plus one- 
half of the powder mass, a is the cross-sectional area of the bore, and p 
is the powder pressure. From Eq. (d), we obtain 


the bullet along the gun barrel. 



f Vg{x), (e) 

and we see that by constructing graphically the integral curve f = g(x) 
corresponding to the given powder pressure curve p — /(.r), we can easily 


^ For a slight variation of the method as well as for other applications, see H. Von 
Sanden, ** Practical Mathematical Analysis,” Methuen, Ix)ndon, 1923. 

* For a brief r6sum4 of the principal problems of interior ballistics and bibliography, 
see “Innere Ballistik,” by Erwin Bolle, ^‘Handbuch der physikalischen und tech- 
nischen Mechanik,” vol. II, p. 276, Leipzig, 1930. 
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find therefrom the velocity v for any value of x. In short, the velocity is 
proportional to the square root of the work done by the powder pressure. 

We proceed then by plotting the given powder pressure curve in 
Fig. 12a to the scale: 1 cm. = 1,000 kg. per sq. cm. on the p-axis and 



1 cm. = 10 cm. on the x-axis. Choosing the points 1, 2, 3, ... 9 
on this curve, we construct the corresponding step curve as already 
explained. Then taking a pole distance p = 2.5 cm., we construct the 
rays 1, 2, 3, ... 9 and the corresponding funicular polygon Oabcdefgh 
as shown. The smooth curve inscribed in this polygon gives us the 
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required integral curve f = g{x). Using Eq. (9), the scale factor for this 
curve is found to be 

^ 1 V ^ V ^ ^ 

10 ^ 1,000 ^ 2.5 25,000’ 

i.e., on the f-axis, 1 cm. = 25,000 kg. per cm. The maximum ordinate 
at the end of this diagram scales 3.50 cm. Therefore gdx) = 87,500 
kg. per cm. To find the corresponding muzzle velocity Vc, we have, for 
the given data, 

f2a 12 X 0.5027 X 980 „ , , , , 

and then, from Eq. (e), 


Vc = 291.2 V87,5()0 = 86,000 cm. per sec. = 860 m. per sec. 

We now turn our attention to the time of travel of the bullet along 
the gun barrel. In the case of large guns, this question is of considerable 
interest in connection with the design of recoil mechanisms. Having 
velocity r as a function of displacement Xy there is no very great difficulty 
to find the time of travel. We begin with Eq. (8) of the preceding article 
and write 



From this, we see that to find the time of tiavel to any point x along the 
barrel, we need only to construct the curve i/v = 0(x) and then make 
the corresponding integral curve t = \f'ix) as represented by expression 
(/). To do this, we first scale a suitable number of ordinates of the 
( 7 (x)-curve in Fig. 12a and calculate, from Eq. 
(e), the corresponding values of v and l/v as sho\Mi 
in Table 1. The next step is to plot the curve 
\/v = 0(x) as shown in Fig. 12b. 

Because of the fact that this curve approaches 
infinity as x approaches zero, we cannot deal with 
^ it graphically for small values of x. In other 
words, the area under the early part of the 
curve is indeterminate. Therefore we solicit a 
little analytical aid at the beginning, namely: we assume that up to the 
point X = 2.5 cm., the powder pressure p is a linear function of time. 
Then the resultant force X acting on the bullet can be represented by the 
force-time diagram shown in Fig. 13. Using this diagram together with 
the notions of area and statical moment discussed on page 6, we may 
write at once 
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and 


2m 


2m' 3 


Eliminating the constant k/m', we obtain 


ig) 

(h) 


Af 



(i) 


Using in this expression, the first pair of values of x and v from Table I, 
we find 




sec. 


U) 


To plot this starting point for the integral curve t = \l/{x) in Fig. 12h, we 
must first determine the scale factor for L Since we have plotted the 


Table T 


X 

cm. 

9{x) 

scale units 

ff{x) 

kg./cm. 

Vg{x) 

(kg./cm.)l 


f2_a 

m' 

V 

cm./see. 

(lO)''- ’ 

V 

see./cm. 

0.0 

0.000 

0 

0 

291.2 

0 

oO 

2.5 

0.104 

2,600 

51.0 



14,860 

6.750 

6.0 

0,330 

8,325 

91.1 



26,5(K) 

' 3.774 

7.5 

0.652 

16,300 

127.7 



37,100 

2.695 

10 

0.945 

23,600 

153.6 



44,700 

2.237 

20 

1.934 

48,400 

220.0 



64,000 

1.562 

30 

2.586 

64,600 

254.2 



74,000 

1.351 

40 

2.996 

74,900 

273.7 



79,600 

1.256 

60 

3.255 

81,300 

285.1 



83,000 

1.205 

60 

3.434 

85,800 

292.9 



85,300 

1.172 

70 

3.500 

87,500 
i_ 

295.8 



86,000 

1.163 


curve 1 /v = 0(x) to the scale 1 cm. = 0.0(X)01 sec. per era. on the 
vertical axis and 1 cm. = 10 cm. on the a:-axis, we have ~ 100,000 
and Cx = tV; so that with a pole distance p = 2.5 cm., we have 

et = 100,000 X ^ X ~ = 4,000; 

t.e., on the ^-axis, 1 cm. = 2.5(10)“^ sec. We now plot the point 
A[t = 5.05(10)^** sec. when x = 2.5 cm.] in Fig. 125 and are ready to 
begin the graphical construction of the integral curve t = yl/{x). This is 
carried out in the same manner as before, and the final ordinate at 
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X — 70 cm. scales 6.35 cm. Hence, 

tc = 6.35 X 2.5(10)-'^ = 1.59(10)-3 sec. 

PROBLEMS 

6. For the particular case where h — 2r — 7,920 miles, construct by graphical 
quadrature the integral function t — g(x) as represented by hJq. {j) in Art. 1 and 
check the accuracy of the graphical method by using Eq. (???)• 

7. A test made on a hunter’s longbow (Fig. 14) shows the following relation 
between the draw d in inches and the pull P in pounds: 


Draw d . 

6 

10 

15 

20 

25 

Pull P . 

0 

8.6 

19.5 

32.1 

47 0 

1 


Plot the corresponding curve P ~ Fix), and determine, bv graphical int(‘gration, the 
maximum velocity with which a 5-oz. arrow leaves the bow 
for full draw d — 30 in. 

3. Numerical Quadrature.—In dealing with 
the integral 

g{i) = 

it often happens that the given function t] = /(f) 
is defined simply by a series of numerical values 
of rj over a given range of f. These values of 
the function may have been observed experi¬ 
mentally, scaled from a graph, or computed from 
a given analytic function. In any case, it is fre¬ 
quently desirable to work directly with the 
given numerical data rather than to plot the 
function to scale and then work graphically or to attempt an exact integra¬ 
tion. In this article, we shall describe and illust rate a common method 
of numerical quadrature. 

Referring to Fig. 15, let the func¬ 
tion rj = fiO be defined within the 
region (f — fo) by the ordinates voj 
Vh ’? 2 , . . . Vn, for a series of ^equi¬ 
distant values of f: fo, fo + Af, 
fo + 2Af, . . . fo + nAf. Then the 
problem of evaluating the integral 
function becomes simply one of finding 
the area under the curve = /(f) be¬ 
tween the initial ordinate tjo and successive ordinates viy ^ 2 , . . . Vn- 
The simplest approximation to this area would be obtained by assuniing 
that the function is linear between the given points and taking successive 
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sums of the areas of the trapezoids shown in the figure. Thus 

~ (^0 + m) + -^ (^1 + ^ 2 ) + ^ (772 + ^ 3 ) + • * • . (10a) 

If we do not care about intermediate values of the integral function but 
require only the total area under a definite portion AB of the curve, we 
have 

— A^(i?7o + + ^72 + • * • + 77n-l + i77n). (106) 

Formula (10) is called the trapezoid rule. It is often very helpful in 
making a quick rough approximation to the area under a given curve. 

A mucli better approximation to the area under the curve AB in 
Fig. 15 will be obtained by assuming that over any double interval 2A{, 
such a portion of the curve as opq is a parabola given by the equation 

f] ^ A + Bt + Ct\ (a) 

where A, B, and C are constants and t is measured from the middle 
ordinate 7?i as shown in the figure. The constants Ay By C can always be 
selected so as to make the parabola pass through the three given points 
Oy py q. However, instead of doing this, wc find the values of the ordi¬ 
nates 7)0, Vh V 2 in terms of the (constants A, B, C by substituting t = — 

0, +A^ into Eq. (a). In this way, we find that 

7)0 + 4r?i + 772 == 6A + 2C(Af)2. (6) 

At the same time, the area under the portion opq of the curve (shaded in 
the figure) is 

;Si = 

Substituting expression (a) for 77 and integrating, we find 

S, = 2A Af + 2C ^ ^ [6A + 2C(Af)=]. (c) 

Then from Eqs. (6) and (c) together, we obtain 

Si = ^ ivo + 47/1 + r,,). (11) 

Using expression (11), successively, for the portions opg, qrs, ... of the 
given curve ABy wt find for the total area up to any even-numbered 
ordinate 

9(0 = ^ (^0 + 4771 + 772 ) + -^ (772 + 4773 -f 774 ) 

+ — (774 + 477b + T/e) + • * • . (12a) 
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Again, u we do not care about intermediate values of the integral func¬ 
tion but want only the total area under a specified portion AB of the 
given curve, we have 

J ~ (^0 + 4771 + 2 r 72 + 4773 + 2774 + 77n). (126) 

Formula (12) is called Simpson\s rule. In general, it gives a much greater 
accurac^y than the trapezoid rule, and its use involves very little additional 
effort. It must be noted that in using formula (126), the given region AB 
must be divided into an even number of equal intervals A^. In other 
words, the given function must be defined by an odd number of ordinates 
equally spaced along the ^-axis. 

Still greater accuracy can be obtained by approximating a given curve 
by a polynomial of the nth degree, but the formulas for calculating the 
area under such a curve are considerably more cumbersome than Simp¬ 
son’s rule, and the slight increase in accuracy is 
often not worth the additional labor.^ Further¬ 
more, in working with empirical data, such refine¬ 
ment is usually unjustified. 

We shall now discuss the application of our nu¬ 
merical int(^gration to a problem in the field of vibra¬ 
tions. In Fig. 16, a weight W = mg is attached at 
the mid-point of a tightly stretched piano wire AB, 
If this weight be disp’a(*ed laterally from its position 
of equilibrium and released, it will, in the absence of 
damping, vibrate with a constant amplitude equal 
to the initial displacement Xo. Of particular interest 
will be the period of such vibration, ^^c., the time 
required to complete one cycle of the motion from 
C to C' and back to C again. Since the system is 
symmetrical with respect to the middle configuration, this period will obvi¬ 
ously be four times the time required to pass from C to 0, Hence, in our 
further discussion we confine our attention to the first quarter cycle of 
vibration. We begin with the following list of notations: 

21 = total length of wire, 

/So = initial tensile force in wire, 

Xq = initial lateral displacement, 

A = cross-sectional area of wire, 

E = modulus of elasticity of wire in tension, 
m == mass of attached ball. 

* For a discussion of more elaborate methods of numerical quadrature, see H. Von 
Sanden, “Practical Mathematical Analysis,” p. 18. 
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From simple geometrical considerations, we see that the tensile strain in 
the wire due to displacement x is 



Then the total tension in the wire is 

aS ~ /So + AE 


(d) 

ie) 


Since there are two of these forces (sec Fig. 16), the resultant force on 
the displaced particle is directed along the x-axis and has the magnitude 

^ (VPTT.) ' - X * - f '• - f 

From this expression, we see that if the initial tension So is very large 
and the displacement x is always small, then the first term predominates 
and we have a restoring force that is approximately a linear function of 
displacement. In such case, the vibrations will be simple harmonic and 
the period r is independent of amplitude. Otherwise, the restoring force 
is definitely not a linear function of displacement but increases in greater 
proportion and the period of vibration will be somewhat diminished for 
large amplitudes. In any particular case, the period of vibration for a 
given amplitude can be calculated from Eqs. (7) and (8) of Art. 1. 

We begin with Eq. (7), which for xo = 0 becomes 

^ f F{x)dx. ^g) 

To make the indicated quadrature numerically, we take definite numeri¬ 
cal data as shown in Table II and evaluate the function F(x) as given by 
Eq. (/) for a series of chosen values of x. The function "~F(x) plotted 
from this table is shown graphically in Fig. 17. 

We are now ready to proceed with our numerical integration. Using 
the values of —F{x) as given in the second column of Table III, together 
with formula (11), we make successive steps of quadrature, evaluating 

each time the integral F{x)dx as shown in column (4).^ In col¬ 

umn (5), these increments of area are multiplied by the factor 2/m == 100, 
in accordance with Eq. (^), and successive summations of these incre- 

^ The first step from x « 1.25 to x = 1.20 is made by the trapezoid rule. Since 
both F(x) and dx in Eq. (g) are negative, the integral is positive and we ignore signs 
in the table. 
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merits of are given in column (6). Finally, in column (7), we have the 
final results of the first integration, namely: — i = This func¬ 

tion is also shown graphically in Fig. 17. 


Table II 


X 

in. 

2,S^, 1 

lb. 

in.® 

AK , 

lb. ! 

-F(x) 

)b. 

I-- 

. 2So , AE 3 

(x) = X -f -jj- X® 

1.25 

25.0 

1.953 

31.85 

56.85 

Xo — 1.25 in. 

1.20 

24.0 

1.728 

28.20 

52.20 


1.10 

22.0 

1.331 

21.710 

43.71 

-So = 200 11). 

1.00 

20 .0; 

1.000 

16.310 

36.31 


0.9 

18.0 

0.729 

11.890 

29.89 

1 = 20.0 in. 

0.8 

16.0 

0.512 

8.353 

24.35 


0.7 

14.0 

0.343 

5.595 

19.60 

2So/l ~ 20.0 11). per in. 

0.6 ; 

12.0 

0.216 

3.523 

15.52 


0.5 

10.0 

0.125 

2.038 

12.04 

A = 0.0(H35 .sq. in. 

0.4 

8.0 

0.064 

1.044 

9.04 


0.3 

6.0 

0.027 

0.441 

6.44 1 

E = 30(10p' p.s.i. 

0.2 

4.0 

0.008 

0.130 

4.13 


0.1 

2.0 

0.001 

0.016 

2.02 

AEjC — 16.3145 lb. per cu. in. 

0.0 

0.0 

0.000 

0.000 

0.00 

rn = 0.0200 lb.-sec.® per in. 


Having — x = as reprcvsented by the data in columns (O and (7) 
of Table III, we are now ready to consider the time integral 



As a preliminary to the evaluation of this integral, values of —l/x are 
recorded in column (8) of Table III. Here again, the area under the 
initial portion of the —1/x curve makes difficulty, since'for Xo = 1.25 
in., — 1/io == 00. To get around this difficulty, we assume that from 
Xo = 1.25 in. to xi = 1.20 in., the particle moves with constant accelera¬ 
tion a. Then 

Axi = I o(A0* = 

from which 

2Ax'i 2(0.05) /-x 

At = - = = 0.006058 sec. (t) 

Vi 16,51 ' 

Now beginning our numerical integration at Xi = 1.20 in. and pro- 

* The intermediate values shown in boldface type are found by interpolation. 

1 Again, both x and dx are negative; t is positive, and we ignore signs in the 
table. 
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ceeding as before, we find for the even values of x in column (1) the 
corresponding values of I as given in column (11). The displacement¬ 
time curve t = plotted from these data is shown in Fig. 17. 

As already noted, the system is symmetrical with respect to the 
middle configuration, and we have therefore, for the period of vibration, 

T = 4(0.03593) - 0.1437 sec. U) 

From Fig. 17, we see that for small amplitudes (xq < 0.2 in.), we can 
assume a linear restoring force and take 

X=-~^x. (/') 

In such case, the period is 

T = 27r = 0.1985 sec. (k) 

Comparing expressions (j) and (A), we see that for the assumed larger 
amplitude, the period of vibration is reduced by about 28 per cent. 

In columns (9), (10), and (11) of Table III, we have proceeded in such 
a way as to obtain sufficient data for plotting the displacement-time 



curve t = }l/{x) shown in Fig. 17. If we are interested only in the period 
of vibration for a given amplitude, we can save some time by using 
formula (126) to evaluate the time integral (A). In such case, using the 
data in column (8), we have 

t,.s5 = 4 + (0.0606 + 0.1454 + 0.0590 + 0.1062 + 0.0478 

+ 0.0900 + 0.0432 + 0.0837 + 0.0409 + 0.0806 + 0.0398 + 0.0792 

+ 0.0198) X 0.0333j = 0.1437 sec. 

Making similar calculations for several different amplitudes, it is pos- 
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sible to construct a curve showing hovr the period of vibration varies with 
the amplitude. For the above system, such a curve is shown in Fig. 18. 

PROBLEMS 

8. Show that for X » F{x) as defined by Eq. (/), the exact integration of pjq. 
{g) gives —i = \/ A"i(xo^ — x^) -f where Ki ~ 2Ao/Zw and =* AE/2lhn. 

Compare the values of x computed from this exact formula with those obtained by 
numerical quadrature in column (7) of Table III. 


Tisec) 



9. A .30-calibcr rifle (bore diameter = 0.30 in.) has a 30-in. barrel length, a 
maximum powder pressure = 45,600 p.s.i. that occurs when a: ~ a;i =* 4.17 in., 
and shoots a 150-grain bullet with 50 grains of powder. The complete powder pres¬ 
sure curve is defined by the numerical data shown in the accompanying table. Calcu¬ 
late the muzzle velocity v and the time of travel t by numc rical quadrature. 


X 

V 

X 1 

. P_ . 


V 

Xi 

Pmax 


Pma.% 


Pmax 

0 

0 

2.2 

0.612 

4.8 

0.228 

0.1 

0.2 

2.4 

0.559 

5.0 

0.215 

0.2 

0.41 

2.6 

0.512 

5.2 

0.202 

0.3 

0.61 

2.8 

0.470 

5.4 

0.190 

0.4 

0.76 

3.0 

0.432 

5.6 

0.178 

0.6 

0.92 

3.2 

0.398 

5.8 

0.167 

0.8 

0.98 

3.4 

0.369 

6.0 

0.156 

1.0 

1.00 

3.6 

0.343 

6.2 

0.145 

1.2 

0.946 

3.8 

0.319 

6.4 

0.134 

1.4 

0.870 

4.0 

0.297 

6.6 

0.124 

1.6 

0.798 

4.2 

0.277 

6.8 

0.114 

1.8 

0.731 

4.4 

0.259 

7.0 

0.105 

2.0 

0.669 

4 6 

0.243 

7.2 

0.096 


inxese data were taken from C. Cranz, “Lehrbuch der Ballistik,” Vol. II, p. 329, Springer, Berlin, 


1926. 

10 . What effect will a change in the weight of the bullet from 150 to 180 grains 
have on the muzzel velocity v and time of travel i in the preceding problem if all other 
data remain unchanged? 



24 


ADVANCED DYNAMICS 


[Chap. I 


4. Rectilinear Motion in a Resisting Medium, —Whenever a body 
moves through a fluid medium such as air or water or along a rough 
track, it encounters a certain amount of resistance which, in the absence 
of any other forces, would eventually bring it to rest. Thus, a pendulum 
swinging freely in air gradually loses energy and finally comes to rest in 
its position of equilibrium. Likewise, a ship or train that cuts off its 
power at full speed will glide gradually to a stop owing to various resist¬ 
ing forces. Sometimes such resisting forces are so small compared with 
other forces that may act upon a body that they can be neglected without 
serious error. In other cases, they are of primary importance and have a 
pronounced effect upon the motion. As examples of problems in which 
resistance plays an important role, we may mention the motion of ships 
through ^\^atcr and the motion of aircraft and projec;tiles through the 
air. The slow settlement of fine particles of silt in a quiet body of water 
or of particles of volcanic dust in the atmosphere is an example of recti¬ 
linear motion in which the resisting forces predominate. 

The exact nature of the resistance encountered by a body moving 
through a given fluid medium is rather complex; it usually involves several 
complet,('ly different physical phenomena. In general, resistance may 
be divided into four types: (1) frictional resistance^ due to ordinary 
Coulomb friction on track or guides; (2) viscous resistance^ due to the 
viscosity of the fluid medium in which a body moves; (3) wake resistance, 
due to eddy formations left in the fluid medium behind the moving body; 
and (4) wave resistance, dilb to the formation of waves radiating from the 
body into the surrounding medium. When a body moves through a 
stationary medium or, what amounts to the same thing, when a fluid 
medium flows past a stationary obstruction, the streamlines arc dammed 
up in front of the body and exert a dynamical pressure on its nose. In 
going around the body, the streamlines are separated and do not always 
close up behind, so that a wake of eddy formations is left downstream. 
As a result of this, the pressures on the rear half of the body are appreci¬ 
ably less than on the front half; consequently, there is a resultant force 
on the body opposing its motion relative to the stream. This is the 
resistance referred to as wake resistance. In the case of ships moving on 
the surface of a liquid, there is another type of pressure resistance due 
to the formation of surface waves. Such wave resistance is also impor¬ 
tant in the case of projectiles moving through the air at speeds greater 
than that of sound. 

While the various sources of resistance mentioned above are essenti¬ 
ally different in character and extremely complex in nature, they may be 
said to have one thing in common, namely: they simply represent dif¬ 
ferent modes of transference of energy from the moving body to the sur- 
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rounding medium where it is eventually reduced to heat. For this 
reason, the forces of resistance are often referred to as dissipative forces. 

We come now to the all-important question of how to express the total 
resisting force. That it is some function of Ihe velocity of the body 
relative to the fluid medium and that it always opposes the motion must 
be self evident. Thus, in general, we may write 

li = -CT/00, (13) 

where A: is a physic:,! constant, the value of which depends upon the 
properties of the fluid medium and the size of the body, and C is a 
numerical factor, called the coefficient of resistance. The value of C 
depends principally upon the size and shapes of the body and sometimes 
also upon its velocity. 

In many cases, where frictional resistance predominates, a satisfactory 
form for the resistance function (13) will be 

R = const. (13a) 

This law applies in the case of a body sliding over a clean dry surface, 
in which case R = —fN] f being the coefficient of friction and N the 
normal force. 

If sliding surfaces are separated by a thin film of lubricant and the 
velocities are not too large, viscous resistance will predominate. In this 
case, both theory and experiment verify the fact that such resistance is 
proportional to the first power of the velocity. Thus 

R - -Kv. (136) 

This law applies also to the motion of very small spherical particles 
through a resisting medium such as water or air. In such case, if d is 
the diameter of the sphere and n the absolute or dynamic viscosity of the 
fluid medium, Eq. (136) takes the form 

R = -Sirpvd (136') 

which is known as Stokes^ law. This law holds only for values of Reyn¬ 
olds number Nr = vd/v < 1.0, where, in general, d = a characteristic 
lateral dimension of the body and v = n/p = kinematic viscosity of the 
fluid; p being the mass density of the fluid and p the dynamic viscosity. 

For other than minute velocities through a fluid medium and in the 
absence of any kind of sliding resistance, the major source of resistance 
lies in the unbalanced pressure distribution over the surface of the moving 
body. For such cases, Newton was the first to propose a definite form 
for the resistance function (13). He reasoned that in unit time, a body 
of cross-sectional area a, normal to the line of motion and moving with 
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velocity y, would have to impart its own speed to a mass of fluid, of mass 
density p, equal to pav. Then, since the force necessary to do this is 
proportional to the rate of change of momentum, i.e.^ to (pav)vy he con¬ 
cluded that resistance to motion of a given body through a given fluid 
medium is proportional to the square of the velocity. It is customary 
now to write this so-called quadratic law of resistance in the form 

R = -C^pav^ = -Ckv\ {13c) 

While the whole mechanism of such resistance is much more complex 
than Newton supposed, modern hydrodynamical research has shown the 
quadratic law of resistance to be the best form for a variety of cases, 
provided the resistance coefficient C is properly evaluated and provided 
we are willing to accept the fact that it is not always a constant as New- 
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ton supposed. A detailed discussion of the coefficient C properly belongs 
to the field of fluid mechanics,^ and we can give here only a few brief 
remarks about it. 

In those cases where wake resistance predominates, the coefficient 
of resistance C in Eq. (13c) may be taken as a constant. For motion in 
air below the velocity of sound, this will apply to short, blunt, sharp- 
edged bodies such, for example, as a circular disk flatwise to the air 
stream. In this case, C = 1.12. It also applies, with good accuracy, 
to very rough elongated bodies such as a locomotive or blunt-nosed 
projectile. Up to moderate speeds, it may apply even to the motion of 
marine ships, although at higher speeds, where wave resistance pre¬ 
dominates, it no longer does so. 

In the case of a smooth, streamlined body such as an airship, both 
viscous resistance and wake resistance are important and the coefficient 
C varies with the velocity or, more properly, it is a function of Reynold's 

^ For an excellent discussion of the whole question of resistance, see Prandtl, “The 
Physics of Solids and Fluids,“ 2d ed., pt. IT, pp. 285-299, 378, Blackie, Glasgow, 1986. 
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number. These cases are the most complex and will not be discussed 
here.^ 

In the case of a projectile moving with velocities above the speed of 
sound, denoted by c, wave resistance predominates and the coefficient C 
in Eq. (13c) can be represented as a function of velocity. A typical 
resistance curve^ for a rifle bullet is shown in Fig. 19, where the coefficient 
of resistance C in Eq. (13c) is plotted against the velocity v. We note 
that as wx pass from subsonic to supersonic velocities, there is a marked 
rise in the resistance coefficient, which for very high velocities tends 
again toward a constant value. 

In the case of marine ships, all three types of fluid resistance are 
important and it is common practice simply to represent the total resist¬ 
ance as a function of velocity by an experimental curve.* Such a resist- 



Speeol, knots Speecjl^ knots 

Fig. 20. 

ance curve for a full-sized ship^ is shown in Fig. 20a, no data being given 
for speeds below 5 knots. The portion AB of this curve shows the 
resistance to be proportional to the square of the speed, while in the 
neighborhood of point C it is more nearly proportional to the fourth 
power of the speed. The curve in Fig. 206 represents the resistance for 
a modern high-speed ship, such as a destroyer. 

We come now to a consideration of the differential equation of 
rectilinear motion under the action of a force involving the resistance 

1 Ibid., p. 299. 

2 This curve has been taken from an article on PJxterior Ballistics by Otto von 
Eberhardt. See ^^Handbuch der physikalischen und technischen Mechanik,^’ vol. II, 
p. 199. 

»The experimental data are usually obtained for a small-scale model and then 
adapted to the prototype in accordance with Froude's law of similarity. 

* The curve in Fig. 20o is of considerable historical interest. It was made in 1871 
for H.M.S, ‘'Greyhound’’ (length, 172 ft. 6 in., breadth, 33 ft, 2 hi., draught, 13 ft. 
9 in., displacement, 1,161 tons) by William Froude and r'^presents the first serious 
attempt to study the nature of resistance of surface ships. See Tram., Inst. Naval 
Architects, 1874; also. Naval Science, vol. Ill; and Engineering, May 1, 1874. 
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function (13). To make the discussion more general, we assume that 
there is also a constant force and take 

X = Xo - Ckfiv), (a) 

Then the equation of motion (1) becomes 

= Xo - Ckf(v), 


which we may write in the form 

% = a - (b) 


where a = Xo/m is the acceleration produced by the constant force 
Xo and ff == Ck/m is a resistance factor that is constant if C is constant. 
In any case, 0 may be regarded as a function of velocity, so that the 
entire right-hand side of Eq. (h) is a function of velocity and the variables 
are separable. By quadrature then, we obtain 


t 

and, since dx = v dt, also 


X 



dv 

a ~ 0f(v) 
V dv 

a - fif{v) 


(14) 

(15) 


After evaluation of these two integrals, for any given case, the variable v 
may be eliminated (or used as a parameter) and we have x = /(O, which 
completely defines the motion. 

Referring back to Eq. (6), we see that when the velocity has such a 
value V that 

KV) = I (c) 


the acceleration vanishes and there is no further increase in velocity. 
The velocity V that satisfies Eq. (c) is called the limiting velocity or 
terminal velocity. Thus, for example, a ship or train under full power 
accelerates until this terminal velocity is reached and thereafter runs at 
this constant speed, the power developed by the engine being completely 
used up in overcoming the resistance. 

We may now discuss the solution of Eqs. (14) and (15) for several 
particular cases. We begin with the case where viscous resistance pre¬ 
dominates and the resistance is proportional to the first power of the 
velocity [Eq. (136)]. In such case, the equations become 


p dv 
Jv, a — 


(14a) 


and 



V dv 
a — ffv 


(15a) 
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where a - Xa/m and /J = K/m are constants, 
of these integrals, we obtain 


< = ilog 


a — 
a ~ 


Evaluating the first 


(d) 


which may be written in the etjuivalent form 


This is the general velocity-time equation for the motion. Replacing v 
by dx/dt and integrating again, we ob¬ 
tain, for Xo = 0, 

</> 

representing the final displacement¬ 
time equation. It will be noted from 
Eq. {e) that the velocity v approaches 
the terminal velocity V == a/^ as 
,i limit but theoretically requires infinite time to reach this speed. The 
general nature of the displacement-time curve, plotted from Eq. (/), is 
shown in Fig, 21. We see that for large values of we may replace Eq. 
(/) by the equation of its asymptote 

a; = F< - (?) 

This amounts to assuming a uniform motion with a fictitious initial 
displacement as shown by the dotted line in Fig. 21. 

In the particular case where the viscous resistance —Kv is the only 
acting force, we put a == 0 in Eqs. (e) and (/) and obtain 


X 



V = Voe~^^j 

z = (1 - 

From these equations, we see that for this kind of resistance, theoretically 
infinite time is required to bring the body to rest but the distance covered 
is finite, being vo/0. 

Example: Equations (^), (/), and {g) apply to the settlement of fine particles of 
silt in water or mist in the atmosphere. In such cases, we use Stokes's law of resist¬ 
ance for smooth spheres 

R = SiTfivd — —Kvj (t) 

where fx is the dynamic viscosity of the fluid medium and d is the diameter of the 
particle (assumed spherical). If Wi is the specific weight of the particle and Ws the 
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specific weight of the fluid, the apparent gravity a ^ g(wi — Wi)/wi and 

ft ^ K ^ 1 ^. 

^ m Wid^ 

Thus the terminal velocity becomes 

y a g{w\ — Wz)wid^ Wi — . .. 

^ ^ wilSng * 18;u * 

For particles of silt (specific gravity =» 3) in water at 72°F. (fx ^ 2 X 10~®lb.-sec. per 
sq. ft.), 

^”l8lwW-‘‘*’ = 3.46X(10)y=. 


Taking d « 1/7,000 ft. (this corresponds to Reynolds number Nr « 0.3), the terminal 
velocity is F =* 0.00706 f.p.s. Assuming vo = 0 and using Eq. (g), the time required 
for such a particle to settle to the bottom of a reservoir 100 ft. deep would be 14,200 
sec., or approximately 4 hr. 

In using the quadratic law of resistance in combination with a constant 
force, it is necessary to distinguish between two cases: (1) The constant 
force is a driving force (a > 0), and (2) the constant force also opposes 
the motion (a < 0). Beginning with the case where a > 0 and using 
Eq. (13c) for the resistance function, the integrals (14) and (15) become 


r dv 
J Vo ^ ^ 


(146) and 


Jvo a - 


(156) 


and, from Eq. (c), we have for the terminal velocity V = When 

this notation is introduced, the above integrals become 

dv r vdv 

a J„V^-v> ® ~ o A 

Integrating, we get 

1 - ^ tanh- (i)__ - I [taiih- - taah- (^)], 


If the body starts from rest («o = 0), these equations reduce to 

V — V tanh 

Vi 


_ '^"*1 

® 2a y* 

Then eliminating v^ we get the displacement-time equation 


72 


log cosh 


(t)- 


(fc) 

(0 

( ot ) 


(n) 
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If the constant force opposes the motion (a < 0), the integrals (14) 
and (15) become 


and 


t = ~ 


X — — 



dv 
a + 

V dv 
a + 


(14c) 

(15c) 


which, with the notation V = \/a/i3, become 


t 


Yi r 

a Jv 


dv 


Evaluation of these integrals gives 


and 


v\ F' + 

* 2a®^F2 + t>2' 



( 0 ) 


These equations are valid, of course, only as long as v is positive. When 
the body comes to rest (t» = 0), we have 


and 



(p) 

(?) 


Example: If we take a Eqs. {k) to {q) apply to the motion of a projectile fired 
vertically upward with initial velocity Vo less than the velocity of sound. Assuming 
an arrow 0.02 ft. in diameter and 235 grains in weight and taking the coefficient of 
resistance C «*= 1.00, we have, for air density p = 0.00237 slug per cu. ft., 

Ck 

^ = 35.7(10)-® ft.-i 

m 


and a ^ g ^ 32.2 ft. per sec. per sec. Hence the terminal velocity 

A 35-lb.-draw bow will give the arrow an initial velocity Vo » 250 f.p.s. Then by Eq. 
(g), the maximum height h that the arrow will attain is 

* ” 5 log (l + = 1,400 Iog(1.695) - 740 ft. 

We see that this is about three-quarters of the height that would be attained without 
air resistance. From Eq. (p), the time required to make thh ascent is 

I = tan-' ("“) - 9.32 tan-'(0.834) - 6.48 sec. 
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For the descent of the arrow, we use Eqs. (w) and (w). Substituting h == 740 ft. 
for X in Eq. (n), we find that 

log cosh = 0.2643, 

from which the time of descent i' — 7.08 sec. Substituting this value of t in the first 
of Eqs. (m), we find, for the velocity with which the arrows returns to us, 

t; « 300 tanh - 300 tanh (0.760) - 192 f.p.s. 


In all cases where the coefficient of resistance C is not constant, 
we return to Eqs. (14) and (15), where the functions l/[a — or 

v/[a ~ can be represented, in any given case, by a curve and the 

integrals evaluated by graphical or numerical integration. Thus, for 
example, having the resistance curve such as those in Fig. 20 for a ship, 
we can easily find by graphical integration the time and distance occupied 
in attaining full speed. Also, the case of a projectile fired with initial 
velocity vo > c can be treated in a similar manner by using a curve like 
that in Fig. 19. 

PROBLEMS 


11. Integrate the differential equation dv/dt ~ and show that when quad¬ 

ratic resistance acts alone, the rectilineal motion of a particle having initial velocity ro 
is defined by the equations 


_ V q 

1 - 1 “ 


and V = 


from which, x = (1//3) log(l + 

12. II.M.S. “Greyhound(displacement 1,161 tons) cuts off its power at a 

speed of 8 knots and glides to a stop. Referring to Fig. 20a, we find that at 8 knots, 
R = 6,400 lb., while at 5 knots, li = 2,000 lb. Assuming that the resistance is quad¬ 
ratic between 8 and 5 knots and linear b(4ow 5 knots, compute the total distance used 
up in coming to a stop. One knot = 1.689 f.p.s. Ans. x = 3,676 ft. 

13. A ship going at full speed V suddenly reverses its engines. Assuming quad¬ 

ratic resistance at all times, find the time and distance occupied in coming to a full 
stop. [Use P]qs. (p) and (O'), page 31.] Ans, ^ = 7rF/4a; x = (FV2a)log 2. 

14. If, in the preceding problem, the displacement of the ship is 1,200 tons and 

the full speed F is 12 knots, at which speed the total resistance is 25,000 lb., what are 
the numerical values of t and x above? Ans, t = 47.5 sec.; x — 425 ft. 

16. A flyer and his parachute together weigh 220 lb. Ihe parachute [considered 
as a hemispherical shell (C = 1.33)] has a diameter d ~ 16 ft. What is the terminal 

velocity in air (mass density p =* 0.00237 slug per cu. ft.)? _ 

Ans, V = "y/a/^ = 26.3 f.p.s. 

16. Using the resistance curve in Fig. 20a, determine, by graphical integration, 
the distance occupied by H.M.S. “Greyhound” in coming to rest if the power is cut 
off at a speed of 12 knots. The displacement of the ship was 1,161 tons. 

17. Assuming the resistance curve in Fig. 19 to apply to a 35-grain .22-caliber 
rifle bullet fired vertically upward with muzzle velocity Vo = 2,200 f.p.s., find the 
maximum height h to which it will ast^nd (air density p = 0.00237 slug per cu. ft.). 
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18. Assuming the curve in Fig. 19 to apply to a 150-grain .30-caliber rifle bullet 
fired with muzzle velocity = 2,800 f.p.s., find the velocity with which the bullet hits 
its target at a range of 1,000 yd. Treat the trajectory as a horizontal straight line. 


5. Free Vibrations with Viscous Damping. —In preceding articles, we 
have discussed integration of the differential equation of motion (1), 
always using such expressions for the force X that the integration could 
be made by quadrature. In those dynamical problems where the acting 
force depends upon more than one quantity such 
as displacement, velocity, or time, the variables are 
usually inseparable and the problem cannot be reduced 
to quadratures. As an example, we consider a case 
where the acting force is a function of both displace¬ 
ment and velocity. 

Referring to Fig. 22, let us consider a spring-sus¬ 
pended mass np free to vibrate vertically in a medium 
that offers a viscous resistance, z.e., a resisting force 
proportional to the first power of the velocity. Such 
resistance is usually termed viscous damping.^ In this 
case, if the mass m be displaced any distance x (within 
the elastic range of the spring) from its position of equilibrium and then 
released, it will begin to move under the action of a resultant force 


U 

Equilib. * > post Hon 

“-rr 

< > .r 
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X == —kx — cXj (a) 

where the spring constant k represents the force necessary to produce 
unit extension of the spring and the coetlicient of damping c represents 
the magnitude of the viscous resistance at unit velocity. For such forces, 
the equation of motion (1) becomes 

mx = —kx — cx. 


Dividing through by m and introducing the notations 

— = and “ = 2n, (b) 

^ We assume that the mass of the spring itself is small compared with the sus¬ 
pended mass, so that we are de*aling with the motion of a single particle. 

2 By using a dash pot, damping can always be arranged to obey this law. Acci¬ 
dental damping such as air resistance is often assumed to do so, although from our 
discussions in Art. 4, we can expect that in this case, a resistance proportional to the 
square of the velocity would be more appropriate. Such quadratic damping as well 
as various combinations of linear and quadratic resistance have been considered by 
W. E. Milne. See Damped Vibrations: General Theory lugether with Solutions of 
Important Special Cases, Univ. Oregon Pub.j vol. 2., No. 2., August, 1923; also. Tables 
of Damped Vibrations, Univ. Oregon Pub.^ Math. Ser.^ vol. 1, No. 1, March, 1929. 
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the equation may be written in the form 

X + ^nx + = 0. (16) 

Thus, for free vibrations with viscous damping^ we obtain a linear differ¬ 
ential equation with constant coefficients. 

As a trial solution of Eq. (16), we take 

X = (c) 

where r is a constant. Substituting this trial function for a: in Eq. (16), 
we obtain the auxiliary equation 

r^ + 2nr + = 0. {d) 

This equation determines two values of r for which expression (c) can 
satisfy Eq. (16). They are 

(e) 

Hence, we may take the general solution of Eq. (16) as follows: 

a: = + Be^^\ (17) 

where A and B are arbitrary constants of integration. 

To attach any physical significance to this solution, we must dis- 
ti nguish be tween two distinct cases, depending upon whether the radical 
— p^ in expressions {e) is real or imaginary, z.c., on whether n > p 
or n < p. Going back to notations (6), we see that this rests on the 
relative magnitudes of the damping coefficient c and the spring constant 
k. Generally speaking, a large coefficient of damping and a small spring 
constant will result in real values of ri and r 2 , while, for the reverse of these 
conditions, ri and r^. will be complex numbers. 

Case I, {n > p). In this case, ri and r 2 have real values. To evalu¬ 
ate the constants A and B in the general solution (17), we must know the 
initial conditions of the motion. Assuming, as a particular case, that 

a; = Xo, X = 0, when t = 0, (/) 


ri = —n + — p^ 


7*2 = —n — 


we find by direct substitution into Eq. (17) and its first derivative with 
respect to time that 


A 


rgXo 

ri - ri 


B = 


+ 


riXo 

ri - r2’ 


{g) 


For these values, solution (17) becomes 


X = -(rie***^ — r2e*‘*0. 

ri — r2 


(17a) 
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In connection with this solution, it should be noted that both ri and 
are negative, Vz being numerically the larger. Thus the displacement x 
has the same sign as Xo and approaches zero as a limit when t becomes 
infinitely large. The displacement-l ime diagram plotted from Eq. (17a) 
is shown in Fig. 23. We see that the motion is not a vibration at all but 
simply one in which the suspended mass, after its initial displacement, 
gradually creeps back toward th(^ eejui- 
librium position but takes theoreti¬ 
cally infinite time to get there. This 
is called aperiodic motion. It results 
from the fact that the damping co- J 
efficient is too large compared with the ^ 
spring constant and is sometimes of 
practical interest in connection with certain types of electrical measuring 
instruments such as the galvanometer. In the case where n = p, we also 
obtain aperiodic motion, and the corresponding value of tlie damping 
coefficient 

c — 2nm = 2 Qi) 

is called critical damping. 

Case II, (.n < p). More often, we encounter the case where n < p 
so that the roots ri and r 2 are complex. In discussing this case, it will 
be convenient to change the form of Eq. (17) in order to see more clearly 
its physical significance. Remembering that we are now concerned only 
with the case where n < p, wo let 

-- 7/2 - pi\ (i) 

Then expressions (c) become 

ri^-n + ipiA 
ro = —n — ipi, ) 

where i == \/~R and Eq. (17) may be written in the form 

X = + Be~^^^'). (17?>) 

Using the known relations 

= cos z + i sin z, 

— cos z — i sin z, 

Eq. (176), in turn, may be written in the form 

X = c-'*^(CiCos Pit + C2sin pd), (18) 

where Ci and C 2 are new arbitrary constants. To evaluate these con¬ 
stants, we assume now the initial conditions 

X = Xq, i = Xot when t = 0. (1) 
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Then substituting conditions (Z) into Elq. (18), together with its first 
derivative with respect to time, we find 


Cl = xo and 

^ Xo nxo 

C 2 = - i- 1 

(m) 


Pi Pi 

our solution becomes 



X = XoCOS Pit + \ 

(Xo , ^/X(,\ . 

1 - 1 — .1 p i . 

\Pi Vij 

(18a) 


The general solution (18) can be represented in still another form by 
the following considerations: Referring to Fig. 21, we lay out from the 

origin 0 a vector OB = Ci that makes with 
the x-axis the angle pit as shown. Then 
the projection of this vector on the x-axis 
IS Cicos Pit and repi'eseiits the first term in 
the parentheses of Eq. (18). Now from tlu^ 
end B of this vector, we lay out BC = Co 
at right angles to OB. In this way, the ])ro- 
jection of BC on the x-axis will be C 2 sin />j/, 
and have the second term in the paren¬ 
theses of Eq. (18). It is now cleai* from the 
figure that the sum of the projections of the vectors OB and BC on the 
x-axis is the same as the projection of their resultant OC. Hence, insic'ad 
of Eq. (18), we may write 



Fui. 24 . 


wherein 


X = .4c“'*'cos(/>i^ — cv), 



a = tan 


( 19 ) 


(n) 


are new forms of the arbitrary constants. Using the values of Cj and C 2 
from expressions (m), these new constants become 


and 


A = + (^2 + !!^"y 

> \Pr Pi / 

( 0 ) 

„ = +Ii-Y 

(P) 

\a:oPi Pi/ 


A displacement-time curve, plotted from Eq. (19) is shown in Fig. 
25, and we see that the motion is now vibratory in nature and represents 
so-called damped free vibrations. Each time that cos(??iZ - a) becomes 
equal to +1, this curve is tangent to one of the envelopes x = 

This quantity is called the amplitude of vibration. We see that, owing to 
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damping, the amplitude gradually diminishes with time and that the 
rate of decay depends on the factor n. When n = 0 (no damping), the 
amplitude remains constant as given by Eq. (o) when n = 0. The time 
T = 2vlpi recpiired to complete one cycle of the motion is called the 
period of vibraOon, and its reciprocal / = Pi/ 27 r is called the frequency of 
vibration. We see from Ecp (?') that these expressions also involve the 
(juantity n. The quantity a, as defined by Eq. (p), is called the phase 





angle. We see from the curve in Fig. 25 that it determines the lapse of 
time between the initial instant t = 0 and the first point of tangency with 
the envelopes x = ±A(r'’^\ From these observations, we find that free 
vibrations of a spring-suspended mass are completely defined by their 
amplitude^ period, and phase angle. Each of these quantities will now 
be discussed in more detail. 

We begin with a consideration of the amplitude of vibration as repre¬ 
sented graphically by the exponential curves x = in Fig. 25. 

We see that the displacement-time curve is tangent to these curves at the 
ordinates t == oc/pi, t = {a + ^ = (a + 2Tr)/pi, etc. It will be 

noted that these points of tangency do not coincide exactly with the 
points of the curve representing extreme positions of the vibrating mass 
and that, owing to damping, the time interval occupied by the body in 
moving from an extreme position to a subsequent middle position is 
greater than that occupied in moving from a middle position to the next 
extreme position. The rate at which the amplitude diminishes depends 
upon the quantity n and can be calculated in the following manner: 
Let xi be the displacement at the first point of tangency with the expo¬ 
nential curve and Xs the displacement after (s ~ 1) complete cycles. 
Then it is evident from Eq. (19) that 

or log( —) = fs—l)nT. (q) 

We see that th(‘ amplitudes at the ends of successive cycles diminish 
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as a geometric progression. The (luaiitity 

\/p- 


(r) 


on which the rate of dec^ay depends, is called the logarithmic decrement 
of the amplitude. It can be determined experimentally by observing 
in what proportion the amplitude is diminished after an arbitrary 
number of cycles and then using Eq. {q). 

Using notation (z), we see that the period of damped free vibration is 


^ _ 27r _ __. 

Pi 




As the value of n varies from 0 (no damping) to p (critical damping), 
the period r varies from 27r/p to while the frequency of vibration 


1 _ Pi _ \/p ^ — /zT 
r 2t 2'k 


it) 


varies from p/2t to 0. Denoting the undamped freque^ncy p/2nr by/o, 
Eq. (/) can be expressed in the form 


We see that the relation between frequency / and damping n is represented 
graphically by the (piadrant of an ellipse as shown in Fig. 26. For small 

values of n/p, which we usually have, Eq. {ii) 
can be expressed in the approximate form 

I*) 

-n/p and we see that the frequency / differs from/o 
only by a small quantity of second order. For 
example, if n/p < tV, / differs from/o by less 
than \ per cent. In cases where damping is due principally to air resist¬ 
ance, n will be very small compared with p and the effect of damping on 
the period or frequency of vibration can be ignored. Consequently, in 
most practical cases, we have 






where = mg/k represents the static elongation induced in the spring 
by the suspended mass. We note that this period is completely inde¬ 
pendent of the initial displacement xo and initial velocity xo and depends 
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only on physical constants of the systc'in; it will be referred to as the 
natural period of the system. 

The phase angle as defined by expression (p), is of less practical 
interest than either amplitude or period. As we see from expression 
(p), we can ahvays choose such a relation between initial displacement 
Xo and initial vekxdty io as to make a = 0. This amounts simply to 
shifting the time origin in Tig. 25 from O to 0\, 


PROBLEMS 

19. A spring-sTispondcd weight TT = 2 lb. vibrates with an observed period 
r = I sec., and damping is such that aft(*r 10 complete' cyck\s, the amplitude has 
decreased from X\ =2 in. to xu = 1 in. Calculate tlu' coefficient of damping c. 

A ns, c = 0.001436 lb. per in. per sec. 

20. By how much is the natural fn'cpiency of a systc'm reducixl if the coefFicient of 

damping c — Ans. f — J/o. 


6. Forced Vibrations: Harmonic Disturbing Force.—Tn the preceding 
article, we have discussed free vibrations of a spring-suspended mass with 
viscous damping. We shall now consider the case where, in addition 
to a spring force —kx and a resisting force —cx, there is also an external 
force Q = f{t). Such a force, the action of which is independent of the 


motion itself, is called a disturbing force. A partic¬ 
ular case of practical interest is the periodic disturb¬ 
ing force 

Q = Qocos c^3t. (a) 

If a spring-suspended electric motor, constrained 
to move vertically as shown in Fig. 27. has an un¬ 
balanced armature that rotates with uniform angular 
speed 0 ) rad. per sec., a centrifugal force Qn is set up 
and the projection of this force on the vertical x-axis 
is given by Eq. (a).^ Under such conditions, the 
equation of motion (1) for the suspended mass 
becomes 



X 


Fig. 27. 


mx = ~A;x — cx + Qocos co^. 




Dividing through by m and introducing tiie notations 


2n = -7 
m 


go = 

m 


we obtain 


X + 2nx + p^x = gocos 


(c) 

( 20 ) 


This is the differential equation of forced vibrations with viscous damping. 
^ We neglect the effect of vertical motion on the magnitude of the centrifugal force. 
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A 'particular solution of Eq. (20) can be taken in the form 

a* = A cos oj/ + 5 sin o)t^ (21) 

where A and B are constants. To determine these constants^ we sub¬ 
substitute the trial solution (21) into Eq. (20) and obtain 

( —wM + 2no}B + p'^A — 5o)cos o)t + (—co^B — 2nu)A + p^B)sin co/ = 0. 

This equation can be satisfied for all values of t only if the expressions 
in the parentheses vanish. Thus for calculating A and B, we have the 
equations 

— 03^A -f* 2fi(j)B Hh p^A == ^0, 

-o3^B - 2no3A + - 0 , 

from which 

A = <yo(p^ - 

Ip^ - co2)2 + AtroV^ 

_ 2(ioo3n 

~ (/>' - a/-)* + 4/iV‘ 

Substituting these constants into Eq. (21), we obtain the particular 
solution of Eq. (20). 

The general solution of Eq. (20) is obtained by adding the particular 
solution (21) to the general solution of Eq. (10) on page 34, in which tlie 
right-hand member is zero. Thus, considering only subcritical damping, 
we have 

X == e~^(CiCos Pit + C 2 sin pit) + A cos + B sin o^t (22) 

This general solution represents the superposition of damped free vibra- 
tionSj as represented by the first two terms, and damped forced vibrations, 
as represented by the last two terms. The free vibrations have the 
period 

27r 

r = —j 
V\ 

as discussed in the preceding article, and the forced vibrations have the 
period 

27r 

Tl == - 

0) 

identical with the period of the disturbing force that produces them. 
Owing to the presence of the factor e~'^\ we see that owing to damping, 
the free vibrations gradually subside, leaving only the steady forced 
vibrations represented by the last two terms, i.e,, by the particular solu¬ 
tion (21). These forced vibrations are maintained indefinitely by 
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the action of the disturbing force and therefore are of great practical 
importance. 

Sometimes, the temporary state of combined free and forced vibra¬ 
tions is ol practical interest; and before leaving the general solution (22), 
we shall discuss briefly one particular case. Neglecting the effect of 
damping, f.e., taking n = 0, expressions (ri) for the constants A and B 
reduce to 

A = and /i = 0 (e) 

iind solution (22) becomes 

X — Cicos pt + C 2 sin pi -| —cos oit. (23) 

— CO" 

Assuming now, as a particular case, the initial conditions 
X = 0, — 0, when t = 0, 

we find from Eq. (23) and its first derivative with respect to time that 






_ ^2 


, C, = 0, 


and our solution become'^ 


(/) 


X 


- (cos 0)1 — cos pi). 

p- — C0“ 


(23r/) 


From this expression, we see that at the beginning of motion, the dis¬ 
turbing force sets up both free and forced vibrations having the same 
amplitude. When co is nearly equal to p, this superposition of two simple 
harmonic motions having almost, but not quite, the same period results 
in an intc^resting phenomenon known as beating. To show this analyt¬ 
ically, we assume o) < p and take 

p - 0 ) =- 8. (g) 


Then using the trigonometric identity 


cos X — cos y 


— 2 sin 


X + y 
2 



we write Eq. (23o) in the form 

= (,^^2 sin f) sin (^) (236) 

This expression represents a vibratory motion having the period 


47r 

r = -i— 

o) + p 

and an amplitude 2^osin {dt/2)/{p^ — 


(h) 


) that also varies periodically 



42 ADVANCED DYNAMICS 

with time, becoming zero at multiples of the interval 


[Chap. I 


T = 


2t 

T 



ii) 


This interval, during which the amplitude rises to a maximum and again 
falls to zero, is called th(' period of heating. The phenomenon is repre¬ 
sented by the displacement-time diagram in Fig. 28, which has been 
plotted from Ecp (236). Such beats are readily observable, especially 


X 



when the period of beating T is several times larger than the period of 
vibration r. Since damping soon destroys the free vibrations, the phe¬ 
nomenon can be seen only at the beginning of motion. 

It will be noted from expression (^) that as the frequency of the dis¬ 
turbing force co/27r approaches closer and closer to the natural frequency 
p/27r, the period of beating becomes longer and longer until, when co = p, 
it becomes infinite and, without damping, the amplitude increases indefi¬ 
nitely with time. To show this more clearly, we write Eq. (236) as 
follows: 


X — 

2^()sin {6t/2) 

_(p + a?)(p — cvj_ 

. / w 

sm 1 -- 


(23c) 

Then as co approaches the value of p, w^e have 



p + w « 

II 

3 

1 

5, 

. U 5t 
sm 2 « 2 ' 

U) 

and Eq. (23c) becomes 





9ot ■ . 

X = ^ sin cot. 

Zo) 


{23d) 


Thus, for the condition a? = p, knowm as resonance^ the amplitude 
increases uniformly with time and without limit as shown in Fig. 29. 
In drawing such a conclusion, it must be remembered that our solution 
[Eq. (23)] neglects the effect of damping. As a result of damping, the 
vibrations at resonance do not grow indefinitely but soon reach a steady 
state in which the amplitude remains constant. 

To see this, we return now to the steady forced vibrations represented 
by the particular solution (21). Using the transformation illustrated 
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in Fig. 24 (see page 36), we may write Eq. ( 21 ) in the new form 


X = C cos (oj/ — a), (24) 

where 

C = - {k) 

V(’ - 7>V "V 

and 

(I) 

P'rom Eq. (24), we s(M' that stondy jc 
forced vibration witli viscous damp¬ 
ing is a simple harmonic motion liav- 
ing constant amplitude C, as given by 
expression (A:), phase angle a, as given q 
by expression (Z), and period 2 x/w, 
which is the same as that of the dis¬ 
turbing force regardless of the natural 
period of the system and regardless of 
the amount of damping. 

Using the values of //' and go from notations (c) and introducing the 
new notation 



y 


2n 

— ) 

p 


(m) 


expression (k) for the amplitude of forced vibration may be written in 
the more convenient form 


C - 



Likewise, expression (Z) for the phase angh' be(*omes 


a ==■ tan“^ 


1 


70 ? 


(25) 


(26) 


PVom Eq. (25), we see that the amplitude of force^d vibration is 
obtained by multiplying the static effect Qo/k of the disturbing force by 
the quantity within the brackets. The absolute value of this quantit}^ 
which we shall denote by /?, is called the magnification factor. We see 
that it depends on the amount of damping, as represented by 7 , and also 
on the ratio co/p, Lc., on the ratio of the frequency of the disturbing force 
to the frequency of free vibration of the system. In our further dis- 
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cussion, we shall refer to these two frequencies, respectively, as the 
impressed frequency /i = a;/27r and the uatural frequency fo ~ p/27r.* 
In Fig. 30, the values of the niagnihcation factor ^ for various valutas 
of y are plotted against the ratio o^/p = /i//o. From these curves, we 

see that when the impressed fre¬ 
quency /] is small compared with 
the nat ural frequency /o, the value 
of the magnification factor is not 
greatly diiTerent from unity. This 
means that during vibration, the 
displacements x of the sus|)ended 
mass are approximately t hose which 
would be prodiK^ed by the purely 
statical action of the disturbing 
force Qocos a?/. 

When o) is large compared with 
p, i.e.y whcm the impnvssed fre- 
(|ueney is much greater than the 
natural frequency, the value of the 
magnification factor tends toward zero, regardless of the amount of damp¬ 
ing. This means that a high-frequency disturbing force produces prac¬ 
tically no forced vibrations of a system that has a low natural fre(|uency. 

In both extreme cases (co «/; and o;» p), we note that damping 
has only a secondary effect on the magnit ud e of the magnification factor 
(3. Thus, in these extreme cas(*s, it is justifiable in discussing forced 
vibrations to neglect the effect of damping entirely, in which case E((. 
(24) takes the much simpler form 



X 


Qo I 


cos cot. 


(27) 


From this expression, we see that below resonance (w <5C p), the forced 
vibrations are in phase with the distur]:)ing force while above resonance 
(co » p) th(^y are out of phase. In the latter case, this means that while 
Qo acts downward in Fig. 27, the suspended mass m is moving upward 
and vice versa. 

As the value of w approaches that of Pj i.e., as the impressed frequency 
/i approaches the natural frequency /o, the magnification factor grows 
rapidly and, as we see from the figure, its value is very sensitives to 
changes in the amount of damping, as represented by y. It will also be 
noted that the maximum value of occurs for a value of co/p slightly less 

* Sometimes, to avoid writing co/2ir and p/27r, we refer to co and r(^sp(*ctiv(^ly, as 
impressed and natural angular frequenciea. 
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than unity, i.e., slightly below resonance. Setting the derivative of /3 
with respect to co /p equal to zero, we find t hat t he maximum occurs when 



(rO 


Since 7 is usually very small, for wliich case the maximum occurs very 
near to resonance, it is common practice to tal^e (he value of ^ at reso¬ 
nance as the maximum. "Fhen from Eq. (25), the maximum amplitude 
becomes 


We see from this expression that for small damping, the amplitude of 
forced vibration can becoim' (‘xt/nanely large in the condit ion of resonance. 
Since large amplitudes mean larg(^ stresses in th(' spring, the condition 
of resonance is usually to be regarded as a dangerous one and is t o be 
avoided whenevc.T possible. 

Regarding the response of a spring-suspended mass t o the action of 
a periodic disturbing force for various values of the ratio co/p, we should 
like to quote here a brief remark by C. K. Inglis:’ 


In this behavior of the spring-supported mass, there is something almost 
human; it objects to l.)eing rushed. If coaxed gently and not Imriied too much, 
it rcsj)onds with perfect docility; hut if urged to bestir itself at more than its 
normal gait, it exhibits a mulish perversity of dis])Ositioi:. Such movement as it 
makes under this compulsion is always in a retrogi achi direction, and the more it is 
lushed the less it condescends to move. On tlie other hand, if it is stimulated 
with its own natural inborn frequency, it plays up with an exuberance of spirit 
which may be very embarrassing. 

We turn now to the phase relationship between the forced vibrations 
and the disturbing force that produces them. This is represented by 
the phase angle a in Eq. ( 21 ), the value of which is given by expression 
(26). Since the disturbing force varies according to cos o:i and the forced 
vibrations according to cos(co^ — a), we say that the angle a represents 
the lag of the vibrations behind the disturbing force. That is, when tlu' 
force Qo in Fig. 27 is directed straight down, the suspended mass on 
which it acts is not yet in its lowest position but arrives there a/co sec. 
later, by which time the force Qo has advanced to a position where it 
makes the angle a with the vertical .T-axis. Expression (26) shows that, 
the value of a, like that of /?, depends both upon the relative amount of 
damping 7 and upon the ratio co/p. The curves in F'ig. 31 show the 
variation in the phase angle a with the ratio co/p f.>r several values of 

1 Sec C. K. Inglis, ‘‘A Mathematical Treatise on Vibrations in Railway Bridges/^ 
p. X, Cambridge, London, 1934. 
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the damping factor 7. We see that when 7 = 0 (no damping), the 
forced vibrations are exactly in phase with the disturbing force for all 

values of oj/p < 1 and a full half cycle 
^ out of phase for all values of co/p > 1. 

TT condition, the phase angle 

indeterminate at resonance 

7 r _ Y (o) = p). These observations coincide 

^ completely with those made previously 

on the Ijasis of Eq. (27). 

- ^^Wlien damping is pn'sent, we note a 

‘ (H>ntinual change in a as the ratio co/p 

increases. Also, regardless of the 
amount of damping, we hav(^ a — 'ir/2 at resonance. That is, at reso¬ 
nance, the forced vibrations lag behind the disturbing force b.y one quarter 
cycle. In Fig. 27, for example, the force is directed downward when 
the vibrating mass passes through its middle position; and by the time the 
mass has moved down to its lowc^^t position, the force Qo has rotiited 
through 90 deg. and acts horizontally to the right, etc. 

For values of co/p either well below resonance or well above resonance, 
we note that a moderate amount of damping, i.e., a ‘"''n 

small value of 7, has only a secondary etfect upon the ^ 

phase angle a. That is, well below resonance, it is A 

practically zero, while well above resonance, it is 
practically tt. This means, again, that in discussing J 

forced vibrations well away from the condition of ^ I 

resonance, the effects of damping can be ignored. ^ ; 

Corresponding to eacli of the three rather dis- ' ; 

tinct regions of the magnification factor diagram of ^ 

Fig. 30, representing the phenomenon of forced vi- tYTTTTVt^ 
brations (1) well below resonance, (2) well above res- ' ' ; 

onance, and (3) near resonance, there are many ^ ^ 
important technical applications, some of Avhich we ^ ^ 

shall discuss briefly. 

For the condition well below resonance, we note that the chief char¬ 
acteristic of the motion is that the displacements produced by the 
dynamic action of the disturbing force do not differ much from those 
which would result from a purely static action of the same force. This 


fact is useful in the design of pressure indicators for measuring variable 
forces such as steam pressure in the cylinder of an engine. Such an 
instrument usually consists of a small piston attached to a spring as 
shown in Fig. 32. The natural frequency of such a system depends upon 
the spring constant k and the piston mass m. The instrument is con- 
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nected to the cylinder of an engine at B so that the piston is at all times 
subjected to the same pressure as that existing in the engine cylinder. 
Since this pressure varies periodically/ it produces forced vibrations of 
the piston, which are recorded on the uniformly rotating drum by the 
pencil A. In order that the displacement of the piston be approximately 
the same as that which any instantaneous static value of the pressure 
would produce, it is essential that the 
natural frequency of the indicator sys¬ 
tem be several times <?:reater than the 
frequency of fluctuation in the variable 
pressure to be recorded. Under these 
conditions, the ratio co/p will be small 
and the magnification factor will dilTer 
but little from unity. Tims the ordi¬ 
nates of the record can be taken as pro¬ 
portional to the pressure. It is seen that the general re(iuirement s for the 
instrument are a lightweight piston and a stiff spring, since this combi¬ 
nation results in a high nat ural frequency. 

We consider next an example of forced vibration well above reso¬ 
nance, wh(u*e the ratio co/p is large. Ulus condition, as \\'e have already 
seen, is characterizcni very small amplitudes and a half-cycle phase 
difference between disturbing force and forced vibration. These facts 
are utilized in the design of spring mountings to be placed between an 
engine and its foundation. If an electric generator, for example, is 
rigidly bolted to its foundation (Fig. 33«) ;ind there is some unbalance 
in the rotor, the corresponding centrifugal force Qo will be transmitted 
to the floor and may produce undesirable disturbance and noise. In 
Fig. 336, the same generator is mounted on flexible springs so that the 
system has a low natural fre(]uency compared with its operating speed. 
Under these conditions, the generator practically stands still in space 
and the forces transmitted through the springs to the foundation are 
practically constant. "Jlie portion of the fluctuating force Qocos oit that 
gets through to the foundation is only a small fraction of that suffered 
in Fig. 33a. 

The principle of isolation illustrated above works equally well in 
reverse; i.e., if we wish to protect some sensitive instruments from 
unavoidable building vibrations, we place them on a heavy platform 
suspended from the ceiling by flexible springs as sho^m in Fig. 34. If 
the natural frequency of the platform is small compared with the build- 
ing^s natural frequency, the instruments will suffer (ndy a small fraction 
of the motion of the ceiling. 

^ We assume a simple harmonic variatitm. 
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The system in Fig. 34 requires a few additional remarks. Here, 
instead of a disturbing force Qocos we have a forced motion 

— a cos (Jit (p) 

of the upper ends of th(‘ springs. In such case, 
the equation of motion for the suspended mass 
becomes 

mx = — A:(x — Xi) — cx, (q) 

where {x — Xi) represents the net extension of 
the springs over and above that due to the static 
action of the gravity force mg. Using the first and second of notations 
(c), together with expression (/>), Eq. (q) becomes 




Instruments 


-□.-III., 


Heavy platform 


Fig. 34. 


X + 2ax + p‘^x — 


ak 

— cos bit. 
m 


(r) 


and we see that if, instead of the last of notations (r), we take 


^0 = 


ak 

m! 


(^0 


we come to the same differential equation of motion as Eq. (20). Hence 
all our conclusions about forced vibrations of the system in Fig. 27 apply 
equally well to a system like that in Fig. 34. 



A practical application of the resonance phenomenon is illustrated 
in Fig. 35, where a so-called vibrator is used to determine experimentally 
the natural frequency of vibration of a bridge or other large structure. 
This machine consists essentially of two identical rotors purposely 
unbalanced so that when they rotate in opposite directions, they set up 
two equal centrifugal forces Qo. Furthermore, they are so adjusted 
that these forces alwa 3 ^s make the same angle uit with the vertical, thus 
causing their horizontal projections to balance each other, while the 
vertical projections add together to give a vertical pulsating force, the 
frequency of which can be controlled by varying the speed of rotation. 
Suitably mounted on a car, the vibrator can be stationed on the bridge 
and gradually speeded up until the resonance condition is reached. 
This condition is easy to recognize owing to the large amplit ude of forced 
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vibration of the bridge. It is neccissaiy then only to note the r.p.s. of 
the vibrator to have the natural frequency of the bridge. 

PROBLEMS 

21 . Tho spring-suspond(^d mass in Fig. 27 has a weight W — \0 Ib. and the spring 
constant k — 100 lb. per in. Tho coefheiont of damping o = 0.1 lb. per in. per sec. 
Construct, to scale, the. magnification factor diagram. At what value of ui/p does the 
magnification factor /3 have its maximum value, and what is this maximum? 

= 16.13 at oi/p — 0.999. 

22 . Show that th(> damping fac:tor y introduced in notation (m) n'presents twice 
the ratio of actual to critical damping; ?!.o., for (*ritical damping, we have' y == 2. 

23 . A st(;am-pressur(! indicator lik(‘ that sliown in f'ig. 32 uses a. spring with con¬ 

stant k — 100 lb. per in. Ded-ermino the maximum weight IF for thi^ piston if the 
largest frequency of simple harmonic fluctuating pressure to bo imnisured is 600 c.p.m. 
and a limit of 2 per cent error is iinpos(‘d. /hi.s. IF < 0.196 lb. 

24 . Determine the spring (constant k for the nest of sj)rings in Fig. 336 that will 

r(‘duce the disturbing force transmittial to the foundation to one-tenth of what it is 
when the generator is solidly mounted as in Fig. 33a. The g('n(‘rator operates at 
1,800 r.p.m. and weighs 200 lb. Ans. k = 1,6721b. per in. 

7. Forced Vibration: General Disturbing Force.—Tn tho preceding 
article, we considered only the spcMual ease of a periodic; disturbing force 



Fk;. .30. 

Q = Qocos a)t. While this is the most im])ortant case, there are many 
others for which the differential equation of motion of a sj^ring-suspended 
mass m (Fig. 36a) may take the more general form 

X + 2nx + p\v == q = f{t)y (28) 

where q = Q/m is the disturbing force per unit of suspended mass. In 
dealing with this equation, wo shall follow a somewhat different procedure 
from that used in the previous article. Referring to Fig. 366, we assume 
that the disturbing force q per unit of mass is given by a curve A B, Then 
for any instant we consider one elemental impulse q dt' as represented 
by the shaded strip in the diagram. This one impulse imparts to each 
unit of mass an instantaneous increase in velocity ds = q dt', regardless 
of what other forces, such as the spring force, may be acting upon it 
and regardless of its displacement and velocity at the instant t', Treating 
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this increment of velocity as if it were an initial velocity (at the instant 
t') and using Eq. (18a), page 36, we conclude that the corresponding 
displacement of the spring-suspended mass at any later time t will be 

dx = pi(t — t'). (a) 

Since each impulse q dt' between i' = 0 and V — i has a like effect, we 
obtain, as a result of the continuous action of the disturbing force q^ the 
total displacement 

:ri == / ge“’‘^^'^^'^sin px{i — i')di!. (29) 

Pi 7o 

This expression still does not include the effect of any initial displacement 
Xo or initial velocity xo, when t = 0. These effect.,, however, are exactly 
those represented by Eq. (18a); hence, for a complete solution of Eq. 
(28), we may write 

X = [xocos pd + sin pd 

L \Pi Pi/ J 

+ (30) 

At first glance, it might appear that the first term in this expression 
represented free vibrations and the last term forced vibrations as dis¬ 
tinguished in the preceding article. This, however, is not quite the 
case. Actually, the first term represents the effect of initial displacement 
and initial velocity only; the last term represents the comph'te effect of 
the disturbing force q = /(/')• As we already saw in the preceding article 
(see page 40), the disturbing force produces on its own ae^count both 
free and forced vibrations and all this together is accounted for by the 
integral in Eq. (30), f.c., by the solution (29). For this reason, Eqs. (29) 
and (30) are especially useful in studying the early effects of a disturbing 
force before damping has had time to dissipate the free vibrations. 

If damping is neglected, we have n = 0 and pi = p, for which Eq. 
(30) reduces to 

X‘o 1 ^ 

x = xocos pt -f -- sin P^ + - / q sin p{t - tyiV, (31) 

P p y 0 

For convenience in further calculations, it will be helpful to transform the 
integraP in Eq. (31) as follows: Using the relation 

sin(p^ — pt') = sin pt cos pi' — cos pt sin pi'y 

we write, for that part of the displacement due to the disturbing force 

^ This integral is sometimes called Diihamers integral after the French mathe¬ 
matician J. M. C, Duhamel. 
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2^1 — ~ ^sin pt q cos pt'dt' — cos pi j q sin pt'dt'^ (b) 
Then, introducing the notations 

1 r W 

A ^ ~ <7 sin pt'dt', B == - I q cos pt'dt', (32) 

pjo 

we have, for a general solution without damping, 

X = Jocos pt + ^ sin pt + A cos pt + B sin pL (33) 


Thus, without damping, the solution of Eq. (28) reduces to the evaluation 
of the two integrals A and B as defined by expressions (32). 

As a first example, let us reconsider the case already studied in Art. 6, 
where q = (/ocos oit'. In such case, the integrals (32) become 


{p — o))t — 1 cos(p + oj)^ — 1 


2(p - w) 


2(p + oj) 


^ f gin p^'cos oit'dt' — -- r--- 

pjo PL 

/? = / (^08 pi cos o)t dt — — -- —- 

P Jo ^ PI 2(p - 

Substituting these values into Eq. (33) and reducing, we obtain 


- oj)^ sin(p + co)/ 
co) 2(p + co) 


X = xocos pt H —- sin pi + 

p ‘ ir 


(cos (xd ~ cos pt), (33a) 


Taking a:o = io = 0 , expression (33a) coincides with expression (23a) on 
page 41 as it should. 

Equation (31) can be used to advantage in 
studying the motion of a spring-suspended 
mass under the action of a series of discon¬ 
tinuous impulses. If, owing to such impulses, 
the mass obtains increments of velocity A?;o, 

A^q, A 7 ; 2 , ... at the moments t ~ Q, t — t', 
t = t", . . . , we have, for Xo = 0 , 

ar = ^ [Avosin pt + A 2 ;]sin p{t — t') 

+ At; 2 sin p(t — t") + * • *]• (31a) 



X 

We see that this expression is simply the sum of 37 

projections on the vertical x-axis of vectors 

A^o, Aiq, Atq, . . . making, with the horizontal, the angles pt, p{t — t')y 
p{t — t"), .... Thus, for any chosen value of the summation may be 
evaluated graphically as shown in Fig. 37. The vertical projection of the 
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resultant vector when multiplied by 1/p, gives the displacement x 
expressed by Eq. (31a). We note also that the magnitude of OC deter¬ 
mines the amplitude of the ensuing free vibrations, assuming that no fur¬ 
ther impulses occur. 

Looking again at Eq. (31a), we see that if we take a constant interval 
of time A = 27r/p = r bet ween impulses, the terms in the ]jarentheses are 
all in phase; thus, owing to such a succession of impulses in r(‘sonance, 
the amplitude will be built up without limit. The same result will follow 
from a succession of alternately positive and negative' impulses with the 
time interval A = ir/p = r ^2. Th(‘se observations lead to the important 
practical conclusion that any periodic distuiLing force, in resonance', 
builds up large amplitudes of forevei vibration; it does not neeel to be 
simple harmonic in character to do so. 

In the case of a constant disturbing fore^e Q sudde'nly applied to the 
suspended mass at the initial moment / = 0, we have q — Q/m = con¬ 
stant, for which the integrals A and B be'come 


A = ^ (cos p^ — 1), B ~ sin j)i. (c) 

Substituting these values in k]q. (33), we o])tain 


Noting that 


X = x'ocos pt + -- sin pt + -- A — cos pt), 

p ?>“ ^ 


1 

p2 





(33b) 

00 


represents the static displacement corresponding t o the constant forci^ Q, 
we rewrite Eq. (336) in the form 


X = X,i -f (.To 


u\«dcos p/ + sin pt. 


00 


From this expression, we see that a suddenlv applied constant force 
produces free vibrations of amplitude 

f' = -/ (-ro - .T.,,)'-* + if) 

superimposed upon a constant displacement x^t ~ Q/k. In the particu¬ 
lar case where Xo = xo = 0, expression (/) for amplitude reduces to 
C = Xft and we have = 2x^1 and Xudn = 0. Thus a suddenly applied 
constant force Q produces a maximum deflection twice as great as the 
static effect of the same force. 

Equation (336) assumes the constant force Q, once applied, to act 
indefinitely. If it acts only for an interval of time A and then is suddenly 
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removed, we substitute A for t in Eq. (33?>) and its first derivative with 
respect to time and find for the displacement and velocity at the end of 
the interval 

Xa = a;ocos pA + — pin pA + -'■- (1 - cos pA), 

P ^ ^ 

Xa == —p^Tosin pA + focos pA + - sin pA. 

P 

In the particular case wIku'c xo = xq = 0, these expn\ssions nnluce to 



Xa = (1 — <*<>s pA), 

p. 

Xa = - sin pA. 

V 


(r/) 


If these quantities are treated as initial displacement and initial velocity 
at the instant A, the ensuing free vibrations, from Eq. (33), become 


X = .TaCOS p{t — A) + sin p{t — A), (33c) 

where ^ > A is still counted from the orij>;inal initial moment, "hhese 
undamped free vibrations have the amplitude 


a 



which, by using expressions (f/), becomt‘s 


2(j . pA Q , ttA 

a = i sin -yr- == sm — 
P“ 2 A- T 




We see that this amplitude' depends upon the ratio A/r, ?>., upon the 
ratio of the duration of the constant force to the natural period of the 
system. By taking A/r = we obtain a — 2Q/k. By taking A/r = 1, 
we obtain a = 0; he., thcre^ will be no vibrations after removal of the 
constant force Q. In the first case, Q acts through the displacement from 
0 to a and does positive work on the system. After removal of the force 
in the extreme position, the system, without damping, retains this energy 
and we have free vibrations equivalent to an initial displacement 
2Q/k. In the second case, the constant force does positive work from 0 
to a and negative Avork from a back to 0; the net work becomes zero; 
and the sj^stem acquires no increase in energy. If the suspended mass 
was initially at rest in its equilibrium position, it must remain at rest in 
its equilibrium position when the force is taken away. 

Equations (34) lend themselves to a simple numerical solution of the 
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problem of forced vibration of a spring-suspended mass under the action 
of an irregular disturbing force as represented by the smooth curve in 
Pig. 38. Replacing this ciun'o l)y a suitable step curve vith the constant 
time interval A, we see that such a disturbing force can be considered as a 
succession of constant forces Qi, (?•>, Qz, , each acting for the time 

interval A and then giving way to the next. Assuming that we know the 



initial displacement Jo and the initial velocity jo, we use ]^]qs. (34) and 
find for the displacement and velocity at tlu^ end of the first interval 


Xi — Xocos pA + sin 7 )A + ^- (1 — cos pA), 

— = — .roSin j)A + - cos t;A + -r- sm pA. 
p p^k 


(^) 


Then taking these values of .Ti and .f-i as new initial displacement and 
velocity and using Eqs. (34) again, we have at the end of the second 
interval 


X 2 = Jicos pA + “ sin pA + — (1 — cos pA), 


Ip 


— .risin pA + 


ij 

P 


cos pA + 


~ sin pA. 


i 


U) 


Continuing in this way, we obtain a series of valu(is of the displacement 
X corresponding to the times 0, A, 2A, 3A, . . . from which a displace¬ 
ment-time curve for the motion can easily be constructed. To simplify 
the calculations, the interval A should be chosen so that pA is some multi¬ 
ple of 27r. An example will serve to illustrate the procedure. 


Example: We assume that the system in Fig. 36a has a spring constant /c « 10 
lb. per in. and a natural period r = 1.2 sec. The disturbing force Q « F(/), as shown 
in Fig. 38, is assumed to he defined by the numerical values of Q recorded in the 
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<1 

2 .S 

•Nl Si, 

— 

0 

0.062 
0.161 
0.331 
0.657 
0.807 
0.426 
-0.459 
-1.291 
-1.684 
-1.592 
-1.215 
-0.597 
+0.348 
+ 1.469 
+2.439 

2 o .s 

w o 

•H 1 ^ 

0 

0.108 
0.278 
0.572 
1.136 
1.307 
0.737 
-0. 706 
-2.232 
-2.915 
-2.755 
-2.104 
-1.033 
+0.604 
+ 2..544 
+4.220 1 

1 

1 

§ -h I Si, c 

--^— 

0 125 
0.322 
0.662 
1.314 
1.6)4 
0.852 
-0.920 
-2.582 
-3.368 
-3.184 
-2.431 
-1.193 
+0.697 
+2 9.39 
+4.877 
+5.497 1 

< 

Si, 

S .s .s' 

H 

0 

0.017 
0.076 
0.208 
0.472 
0.875 

1.197 
1.186 
0.716 
-0.081 
-0.959 
“1.711 
“2.195 
-2.260 
-1.773 
-0.727 

Si, 

S § .s 

o 

N 

0 

0.029 
0.133 
0.360 
0.818 
1.498 
2.070 
2.052 
1.240 
-0.141 
-1.660 
-2.960 
-3.800 
-3.914 
-3.072 
-1.258 

S ^ .s 

0 

0.033 
0.153 
0.417 
0.945 
1.729 
2.393 
2.373 
1.432 
-0.163 
-1.919 
-3.422 
-4.389 
“1.521 
-3.546 
-1.453 
+ 1.331 

<1 

Si. 

io .S 

«3 

H 

0. 125 
0.230 
0.460 
0.950 
0.950 
0.330 
-0.460 
-0.600 
-0.420 
-0.350 
-0.635 
-0 800 
“0.465 
+0.075 
+0.560 
+0 560 

a 

n 

^ 8 . 

S , .s 

0.034 
0.062 
0.123 
0.255 
0.255 
0.088 
-0.123 
-0.161 
-0.112 
-0.094 
-0.170 
-0.214 
-0.124 
+0.020 
+0.150 
+0.150 

oi|-« 

S II .S 

H 

0.25 

0,46 

0.92 

1.90 

1.90 
0.66 

-0.92 
-1.20 
-0.84 
-0.70 
-1.27 
-1.60 
-0.93 
+0.15 
+ 1.12 
+1.12 

S c?jS 

2.50 

4.60 
9.20 

19.00 

19.00 

6.60 

- 9.20 
-12.00 

- 8.40 

- 7.00 
-12.70 
-16.00 

- 9.30 
+ 1.50 
+ 11.20 
+ 11.20 

(1) 

sec. 

0 

0.1 

0.2 

0.3 

0.4 

0.5 

0.6 

0.7 

0.8 

0.9 

1.0 

1.1 

1 2 

1.3 

1.4 

1.5 

1.6 


66 
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second column of Table IV, page 55. We have taken A = 0.1 sec.; thus A/t = and 
pA s* 7 r /6 “ 30 deg.; cos pA = 0.866, sin pA — 0.500, 1 — cos pA = 0.134. 

We have also assumed a^o = .To == 0 ; i.e., the suspended mass m was at rest in"its 
position of equilibrium at the initial moment / — 0. Tlie procedure is perfectly 
regular. The first five columns of Tabh‘ TV are filled out completely at the outset, 
and then the initial values Xo and io/p (both zero in our c*.as(‘) are pla(*ed in the first 
line of columns ( 6 ) and (9), respectively. Then using Kqs. (/), the values of xi and 
xi/p are computed and recorded in the second line of columns ( 6 ) and (9), after whi(9i 
the remaining blank spaces in the second line can be filled in. Then using Kqs. (./), 
the values of Xi and Xi/p are computed and recorded in tin* third line of columns ( 6 ) 
and (9), etc. In Fig. 39, the displacimient-time curve for the first 1^ .sec. of motion 
is plotted from the data in columns ( 1 ) and ( 6 ). 


x(m.) 



Equation (33) also lends itself to a sim})le graphical treatment.^ 
Multiplying and dividing each of the integrals (32) by p and replacing 
q_lv^ by Q/A:, we have 


A 



Q 


sin </> d<t>, 


B = 


L 


Q 

^ cos (l> del)j 


(A-) 


where in the angle = pf is taken as a new variable. Now referring to 
Fig. 38, we replace the given curve Q = F{t) by a step curve having over 
each interval of time A a constant value Q,. If this step curve is used 
instead of the true curve, the integrals (k) may now be replaced by the 
summations 


A 



d{cos 0), 


B = 



rf(sin 0), 


where <t>i = ipA. Introducing the notation n = Qi/k and integrating, 
we get 

A = '^Viicos <t)i — cos 0i_]), I . . 

B = Sri(sin 0* — sin 0t_i), ) ^ ^ 

' The method to be described is due to E. Meissner. Sec '‘Graphischo Analysis 
vermittelst des Linienbildes einer Funktion,^^ Verlag dcr Schweizerischon Bauzeitung, 
Zurich, 1932. 
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where r* is the static displacement corresponding to each value Qi of 
the disturbing force. 

We now refer to Fig. 40a for a graphical evaluation of A and B. 
Beginning witli a hori^sont-a] line O^Po = rj and with Oi as a center and 
ri as a radius, we constiTict a circailar arc^ PoPi \\4u)S(i camtral angle is pA 
as shown. This done, we take O 2 on the prolongation of PiOi so that 



1' J(i. 40. 


O 2 P 1 = T 2 . Then with ()<> as a center and ro as a j‘adius, we make the 
next arc PiP> again walli t }i(‘ central angle pA. Aft(‘r this, O 3 is taken on 
the prolongation of PiOi] and with O 3 as a center and rs as a radius, the 
arc PiPz is made', (4c. 

N(W in Fig. 106, w(‘ consider* the arc Pi-\Pi whose cenUa* is 0» and 
whose radius is /,. 44i(‘ hoi-izontal and v(‘rtical proj(‘ctions of this arc, 

respectively, ai‘e s(H'n to lx* 

Pi.-J\' = /\(COS (/), — cos 
P,'Pi = r,(sin (/>,. - sin 

which are exactly tli(‘ ciuantitic's uiuha- the summation signs in expres¬ 
sions (35). Hence, the horizontal and vertical projections of any point 
Pi on the curve PqPiPi . . . Fn in Fig. 40a determine, respectively, the 
values of A and B for the corresponding value of the angle (t>i = pi that 
the radius OiPi makes w4th the horizontal. 

To give further significance to the construction in Fig. 40a, we recon¬ 
sider Fq. (33), page 51, and w rite it in the form 

X — (. 1*0 .,4)cos7>/ T 4“ sin pi. (33(/) 

Then using the transformation illust rated in Fig. 24, page 36, wo write 

X = C cos{pt — a), (36) 


(0 


where 


c = ^j{x„ + +7?y 
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and 


a = tan“^ 


( 

\ Jo + ^ / 


(m) 


In the particular case where Jo == Jo == 0, expressions (Z) and (m) reduce 
to 


C - \/J‘^ + B\ 


(n 


a = tan-i j- (m') 

Now, referring again to Fig. 40a, we sec that any radius vector such as 
Pol^z is equal to the (piantity C as defined by Kq. (V) and that the angle a 
which it makes with the horizontal is that defined by Eq. (m'). Further¬ 
more, since the radius O 3 P 3 makes the angle 03 = SpA with the horizontal, 
it follows that the angle p between the radius vector P 0 P 3 and the radius 
O 3 P 3 is 


iS = — (03 - Oi) 


as shown. Then since cos{—^) = cos d, we conclude finally that the 
projection of P 0 F 3 on the corresponding radius O 3 P 3 represents the value 
of J as given by Eq. (36), Since this reasoning holds for each point 
P< on the curve P 0 P 1 P 2 . . . Fn, the distances Pi 1', P 22 ', PsS', . . . give 
the values of j corresponding to / — A, / = 2A, t = 3A, .... 

For the numerical data given in columns (1) and (3) of Table IV, such 
graphical solution is shown in Fig. 41. The values of x scaled from this 
construction are shown below in comparison with the computed values 
obtained in Table IV. 


Time t . 

0 

0.1 

0.2 

0.3 

0.4 

0.5 

0.0 

0.7 

0.8 

Graphical x. 

0 

0.03 

0.15 , 

0.42 

0.95 

1,74 

2.41 

2.39 

1.45 

Numerical x. 

0 

0.033 

0.153 

0. 117 

0.945 

1.729 

2.393 

2.373 

1.432 


Time t . 

0.9 

1.0 

1.1 1 

1.2 

1.3 1 

1.4 

1.5 

1.6 

Graphical x . 

-0.15 

-1.92 

-3.44 

-4.42 

—4.56 

-3.59 

-1.46 


Numerical j. . .. 

-0.163 

-1.919 

-3.422 

-4.389j 

-4.521 

-3.546 

-1.453 

+1.331 


We see that no apology needs to be made for the accuracy of the graphical 
solution. 

A word of explanation may be necessary in regard to scaling the values 
of X from the construction in Fig. 41. Take, for example, Ji correspond¬ 
ing to Z = 4A. Dropping a perpendicular from the origin 0 to the 
radius P 4 O 4 , we obtain a point 4' as shown. The scaled length P 44 ' gives 
J 4 ; it is positive because 4' falls on the concave side of a loop OPe that 
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corresponds to positive values of the force Q == F{t) in Fig. 38. Now 
consider the point 9' representing the projection of point 0 on the radius 
P9O9. This also falls on the concave side of loop PePis; but since 
this loop corresponds to negative values of the force Q = F{t) in Fig. 38, 
the displacement 0:9 = PS' is negative. For the same reason, Pnl I' = Xn 
is a negative displacement. In general, a projection on the concave side 
of a loop indicates a displacement of the same sign as tlu* disturbing 
force. Thus PislS' being on the convex side of a positive loop represents 
a negative value for xi^. 

3 



The graphical solution represented by Fig. 41 has several advantages 
over the numerical solution represented by Table IV: (1) It is much faster, 
and (2) it is independent of initial displacement x’o and initial velocity 
Xo. In our example, we assumed Xo == = 0. If we have some initial 

displacement and some initial velocity at ^ = 0, the numerical solution in 
Table IV must be made all over again, taking these initial conditions 
into account in the first horizontal line of the table. But in the graphical 
solution, as we see from Eq. (33d), Xo and Xo/p are simply initial values of 
A and B. Hence to adapt the constructions in Fig. 41 to initial displace¬ 
ment Xo and initial velocity Xo, we have only to take a new origin O' such 
that the point 0 has coordinates Ao = Xo and Bo == Xo/p, Then pro¬ 
jecting O' instead of 0 onto the various radii, we get values of x corrected 
for initial displacement and initial velocity. 

Example: The graphical solution lends itself nicely to a discussion of the effect 
of Coulomb friction as a source of damping. Consider, for example, the system in 
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Fig. 42a, which has a natural period t and an initial displacement cco as shown. During 
the first half cycle, wdiilo the weight W moves to the left, a constant friction force 

F — iJiW opposes the motion as shown 
During the second half cycle, while motion 
is to the right, the force F reverses its di¬ 
rection and again opposes th(‘ motion. 
Thus, due to coulomb friction, we have a 
disturbing force Q = F(t) as represented by 
the diagram in Fig. 426. This is a step 
curve with Qi/k — -jrF /k and tinu' interval 
A == r/2; i.e., pA = x. IIenc(‘ tli(' graphic 
solution is r(‘,present('d by the* systi'in of 
alternately + semicircular l<)()f)s having 
the radii iF/Zc as shown in Fig. I2r. The 
abscissas of points /b, ]^> . . . rc'present 
the disx)lac(‘ments at the ends of ha-lf 
(\ycl(‘s, and we see that the amplitude di¬ 
minishes as an arithmetic ])rogression, los¬ 
ing 2F/k in each half cychi. The motion 
ceases at the end of tliat half cycle for which Pn has the abscissa |xu| < \F/k\^ since in 
this position the si)ring force - kxn cannot overcome th(^ friction force F, The method 
can also be us(‘d to discuss forced vibrations with (Joulomb damping.^ 



Fifj. 42. 


PROBLEMS 


26 . Develop the displac(unent-time (‘quation for forced vibrations of an undampf'd 
system (Fig. 36a) under the action of a disturbing force Q ~ Kt. Assunu' .ro = .b, = 0. 

X — [K/nip'^) \pt (1 — cos pi) — sin pi], 

26 . Verify expression (6), i)age 53, by using th(‘ grapliical construction of Fig. 40. 

27 . Repeat the solution in Table IV for a system haviiig the natural period 
T = 0.8 sec. Assume all other data to nunain unchang d. 

28 . Solve Prob. 27 graphically. 

29 . For the systean in Fig. 42a, k — 10 lb. per in., W — 10 lb., g = 0.2, and 

Xq — 2.0 in., Xo — 0. How many half cycles of vibration will occur, and wh('r(‘ will th(y 
block come to rest? Arts. 10 half cvcles; Xjo = 0. 

30. A wheel of weight Wj pressed against an elastic foundation by a large (‘onstant 
force P, rolls with uniform horizontal velocity v as shovm in Fig. 43. The spring con¬ 
stant for the foundation is k; and as long as 
the undisturbed foundation surface ahead 
of the wheel remains uniform and hori¬ 
zontal, the vertical deflection 5 under 
the wheel remains constant and equal to 
{P + W)/k) f.c., the wheel moves recti- 
linearly. Show that any slight irregularity 
in the undisturbed foundation surface, 
defined by the equation rj — /(:r), will pro¬ 
duce forced vibrations of the wheel on the foundation and that the differential equa¬ 
tion of such vibrations will be 



Fm. 43. 


W dh/ , . 


9 dp' 


^ See E. Meissner, “Resonanz bei konstanter Dampfung,^^ Z. angew. Math, Mech., 
Band 15, Heft 1/2, February, 1935. 
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where y is the vertical displacenient over ami .‘ibove that due to the static action of 
P + W, This example has found an important a])plication in the study of vibrations 
of railroad car wheels due to slight irregularities in th(‘ trac^k.^ 

8. Forced Nonlinear Vibrations. —In dealing with forced a il)rations 
of a spring-suspended mass, we sometinu's encounter sys¬ 
tems where the restoring force is not a linear function of 
the displacement. For such cases, \\ q consider the differ¬ 
ential equation of motion (1) in the form 

VLV + E(x) + == F{{), (a) 

w here PJ(x) defines tlie n'stoj-ing force*, l){x) tlie elamj)ing, 
and F(t) the disturbing forere. A discussion of this equa- 
tieai in its general form- is cennplieaited; and for simplic¬ 
ity, we limit e)ur diseaission here to the symmetrical system 
shown in Fig. 44, the free vibratiems of which, without 
damping, were already discussed in Art. 3. Using ex¬ 
pression (/) on page 19, we have 

^(•r) = + X + -jj- x\ (b) 

where >So is the initial tension in each wire; A its cross-sectional area; E 
its modulus of elasticity, and I its length. In addition, we now^ assume 
linear damping 

D{x) = cx (c) 

and a simple harmonic disturbing force 

F(^l) = Q cos(co/ -f" oj)* {d) 



Substituting expressions (6), (c), and {d) into Eq. (a) and dividing through 
by m, we obtain 

X + yiX + p-x + jSx® = q cos(co^ + a), (37) 

where 


7U 


p- = 


2So 

Im' 




9 .. 

m 


(e) 


Equation (37) is a nonlinear differential equation, the general solu¬ 
tion of which is not known; in discussing it, we must proceed by approxi¬ 
mate methods. 

^ See S. Timoshenko, “Vibration Problems in Engineering,'^ Van Nostrand, 2d 
ed., p. 107, 1937. 

* For a more general method of dealing with this probkan and a bibliography on the 
subject, see the paper by M. Raucher, Steady Oscillations of Systems with Non-linear 
and Unsymmetrical Elasticity, J. Applied Mechanicsj pp. A-169 to A-177, December, 
1938. 
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Confining our attention to a steady state of forced vibrations only 
and assuming that is small compared with pH, we take, as an approxi¬ 
mate solution^ of Eq. (37), 

X — a cos (A)t, (/) 

This assumed solution represents the steady forced vibrations as a simple 
harmonic motion having the same angular frequency 03 as the disturbing 
force. The relation between a and o) is left to be determined. 

For this purpose, we substitute our trial solution (/), together with 
its derivatives, into Eq. (37) and obtain 

— ooj^cos — fxaoj sin o)t + p-a cos co/ + 

= q cos a cos (Jit — q sin a sin co/. {g) 

We see that this equation cannot be satisfied for all values of z.c., 
expression (/) is not really a solution of Eq. (37). The best that we 
can do is to satisfy Eq. {g) for values of = titt, i.c., for extreme positions 
of the vibrating mass; for intermediate positions, the equation will be 
only approximately satisfied. Taking = mr, for which cos = ± 1 
and sin == 0. Eq. {g) reduces to 

= q cos a -f aoj^ (38) 

This algebraic equation defines an approximate relation between ampli¬ 
tude a, angular frequency co, and phase angle a for steady forced vibra¬ 
tions of a given system. 

To establish a second relationship between a, oj, and a, we must 
consider the question of the work done per cycle by the disturbing force 
and by the damping force. In order to have a steady state of vibration, 
the negative work of damping per cycle must be offset by an equal amount 
of positive work from the disturbing force. We consider first the work 
of the disturbing force 

W, . . I'FW 

Substituting expression (d) for F{t) and the first derivative of expression 
(/) for dx/dt and noting from notations (e) that Q = qm^ we have 

Wp = —mqacji cos(aj^ + a)sin (jit dt = Tcmqa sin a, (A) 

From this result, we see that when the disturbing force leads the motion 

^ The justification for this lies in the fact that for 0, expression (/) can be an 
exact solution of Eq. (37) if the amplitude a is properly chosen. When ^ ^ 0 but is 
small, we can expect that the form of the motion will not differ greatly from expres¬ 
sion if). 
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(0 < a < tt), it does positive work thereon and thatr this work is a maxi- 
mum when a = 7r/2, when the force leads the motion by a quarter 
cycle. When the force lags behind the motion ( — tt < a < 0), it does 
negative work thereon. Thus in a steady state, we can always expect a 
to be positive and lie between 0 and tt. 

The energy dissipated by damping during one cycle will be 


Wd = 




elf = irixrncxjQ^, 


(i) 


We note that this dissipation of eruugy due to damping increases as the 
square of the amplitude wliile the energy input (h) increases only as the 
first power of the amplitude. 

Now as stated above, the condition of a steady state of forced vibra¬ 
tion requires that the negative woi-k of damping shall be exactly offset 
by the positive work of the disturbing force. Equating (?') and (h), we 
find 


from which 


sin a 


jiao) 
-, 


cos a 



U) 

(k) 


This is the second required I'clation between the three variables a, co, and 
a. Substituting expression {k) for cos a in Eep (38), we obtain 


p^a + = ±q yjl — + aco^ (39) 

For a given system, f.c., for given values of p-, /?, g, and g, this algebraic 
equation defines the approximate relation between the amplitude a 
and the angular frequency w for steady forced vibrations. It can best 
be solved by a graphical method that we shall now discuss. 

For simplicity, we begin with a consideration of undamped vibrations, 
f.c., we take ju == 0, for which Eq, (39) reduces to 

(40) 

Referring to expression (/c) above, we see that the plus sign on q cor¬ 
responds to a = 0 while the minus sign corresponds to a = tt. Thus, 
without damping, the forced vibrations are either in phase or completely 
out of phase with the disturbing force. In either case, the work of the 
disturbing force per cycle is zero. 

, The left-hand side of Eq. (40) represents the restoring force per unit 
mass for an extreme position; the right-hand side is the sum of the dis- 
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turbing force and the inertia force, each per unit mass, for the same 
position. To satisfy Eq. (40), the amplitude a must be so chosen as to 
make these two quantities equal. This may bo accomplished graphi¬ 
cally as follows: First, from Eq. (6), we plot the spring force per unit mass 
as a function of amplitude a. This gives the curve OA in Pig. 45a. In 



Fig. 45. 

a similar manner, the right-hand side of Eq. (40) will be represented by 
straight lines having the intercept ±q on the vertical axis and slopes 
represented by various values of a?-. The intersection betAveen any 
such line and the curve OA determines, for the coiTesponding oj, t he value 
(or values) of a for which Pkj. (40) is satisfied. We consider first the 
case of in-phase vibrations (a = 0) and take q with plus sign as shown. 
Then drawing several straight lines iMi, iMo, P/1 3 , . . . with the* slopes 
co 3 ^ . . . , we get intersections Ai, A 2 , Az, . . . defining (by 
their abscissa) amplitudes ai, ao, as, ... . Plotting as ordinate 
against as abscissa, we get the curve A 0 ^ 43 in P4g. 40 showing the 
amplitude of undamped in-phase forced vibrations for various fre¬ 
quencies co/27r of the disturbing force. 

Now let us consider the out-of-phase forced vibrations corresponding 
to a negative intercept q as shown in Fig. 456. We see that in this case, 
there are no intersections for values of w less than a certain value w/t 
corresponding to the slope of the line PBo that is t angent to the curve OA 
at Bo, while for each lino with slope greater than this, there are two 
intersections such as B 4 and C 4 . Hence, for each value of w > con, there 
are two amplitudes of out-of-phase forced vibration that satisfy P]q. (40), 
Drawing several such lines and again plotting a* against coi, we get the 
curve C 4 BoBf, shown in Fig. 46. 

Finally, if we draw lines ODi, OD 2 , ODz, . . . through the origin 0 
as shown in Fig. 45c, we get the solution of Eq. (40) for q = 0, i,e., for 
free vibrations of the nonlinear system. The relation between a and co 
obtained in this way is represented by the cairve DoDh in P'ig, 46, which 
intersects the co-axis at coo = p. This curve may be considered as an 
approximation to the reciprocal of the period-amplitude curve shown in 
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23. The curves in Fig. 4G are called response curves for 
forced vibrations of the nonlinear system. In a general way, they cor¬ 
respond to the 7 = 0 curv(\s in Fig. 30, page 44, for linear forced vibra¬ 
tions without damping. Taking a series of values of g, a whole family of 
such curves can be drawn showing 
how the nonlin(‘ar system resi)onds to 
various intensities and frequencies of 
the disturbing force. 

In the case of forced vibrations of 
a linear system as discussed in Art. 

6, there was onl.y one value of the 
amplitude for a given value of co; in 
the case of a nonlinear system, th(‘ 
phenomenon is more complex. For 
angular frequencies of the disturbing foi‘(*e l(\ss than con, there is again 
only one amplitude of in-phase forced vibration; but for frequencies 
larger tlian there are three amplitudes, one corresponding to in-phase 
vibrations and the other two to out-of-phase vibrations. P]xperiments^ 
show that of these two out-of-phase amplitudes, the lai’ger one corresponds 
to an unstable motion that nevx'r occurs in an actual physical system. 

For further discussion, we now ndurn to the more general Eq. (39) 
which takes account of damping. The kdt-hand side of this ecpiation is 
the same as that of I]q. (40) and is still represented by the curve OA in 
Fig. 45a. On the riglit, liouevcu’, Ave now have a family of straight lines 
with the slojAes w- and variable intercepts on the vertical axis, as repre¬ 
sented by the term containing the radical. Introducing the notation 



we see that the numerical value of this intercept in the case of damping is 
always smaller than g. However, its value depends upon the product ao?; 
and since we are trying to find the proper relation betAveen these two 
quantities, we must proceed by trial and error. To show how this Avorks, 
A\"e refer to Fig. 47a, Avhere the straight line PoA determines, for a chosen 
value of 0 ), the amplitude ao of undamped vibrations. Using this value 
of ao together with the chosen value of co in expression (/), Ave compute a 
first approximation g/ to the intercept g' which, of course, is smaller 
than g. DraAving a new line Pil wdth the intercept g/ and the same slope 

1 The first experiments of this kind were made with electric circuits by O. Martiens- 
sen. See Physik. Z., vol. IT, p. 448, 1910. Later expfiriments with mechanical vibra¬ 
tions were made by O. Duffing, “Erzuringeiie Bchwingungen bei veraiidJicher 
Eigenfrequcnz,’’ Braunschweig, p. 40, 1918. 
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0 )^ as before, we get a somewhat smaller value ai for the amplitude. Now 
using the new product aio? in expression (Z), we compute a second approxi¬ 
mation q 2 to the intercept g' and draw the straight line P 22 as shown. 
Since ai<a < aoco, we see that qi < < q; hence the amplitude 

dl (I2 do. 

By the same reasoning, we conclude that a third approximation to the 
amplitude must lie between aj and a 2 ; thus the process is convergent, and 



we soon find with sufficient accuracy tin? correct amplitude for the 
chosen value of co. 

Starting with oj == 0 and proceeding in this way for a series of increas¬ 
ing values of o), we can determine amplitudes in Fig. 47a and plot the 
curve AoAc shown in Fig. 48, representing th( relation between a and w 
for forced vibrations with a given amount of damping. Since a is increas¬ 
ing with w along this branch of the response curve, it is evident that we 
must finally reach a point for which 


and beyond this, expression (1) becomes imaginary. Thus, with damp¬ 
ing, there is a limit to the amplitude of forced vibration of a nonlinear 
system. Using expressions (m) and (Z), we see that this maximum 
amplitude is defined by the equations 


ao3 


g 

M 


and 


9' = 0. 


(n) 


Since the solution of Eq. (39) for g' = 0 corresponds to the free-vibration 
curve DoDj^ in Fig. 48, the maximum amplitude and the corresponding 
angular frequency coc (point Ac) are determined by the intersection of this 
curve with the hyperbola au = q/ 11 . Finally, from expression (i), we 
see that this point corresponds to a = 7r/2, and the disturbing force leads 
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the motion by a full quarter cycle and is doing its maximum positive work 
to offset damping. A steady state of forced vibration with larger 
amplitude cannot exist, and Eq. (39) gives no real solution for any larger 
amplitude. 

To get the solution with damping corresponding to the minus sign in 
Eq. (39) and thereby complete the re¬ 
sponse curve in Fig. 48, we proceed in a 
similar manner. To illustrate, we refer 
to Fig. 476 and start with the intercept 
— g and choose some value of a; > 

The corresponding straight line through 
Po gives the amplitudes ai and ac for zero 
damping. Substituting cither the 
product acw or ahoi in expression (/), we 
see that as before, the numerical value of 
g' will be less than g. Hence for a second approximation, we must draw a 
parallel line through some point Pi nearer the origin. In this way, we get 
new intersections B' and C' defining new values of the amplitudes ah' and 
a/j as follows; au < ah and a/ > ac. Using the product a/oo in expres¬ 
sion (/), we get a somewhat smaller numerical value for g' and have to 
move the point P a little closer to the origin, which, in turn, gives a slightly 
larger amplitude aj', etc. The process, however, converges quite rapidly 
and we soon find the value of ac that satisfies Eq. (39) for the chosen value 
of CO. Proceeding in this way, we can construct without much difficulty 
the portion AcBo of the response curve in Fig. 48. Since this portion of 
the curve represents an unstable state of motion, it has been indicated by 
a broken line in the figure. 

Regarding the R-intersections obtained in Fig. 476, we see that, as 
in Fig. 47a, a reduction in the absolute value of g' also reduces the 
amplitude for a given co; i.e.y ah < a^ as noted above. Thus the correct 
R-intersection lies between B and B' and may be located in the same 
manner as in Fig. 47a. Proceeding in this way, we construct the curve 
B 0 B 2 as shown in Fig. 48, and the response diagram is completed. 

Referring to Fig. 48, we may now describe what may be expected to 
happen in the case of damped nonlinear forced vibrations if, starting with 
w == 0, we gradually increase the frequency of the disturbing force. At 
first, both the amplitude a and the phase angle a will grow with a; until 
we reach the value wc. Here, as we have already observed, the disturb¬ 
ing force leads the motion by a quarter cycle, and no further increase in 
. amplitude can occur. As soon as a? is increased slightly beyond wc, the 
motion changes form completely; the amplitude falls to Ss, and the force 
leads the new motion by something more than a quarter cycle. With 
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further increase in co, the amplitude gradually falls along the curve BzBh 
and the phase angle approaches tt. Now if we reverse the procedure and 
begin gradually to decrease co, the amplitude grows according to the curve 
B^Bo until we reach Since there is only one solution of Ecp (39) for 
values of CO < coi», a further decrease in co will be accompanied by a rather 
sudden jump in amplitude and a change in phase angle from something 
greater than 7 r /2 to something less than 7r/2. With further decrease in 
CO, the amplitude gradually falls according to the curve .42^0. We see 
that the quest ion of instability exists only in the region co/i < co < coc. 



The foregoing discussion of nonlinear forced vibrations has been 
associated with the system in Fig. 44. It applies equally well, however, 
to any system in which the departuie from linearity is not too great and 
which is symmetrical with respect to the middle position. That is, the 
curve OA in Fig. 45 or 47 need not be exactly the cubic parabola repre¬ 
sented by h]q. Q)). In general, if it has the same shape for displacements 
both sides of the middle position and the nonlinearity is not too great, 
we may proceed in the same manner. The method is, of course, always 
an approximate one, except in the case of a linear system. As a matter 
of fact, we can apply the method to a lineai’ system and get the response 
curves shown in Fig. 30. In all cases, it is assumed that damping is not 
so great as to govern the motion (see page 35). 

For the system in Fig. 44, the curve OA (Fig. 45) is concave upward; 
i.e.y the system becomes stiffer with increasing amplitude, and the natural 
frequency of free vibration rises. Such a system is said to be hard. 
Sometimes we have a so-called soft system for which the restoring force 
decreases with increasing amplitude. In such case, the curve OA is 
concave downward as shown in Fig. 49a. Proceeding as already 
explained, we get, for a soft system, response curves of the type shown in 
Fig. 496. 

In Fig. 50a, we have a symmetrical system for which the relation 
between restoring force and amplitude is discontinuous as shown in 
Fig. 506. As long as the amplitude of vibration is less than a certain 
value 5, only the longer springs are in action and we have a linear system. 
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When the amplitude becomes larger than 6, the two middle springs come 
into action and the stiffness increases abruptly. If the change in slope 



(a) (b) 

Fig. 50. 

between OA i and iyl 2 is not too great, the described method can be used 
also in this case with good accuracy.^ 

Finally in Fig. 51a, we have an unsymmetrical nonlinear system. 
For displacements of the mass 7n to the right of llie e(]uiliV)rium position, 
the spring characteristic is represented by the 
broken line 0^1 1^2 in Fig. 516; while for displace¬ 
ments to the left, we have the straight line OA'. 

In this case, the amplitudes of forced vibration 
on the hard and soft sides of the equilibrium po¬ 
sition will be different, and the above method is 
not applicable without some modification. It is to 
such cases as this that the method developed by 
Rauchcr^ is especially well suited.^ 

PROBLEMS 

31. For the numerical data given in Table 11, page 20, 
construct the curve OA and determine graphically, as in Fig. 

45c,’ the approximate relation bet ween amplitude a and 

natural frequency of free vibration of the system in Fig. 51 

44. Compare the results with those given in Fig. 18, page 

23. 

32. Referring to Eq. (h) and Fig. 27, page 39, and assuming mg ~ 1 lb., k = I 
lb. per in., c = 0.025 lb. per in. per s(‘c., and Qo =0.1 lb., construct by graphical solution 
the response curve like those in Fig. 30, page 44. 

33. Referring to the system in Fig. 44 and using the numerical data in Table II, 
page 20, construct to scale the response curves like those shown in Fig. 46. Assume 
Q =-2 \h. 

9. Numerical Integration: Stormer’s Method.—We have already 
noted in Art. 1 that the differential equation of rectilinear motion of a 

^ See Jacobsen and Jespbrsen, Steady Forced Vibrations of Single Mass Systems 
with Symmetrical as Well as Unsymmetrical Non-linear Restoring Elements, J. 
Franklin Inst.y vol. 220, No. 4, 1935. 

2 Raucher, op. cit.y p. 61. 

^ For another method of dealing with this problem, see Etude graphique des 
vibrations de systcunes a un seul degr^* de libert(\ by J. Lamoen, Revue Universelle des 
Mines, Vol. XI, No. 7, May, 1935. 
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particle may be nonlinear or contain coefficients varying with time. For 
example, we may have to deal with a vibrating mass for which the restor¬ 
ing force is not a linear function of displacement (Fig. 52a) or varies in 
some prescribed manner with time (Fig. 526). In such cases, where 
damping is of secondary importance and can be neglected, the equation 
. of motion takes the general form 




V 

[ 


T’ 

y-frtJ 
1 


m 


1 




(a) 


la) 


where F{x,t) defines the resultant force and 
m. is the mass of the particle. It is only 
for the simplest cases that we are able to 
obtain a rigorous solution of this equation; 
and in many practical problems, recourse 
must be made to some approximate 
^ X integration. We take this op- 

^ ^ portunity to describe and show the appli- 

cation of one of the general stcp-by-step 
methods of numerical integration. The 
particular procedure to be described was developed about 1890 by Carl 
Stormer in connection with a mathematical theory of the aurora borealis. 
It has also proved very useful in the treatment of such practical problems 
as the motion of projectiles and trains.^ 

To apply the method, we write Eq. (a) in the form 

.f = <l>{Xyi) (41) 

and assume that for a small interval of time from 0 to t, the solution can 
be represented by the Maclaurin’s series 


Fia. 52. 


X = Xq + XqI + Xq 




... , IV 

^ 0 + ^0 24 


+ 


(42) 


In this series, Xo and Xo are the initial displacement and the initial velocity 
of the particle; these initial conditions must be known. The initial 
acceleration Xo is found by substituting x = xo together with ^ = 0 in 

IV 

Eq. (41). In like manner, the values of xq, xo, . . . are obtained by 
making successive differentiation of Eq. (41) and using x = Xo and t = 0 
therein. Substituting all these initial values into the series (42), we can 
calculate the displacement x for a given value of t. If t is small, the series 
converges rapidly and the first few terms will give the value of x with 
sufficient accuracy for practical applications. 

I For a more complete discussion of various methods of numerical integration 
together with applications, see ‘‘Sur Tintegration numerique approchee dos Equations 
diff^rentielles/’ by M, A,-N. Kriloff, Imprimerie Nationale, Paris, 1927. 
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Assume now that several values of x have been calculated in this 
manner for ^ = 0, ^ = /i, ^ = 2/i, . . . t ^ nh, where /i is a small con¬ 
stant interval of time. These values of x, denoted by Xo, Xi, . . . 
Xn- 2 , iCn-i, Xnj are called startmg values; they are arranged in tabular form 
as shown in column (2) of Table V. This done, vvt compute and record 
the first differences Axy^-i = Xn ~ Xn~.i, ... as shown in column (3) 
and then the second differences A“Xn ~2 = Axn-i — AXn~ 2 , . . . as 
shown in column (4). 


Table V 


(1) 

(2) 

(3) 

(4) 

1 (5) 

(6) 

(7), 

Step 

X 

Ax 




AH, 

0 

Xq 



1 
























n — 2 












2 


n — 1 

^n-1 


A*X„_2 

1 





AXn_i 



ACn-l 


n 

Xn 


(a) 

Kn 


Cf) 



ib) 

Ax„ 



(e) 

Af. 


n + 1 

(r) 

Xu^l 



(d) 




All the above calculations are made for very small values of in 
which case the series (42) converges rapidly. For larger values of t, 
the series usually converges slowly and more and more terms must be 
taken to obtain a desired accuracy. Obviously, the amount of labor 
involved in such a procedure will very soon become prohibitive. The 
essential feature of Stormer^s method is a means of prolonging the 
calculations with good accuracy even for large values of i without 
the necessity of using many terms of the series (42). For this purpose, 
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he introduces a quantity defined by the equation 

^ = hH = h^(l>(x,t). ( 43 ) 

Substituting the starting values .To, .Ti, . . . , .rn- 2 , a’n-i, Xny together with 
t — 0, t = h, t — (n — 2)hj t — (n — l)h, i — nh, into this expres¬ 
sion, we compute and record . . . ^n- 2 , fn-i, fn, as shown in column 

(5) of Table Y. Then, as before^, we compute and record first and second 
differences and A^f as shown in columns (0) and (7). 

Having the quantities shown in boldface type in Table V, we are now 
ready to consider the prolongation of the calculations. To find the next 
value O’n+i of the displacement in column (2), we need the next second 
difference A%n-i in column (4). This is computed, as will be shown later, 
from the formula 

A^Xn-l ~ fn + A(A‘’^n-2)> (44) 


Having this second difference [item (a') in column (4)], we easily obtain 
AXn = A.Tn-1 + A\rn.~ly \ 

which are recorded in their proper places as shown [items (b) and (c)]. 
Substituting Xn+i together with t — (n + l)h in expression (43), we now 
get ^nfi after which the differences Afn nnd A‘^$n-i are computed and 
recorded in their proper places [items (df), (c), (/), in Table V]. After 
these six operations, made in the order (a), (/>), (c), (d), (c), (/), we are 
ready to repeat the same procedure finding, in order, the quantities 


A^Xnj AXfi^ly Xn+2f ^n-f'2> A^n-fl> A^^n; 

and so on. 

We see that the success of the whole process, once the starting values 
have been obtained, rests on formula (44). Stormer derives this formula 
in the following manner. Considering a time ^ == n/i as a new origin 
and expanding x = f(t) about this point, the series (42) may be written 
in the form 


X Xn “f" Xntl “b Xfi 




+ 'i'n ~ + 


"24 


+ 


(c) 


where h ^ t — nh. Substituting first h = +h and then in 

this expression, we obtain 


— Xn “f” Xnh “b Xn ^ ”b X n ^ "b Xn “b 

. , , .. ... , I'' h‘^ 

Xn—1 — Xn Xnh “b Xn ^ ^ ^ 24 


(d) 
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Noting that xji^ = we find from expressions (d) that 

« IV /, 4 VI 6 

A^O^n-l = Xn^l — 2jn + + -Tn + * * * > 

or, limiting ourselves to the first two terms of this series, 

IV /,4 

+ Tn (^) 

Now returning to the series (r^) ami di/Tcrenijating twice with respect to 
time, we obtain 

IV / 2 

X X-n “h X rd\ “h ^ n “1“ * * * > 
from which, by putting ti == ~h and /i = —2h, we find 
= hHn-l = In - Xnh^ + ^ - ' ' ' , 

|„_J = hHn-2 = In - 2i-nA=> + 4.r„ - ' ' ' . 

Again, limiting ourselves to the terms shown, we find 

IV /i4 

A %..2 = - 2^„_i + - 2.rn ~ (g) 

IV 

Elimination of Xn between Ecjs. (c) and ((/) yields, finally, 

A“5n~2 — Jn + l^(A-^n-2), 
as already given by formula (14). 

In the foregoing discussion, we have considered only second differences 
A^f in the values of By using seven terms of the series (c), the method 
can be extended to work with fourth differences in In this case, for¬ 
mula (44) will be replaced by 

A^Xn_l = + TV(A^^n-2 + A®^n-3 + ■2-§^A^?n-4). (45) 

From this expression, we see that the procedure outlined in Table V will 
be exact if third differences in J vanish and that if they do not, their 
magnitudes are an index to the error involved. By watching the varia¬ 
tion in second differences A^^ as the work proceeds, one can judge the 
error involved and choose the interval h so as to attain the desired degree 
of accuracy. 

In order to see what may be expected of the method in the way of 
accuracy, let us start with the equation of simple harmonic motion 
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and take as a particular case 

p = IOtt, 0*0 = 1 in., :ro = 0. 

In such case, the exact solution becomes 

X — .ToCOS pt {{) 

and the period r = 2t/p = 0.2 sec. In using Stormer’s method, we 
shall divide this period into 20 steps and take h = 0.01 sec. With these 
data, formula (43) becomes 

^ - -O.OItt^x = -0.0987a:. (j) 

To save time, the starting values xo, X 2 are computed from the known 
solution (t) in this case and are shown by boldface type in column (2) 
of Table VI below. The remainder of the calculations are made as 
explained above, and the table is completed up to ^ = 0.1 sec. = ir. 
For comparison, the exact values of Xy computed from Eq. (^), are given 
in column (0). We see that even when wc use only second differences in 
{ and a comparatively large interval A, we have an error of less than 
i per cent in the value of x at the end of a half cycle. Using fourth dif¬ 
ferences in I and formula (45), or cutting the interval h in half, a much 
greater accuracy can be obtained if desired. 

Table VI 


(0) 

(1) 

(2) 

(3) 

M) 

(5) 

(6) ! 

1 

(7) 

cos pt 

t 

X 

Ax 

A^x 


1 

A^ 


1.0000 

0 

1.0000 

—0.0489 


1 

—0.0987 

+ 48 


0.9511 

0.01 

0.9611 

-0.1421 

—0.0932 

-0.0939 

+141 

+93 

0.8090 

0.02 

0.8090 

-0.2211 

-0.0790 

—0.0798 

1 

+218 

+77 

0.5878 

0.03 

0.5879 

-0.2785 

-0.0574 

-0.0580 

i 

+275 

+57 

0.3000 

0.04 

0.3094 

-0.3085 

-0.0300 

-0.0305 

+304 

+29 

0 

0.05 

0.0009 

-0.3084 

+0.0001 

-0.0001 

+305 

+ 1 

-0.3090 

0.06 

-0.3075 

-0.2780 

+0.0304 

+0.0304 

+274 

-29 

-0.5878 

0.07 

-0.5855 

-0.2204 

+0.0576 

+0.0578 

+217 

-57 

-0.8090 

0.08 

-0.8059 

-0.1414 

+0.0790 

+0.0795 

+ 140 

-77 

-0.9511 

0.09 

-0.9473 

-0.0485 

+0.0929 

+0.0935 



-1.0000 

0.10 

-0.9958 




[ 
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The method can be used also to calculate the period of free vibration 
of a nonlinear system like that shown in Fig. 52a and already discussed in 
Art. 3. In such cases, it is necessary only to carry the calculations to 
the point where x changes sign and then compute the quarter period by 
interpolation. Proceeding in this way, the period of vibration for a given 
amplitude can be found with very good accuracy. 

As a second example, let us consider the system shown in Fig. 52b and 
assume that the movable support is so manipulated that the equation of 
motion for the attached mass becomes 

X = —tx, (k) 

We also assume, as initial conditions, that 

o-Q == 1 in., io = 0, when i — 0. (/) 

For small values of /, this motion will have a rather long period, and we 
choose, correspondingly, a much larger value of h than in the preceding 
example. Taking h = 0.2 sec., we have 

f = hH = —O.Oitx. (m) 

To obtain starting values, in this case, we first make several successive 
differentiations of Eq. (k) obtaining, in order, 

X = —tx — .r, \ 

IV 1 

X = —tx — 2jc, I 

X — — tx — 3x, / (^) 

VI IV \ 

X = —tx — Yx, I 


Then substituting the initial conditions (1) into expressions (/r) and (n) 
and using the series (42), we obtain 

^ ^ 6 180 12,900 

From this series, the starting values of x, as shown by boldface type in 
column (2) of Table VII, have been computed. The corresponding 
values of computed from Eq. (m), are recorded in column (5). The 
remaining steps for the first 5 sec. of the motion are made in the pre¬ 
scribed manner, except that in this example, we have carried fourth 
differences in f and used formula (45) instead of (44). This requires 
but little additional work, and the improved accuracy is well worth the 
effort. The displacement-time curve plotted from the data in columns 
(1) and (2) in Table VII is shown in Fig. 53. We see that both the 
amplitude and the period of vibration are decreasing with time. 




76 


ADVANCED DYNAMICS 


[Chap. I 


As we near the end of Table VII, we see that the corrections to f are 
beginning to affect the third figure in values of A^x in column (4). This 
is an indication that the interval h should be reduced if the calculations 
arc to be prolonged much beyond t = A sec. 



As a final example here, we refer again to Fig. 526 and assume that 
the movable support oscillates in such a way that the equation of motion 
for lateral vibrations of the mass ni becomes^ 

X + (p‘^ + ^ sin cs:t)x = 0. (46) 

In this differential equation, 5 sin o)t represents a ripple of period t = 2Tr/od 
and amplitude b that is superimposed upon the average value p'^ of the 
spring characteristic per unit of vibrating mass m. The nature of the 
motion represented by Eq. (46) will depend very much upon the ratio 
o)/p in any particular case, but the general solution is not known specifi¬ 
cally in terms of p^ b, co, .To, and xq. To illustrate the numerical integra¬ 
tion, we take as a particailar case 

2p = a; = 27r, r = — — 1 sec., 5 = 

w 10 

and assume, as initial conditions, 

Xq = 1 in., xo = 0, wdien t = 0. 

Equation (46) may then be written 

X = —p\r{l + xV sin 2Trt). (p) 

Making successive derivatives of this expression with respect to time and 
substituting the assumed initial conditions, we find 


Xo — 1, Xo — 0, 

IV 

Xo = — p^j Xo Xo = + PS 

o 


V 

Xo 



VI 

Xq 



t 


^ This differential equation is of considerable importance in various problems. It 
is called Mathieu’s equation; see E. Mathieu, “Cours de physique mathematique ” 
p. 122, Paris, 1873. 
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Table VII 


( 1 ) 

( 2 ) 

( 3 ) 

( 4 ) 

( 5 ) 

( 6 ) 

( 7 ) 

( 8 ) 

( 9 ) 

( 10 ) 

( 

X 





AH 

ah 

AH 

2 

0 

1.0000 

— 0.0013 


0 

- 80 





0.2 

0.9987 

— 0.0094 

- 0.0081 

— 0.0080 

- 78 

+ 2 

+ 8 



0.4 

0.9893 

- 0.0260 

- 0.0186 

- 0.0168 

- 73 

+ 6 

•f 6 

+ 8 

+ 20 

0 6 

0.9643 

- C .0482 

- 0.0232 

— 0.0231 

- 62 

+ 11 



,+ 29 

0.8 

0.9161 

- 0.0773 

- 0.0291 

- 0.0293 

- 43 

+ 19 

'+ Tr ^ 

+ 3 

+ 44 

1.0 

0.8388 

- 0.1107 

- 0.0334 

- 0.0336 

- 13 

+ 30 1 

+ 6 

- 5 

+ 37 

1.2 

0.7281 

- 0.1452 

- 0.0345 

- 0.0349 

+ 23 

+ 36 

+ 8 

+ 2 

+ 64 

1.4 

0.5820 

- 0.1775 

- 0.0323 

- 0.0326 

+ 67 

+ 44 

+ 2 

- 6 

+ 42 

1.6 

0.^4054 

- 0.2030 

- 0.0255 

- 0.0259 

+ 113 

+ 46 

- 1 

- 3 

+ 41 

l.S 

0.2024 

- 0.2172 

- 0.0142 

- 0.0146 

+ 158 

+ 45 

-12 

- n 

+ 10 

2.0 

- 0,0148 

- 0.2157 

+ 0..0015 

+ 0.0012 

+ 191 

+ 33 

- 18 

- 6 

+ 3 

2.2 

- 0.2305 

- 0.1953 1 

+ 0.0204 

+ 0.0203 

+ 206 

+ 15 

-27 

- 9 

- 48 

2.4 

- 0.4258 

- 0.1544 

+ 0.0409 

+ 0.0409 

+ 194 

- 12 

-29 

- Z 

- 72 

2.6 

- 0.5802 

- 0.0945 

+ 0.0599 

+ 0.0603 

+ 153 

- 41 

-35 

- 6 

-117 

2.8 

- 0 . G 747 

- 0.0195 

+ 0,0750 

+ 0.0756 

+ 77 

- 76 

-26 

+ 9 

-119 

3.0 

- 0.6942 

+ 0.0628 

+ 0.0823 

+ 0.0833 

- 25 

-102 

-16 

+ 10 

-124 

3.2 

- 0.6314 

+ 0.1426 

+ 0.0798 

+ 0.0808 

-143 

-118 

0 

+ 16 

-103 

3.4 

- 0.4888 

+ 0.2081 

+ 0.0655 

+ 0.0665 

-261 

-118 

+ 25 

+ 25 

- 44 

3.6 

- 0.2807 

i + 0.2477 

+ 0.0396 

+ 0.0404 

-354 

- 93 

+ 46 

+ 21 

;+ 19 

3.8 

- 0.0330 

+ 0.2523 

[ + 0.0046 

+ 0.0050 

-401 

- 47 

+ 65 

+ 19 

+ 101 

4.0 

+ 0.2193 

+ 0.2174 

- 0.0349 

- 0.0351 

-383 

+ 18 

+ 76 

+ 11 

+ 180 

4.2 

+ 0.4367 

+ 0.1448 

- 0.0726 

- 0.0734 

-289 

+ 94 

+ 67 

- 9 

+ 219 

4.4 

+ 0.6815 

+ 0.0440 

- 0.1008 

- 0.1023 

-128 

+ 161 

+ 50 

-17 

+ 245 

4.6 

+ 0.6255 

- 0.0693 

- 0.1133 

- 0,1151 

+ 83 

+ 211 




4.8 

+ 0.5562 

- 0.1741 

- 0.1048 

- 0.1068 






6.0 

+ 0,3821 
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Table VIII 


( 1 ) 

( 2 ) 

( 3 ) 

( 4 ) 

1 

( 6 ) 

( 7 ) 

( 8 ) 

( 9 ) 

( 10 ) 

t 

X 

Ax 



Af 

A 2 f 

A »{ 



2 

0 

1.00000 

- 0.01244 


— 0.02467 

- 45 






0.05 

0.98766 

- 0.03749 

- 0.02505 

- 0.02812 

4 - 30 

+75 

+ 9 




0.1 

0.96007 

- 0.06224 

-0 02475 

— 0.02482 

+ 114 

+ 84 

+ 3 

- 6 

+ 

84 

0.16 

0.88783 

- 0.08576 

-0 02352 

— 0.02368 

+ 201 

+ 87 

- 7 

-10 

4 - 

63 

0.2 

0.80207 

- 0.10736 

- 0.02160 

— 0.02167 

+281 

+ 80 

-11 

- 4 

+ 

54 

0.26 

0.69471 

- 0.12617 

-0 01881 

- 0.01886 

+350 

+69 

-22 

-11 

+ 

14 

0.3 

0.66854 

- 0.14149 

- 0.01532 

- 0.01536 

+ 397 

+47 

-21 

+ 1 

+ 

6 

0.35 

0.42705 

- 0.15287 

- 0.01138 

- 0.01139 

+ 423 

4-26 

-23 

- 2 

— 

72 

0.4 

0.27418 

-0 16003 

- 0.00716 1 

-0 00716 

-1 426 

4 - 3 

-19 

+ 4 

— 

31 

0.46 

0.11415 

1 

- 0.16295 

-0 00292 

- 0.00200 

+ 410 

- 16 

-10 

+ 9 


27 

0.6 

- 0.04880 

-0 16178 

4 0 00117 

+ 0.00120 

4 384 

-26 

- 0 

+ 1 

- 

43 

0.66 

-0 21068 

- 0.15676 

4 0 00502 

+ 0 00504 

+349 i 

-35 

+ 2 

+ 11 


20 

0.0 

-0 36734 

- 0 . 14827 

+ 0.00849 

+0 00853 

+ 316 

-33 

+ 4 

+ 2 


23 

0.66 

- 0,51561 

- 0.13660 

+ 0 01167 

+0 01169 

+ 287 

-29 

+ 6 

4 - 1 


18 

0 7 

- 0,65221 

- 0.12206 

+ 0.01454 

+ 0.01456 

+ 263 

-24 

+ 6 

0 


14 

0.76 

-0 77427 

- 0.10488 

+ 0.01718 

+ 0.01719 

+ 244 

-19 

- 1 

- 6 


27 

0.8 

- 0.87915 

- 0.08526 

+ 0.01962 

+0 01963 

+ 224 

-20 

- 4 

- 3 

“ 

31 

0.86 

- 0.96441 

-0 06341 

+ 0.02185 

+ 0.02187 

+200 

-24 

-11 

- 7 

— 

53 

0.9 

-1 02782 

- 0.03957 

+ 0.02384 

+ 0.02387 

+ 165 

-36 

-14 

- 3 


66 ' 

0 96 

-1 06739 

- 0.01409 

+ 0.02548 

+ 0.02552 

+ 116 

-49 

-16 

- 2 

~ 

83 

1.0 

- 1.08148 

4 - 0.01254 

+ 0.02663 

+ 0.02668 

+ 51 

-65 

-16 

0 

— 

97 

1.06 

- 1.06894 

4 - 0.03966 

+ 0.02712 

+ 0.02719 

- 30 

-81 

- 10 

+ 6 


96 

1.1 

- 1.02928 

-f 0.06647 

+ 0.02681 

+ 0.02689 

-121 

-91 

- 3 

+ 7 

~ 

90 

1.16 

- 0.96281 

+ 0.09207 

4 0 02560 

+ 0.02568 

-215 

-94 

■+ 6 

4 - 9 


73 

1.2 

- 0.87074 

+ 0.11552 

+ 0.02345 

+ 0.02353 

-303 

-88 

+ 14 

4 - 8 

— 

52 

1.26 

- 0.75522 

+ 0.13596 

+ 0.02044 

+ 0.02050 

-377 

-74 

+ 22 

+ 8 


22 

1.3 

- 0.61926 

+ 0.15265 

+ 0.01669 

+ 0.01673 

-429 

-62 

+25 

+ 3 


1 
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Table VIII.— {Continued) 


( 1 ) 

( 2 ) 

( 3 ) 

( 4 ) 

( 5 ) 

( 6 ) 

( 7 ) 

( 8 ; 

( 9 ) 

( 10 ) 

t 

X 

Ax 

A-x 

$ 

A ^ 

AH 

AH 

AH 

S 

1.35 

- 0.46661 

+ 0.16507 

+ 0.01242 

+ 0.01244 

-456 

-27 

+ 22 

- 3 

+ 14 

1.4 

- 0.30154 

+ 0.17295 

+0 007 S 8 

+ 0 00788 

-461 

- 5 

+ 21 

- 1 

+ 36 

1.45 

- 0.12859 

+ 0.17623 

+ 0 0032 S 

+ 0.00327 

-445 

+ 16 

+ 14 

- 7 

+ 37 

1.6 

+ 0.04764 

+ 0.17508 

- 0.00115 

- 0.00118 

-415 

+ 30 

+ 6 

- 8 

+ 34 

1.65 

+ 0.22272 

+ 0,16978 

- 0.00530 

-0 00533 

- 379 

+ 36 

+ 1 

- 6 

+ 33 

1.6 

+ 0.39250 

+ 0.16069 

-0 00909 

-0 00912 

342 

+ 37 

- 7 

- 8 

+ 15 

1.65 

+ 0.55319 

+ 0 . 14818 

- 0.01251 

-0 01254 

-312 

+ 30 

- 4 

+ 3 

+ 25 

1 7 

+ 0.70137 

+ 0 13253 

-0 01.565 

- 0.01566 

-286 

+ 26 

„ 4 

0 

+ 18 

1.75 

+ 0.83390 

+ 0.11403 

-0 01850 

-0 01852 

- 264 

+ 22 

- 2 

+ 2 

+ 20 

1.8 

+ 0.94793 

+ 0 09289 

- 0 02114 

-0 02116 

-244 

+ 20 

+ 6 

- 1 - 8 

+ 40 

1.86 

+ 1.04082 

+ 0.06931 

-0 02358 

- 0.02360 

-218 

+ 26 

+ 11 

+ 5 

+ 63 

1.9 

+ 1.11013 

+ 0.04356 

- 0.02575 

” 0.02578 

-181 

+ 37 

+ 17 

+ 6 

+ 77 

1.95 

+ 1 15369 

+ 0.01601 

-0 02755 

- 0.02759 

-127 

+ 54 

+ 16 

- 1 

+ 86 

2.0 

+ 1.16970 

- 0.01279 

- 0.02880 

-0 02886 

- 57 

+ 70 

+ 18 

2 

+ 108 

2.05 

+ 1.15691 

- 0.04215 

- 0.02936 

-0 02943 

+ 31 

+ 88 

f 10 

- 8 

+ 100 

2.1 

+ 1.11476 

- 0.07118 

- 0.02903 

- 0 02912 

+ 129 

+ 98 

+ 4 

- 6 

+ 100 

2.15 

+ 1.04368 

-0 09893 

- 0.02775 

- 0.02783 

+ 231 

+ 102 

- 7 

-11 

+ 77 

2.2 

+ 0.94465 

- 0.12437 

- 0.02544 

-0 02552 

+ 326 

+ 95 

-15 

- 8 

+ 67 

2.25 

+ 0.82028 

- 0.14657 

- 0.02220 

- 0.02226 

+ 406 

+ 80 

-23 

- 8 

+ 26 

2.3 

+ 0.67371 

1 

o 

- 0.01815 

- 0.01820 

+ 463 

+ 57 

-27 

- 4 

- 1 

2.36 

+ 0.50899 

- 0.17827 

-0 01355 

-0 01357 

+ 493 

- 1 - 30 

-25 

+ 2 

- 18 

2.4 

+ 0.33072 

-0 18691 

- 0.00864 

-0 00864 

+ 498 

+ 5 




2.45 

+ 0.14381 

- 0.19069 

- 0.00368 

-0 00366 






2.6 

- 0.04678 










and the series (42) becomes 


^ _ 1 _ 4- 4- _ . . . (n'\ 

2 30 24 '75 f)4>00 ‘ 

Taking h = 0.05 sec., five starting values of x are now computed from 





ADVANCED DYNAMICS 


80 


[Chap. I 


this series and recorded as shown by boldface type in column (2) of 
Table VIII. For further calculation, w^e write 

^ - -0.024G74a:(l + xV sin 2Trt), (r) 

The values of ^ corresponding to the starting values of x are shown by 
boldface type in column (5). Proceeding further on the basis of formula 
(45), the step-by-step calculations are made in the usual manner and are 
shown as far as / = 2.5t = 2.5 sec. 

Having the nuniorical calculations in Table VITI, we shall now proceed to show how 
the displacement x for any time i can be found without the necessity of prolonging 
further the step-by-st('p computations. The possibility to do this rests on the fact 
that Eq. (46) has a general solution of the fornP 

X = Ci</>(/)eM^ -f C24^{t)e-^\ (47) 

in which C\ and C^ are constants of integration, /x is a quantity independent of t, and 
0(/) and V'f/) are j)eriodic functions of timc‘, having the same period t as the function 
h sin in (16). From ex])reasion (47), we see that if the displacement x for any 
instant t' is 

X{/ — (Y -f~ h'j 

then, in general, for the instants t\ f -f- r, 2 t, . . . /' + nr, we must have 

Xq = a' 4- h\ 

X\ = sa' 4-^6' 

.S' 

xY = cS'2a' 4- ?/, 


Xn = S^'O' 4 - h, 
s" 

wh(‘re 

s = (s) 

is a constant independent of t'. From the first three of Eqs. (48) we easily find, cor¬ 
responding to the chosen instant F, 



, .sxi — Xo 

a — — r --- 


^ . 1 


and also the quadratic equation 

„ Xq -|- X > i ' 

,.^2-- s 4- 1 =0, 


from which 


_ xo' + X2 ^ //xo' 4- X 2 Y 1 
2xi' “ VV 2xi' ) 


Substituting the values 


(49) 

(0 

(50) 


Xo = 1.00000, xi = -1.08148, X 2 = 1.16970 (u) 

^ See Floqtjet, ‘‘Annales dc I’ficolc normalc,” vol. 1883/84. 
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from Table VIII into expression (50), we find, in our case, 

Si =» —1.0821 or S 2 = —0.9241. (v) 

Since one of these values is the reciprocal of the other, it makes no difference which we 

use. Changing s-values simply interchanges the quantities o' and 5', and F.qs. (48) 

are unaffected. Confining our attention then to Si == —1.082, W(', find from hkis. (49) 

ao == 1.000, ho = 0.000. 

Thus the displacement corresponding to t = nr is 

Xn = (-1.082)'^ in. 

We see that the amplitude is growing with time, and the motion is said to be unstable. 

We can expect from Eq. (s) that the value of .v is imh'pendent of which three? 
periodic values of x from Table VIII we use to compute it. To clu'ck our numerical 
integration, we now use in P^q. (50) the values 

xo' = -0.04880, xi' = +0.01764, xo' = -0.01678 (w) 

taken from Table VTII for t — 0.5, 1.5, 2.5 sec. With these value's we get 
s, = -1.0826 or ,s *2 = -0.9237, 

which agrees very well with the values (v) above. 

Although the value of s is constant and independent of the quantities a' and b' 
defined by Eqs, (49) are not, since they contain the* periodic functions </>(^') and 
and also and For example, using the values (w) in Kqs. (49), we get 

flo.fi' == -0.0161 and h.,' = -0.0327. 

Hence, for any time i = 0.5 + 7iT, we have 

x„ = -0.0161(-1.082)’> - 0.0,327 (^^gr^)" 

In a similar way, the value of x for any time t — t' -{■ nr can be found by taking the 
proper values for xo', a:/, X 2 ' from Table Vlll. 

Sometimes, in dealing with the numerical integration of Eq. (41), 
it may happen that the function <l>{x,t) is not given in analytic form and 
successive differentiations cannot be made. In such cases, we may take, 
at the beginning, a sufficiently small time interval h that we will be justi¬ 
fied in using only three terms of the series (42) to compute starting values 
xo, xiy X 2 . Then continuing with the step-by-step integration up to 
t = 4hy we get values Xo, Xi, X 2 y x^y X 4 . After this, we double the inter¬ 
val and take Xo, X 2 y x^ as new starting values and proceed again up to 
t = 4(2/i). Then the interval can be doubled again, etc., until a suitable 
working interval is reached. 

PROBLEMS 

34. Repeat the calculations in Table VI, using fourth differences in ^ and formula 
(45), and show how much the accuracy will be improved. 

36. Repeat the calculations in Table VI, using h = 0.005 sec. and only second dif¬ 
ferences in Compare the accuracy of these calculations wiih that of the preceding 
problem. 
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36. Using the data in Table VIII and formulas (48) and (49), calculate the dis¬ 
placement x for < =* 5.25 sec. Uses == —1.082. Ans. Xb. 2 b ** —1.051 in. 

10, Plane Harmonic Motion.—In discussing the curvilinear motion of 
a particle, we begin with Newton's second law of motion, expressed by 
the equation 

md = f\ (a) 


where m is the mass of the particle, F is the resultant acting force, and d 
is the corresponding acceleration. Equation (a) is a vector equation 
and states that under the action of the force F, the particle receives an 

acceleration d that is in the same direction as the 
force and proportional to its magnitude. We 
recall that Newton's second law assumes no 
limitations regarding the motion of the particle 
before the force F begins to act. Thus, as con¬ 
cluded in Art. 1, when P is constant in direc¬ 
tion and any initial motion of the particle is in 
the same direction, we obtain the particular case 
of rectilinear motion. If the direction of the re¬ 
sultant force varies, or if the particle has some initial motion in a direction 
not coinciding with that of the force, we obtain a 
curvilinear motion. Thus, for example, a projectile 
fired horizontally into the vertical force field of grav - 
ity describes a curvilinear path. In many practical 
problems, the motion will be confined to one plene 
and we speak of plane curvilinear motion. In such 
cases (Fig. 54), we resolve the force F and the accel¬ 
eration d into rectangular components A^, Y and x, y, 
respectively, and write 





mx — A", 
my 


(51) 


y 

1 



—'K 

1 

1 


1 

/ 

/ 

/ 


/ 

/ 

A 

[ 

'//// f///// 

7777777777> 


Fig . 65 . 


These are the differential equations of plane curvilinear motion of a 
particle. In the simplest cases, Eqs. (51) are independent equations 
and can be integrated separately. As an example, we shall discuss here 
the problem of free vibrations in a plane. 

In Fig. 55, we have a heavy particle of mass m attached to the upper 
end of a slender vertical wire of uniform circular cross section that is 
built-in at A as shown. In discussing motion of the particle m in the 
horizontal plane, ^ we choose rectangular coordinate axes x and y having 
their origin 0 in coincidence with the equilibrium position of the particle. 


^ We assume small lateral displacements and neglect the corre.sponding insignificant 
vertical displacements; we also neglect air resistance and inertia of the wire. 
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If the particle be given a small initial displacement or initial velocity 
along the a:-axis and released, it will perform simple harmonic motion in 
the x-direction. The same will be true for an initial displacement or 
velocity in the ^/-direction. However, if we give to the particle an 
initial displacement Xq and release it with an initial velocity it will 
describe a curvilinear path in the aryz-pla-ne. To study this motion, let 
us consider the particle in any position defined by the coordinates x 
and y (Fig. 55). Denoting by b the lateral deflection of the end of the 
wire and by k the spring constant, the resultant force acting on the 
particle in this position is F = kb directed toward the origin 0. The 
projections of this force are 


= — A:.r, Y — —ky, 
and the equations of motion (51) become 


mx = — Au', 
my = —ky. 

Using the notation = k/m and integrating Eqs. (5), we obtain 


(b) 


.T == A cos pt + B sin pt, 
y = C cos pt ’Y D sin pt^ 

where C, D are constants of integration. Substituting the initial 

conditions 



(x)j^o = Xo, (x)t=.o = 0, (2/)4 _o = 0, = yo (d) 

in Eqs. (c), wc find 

A = a, B = 0, C = 0, D = ^ = 
and the equations of the path, in parametric form, become 


X = a cos pty 
y = b sin pt. 


ie) 


Eliminating t between Eqs. (c), we find for the equation of the path 
of the particle in the x 2 /-plane 


^ 4 - f = 

52 


if) 


This is an ellipse with major and minor semiaxes a and 5, and the motion 
is called elliptic harmonic motion; the period t = 2ir/p. 

If the vertical wire to which the particle m is attached is of rectangu¬ 
lar cross section so that it has two different flexural rigidities in two 
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principal planes, and if the principal axes of the cross section are taken 
as the X- and ^/-axcs, the ecjuations of motion become 

mx = —kx, mij = —kiy, (g) 


where k and ki are two different spring constanf s corresponding to th(» 
two different flexural rigidities of the wire. IVoceeding as before with 
the integration of these equat ions and using the same initial conditions 
(d), we obtain 

X — a cos pty y = b sin pi^, (h) 

where 



In this case, the equation of the path is more complicated and its shape 
depends upon the relation between the two angular freciuencies p and pi. 

Let us assume first that pi = 2p. Then making this substitution in 
the second of Eejs. (h) and eliminating the parameter t as before, we 
obtain, for the equation of the path, 



This is the equation of the curve shown in Fig. 5Ga. Since the period 
Tx = 27r/p is two times larger than the period Ty — 27r/pi, there are lwo 
complete oscillations in the ^/-direction to one in th(i .r-direction. Again, 
if pi == 3p, there are three complete oscillations in f he ^-dire(*.tion to one 
in the a:-direction and we obtain the path shown in Fig 566. 



Fig. 56. 


If the cross section of the wire is very nearly square so that the two 
spring constants k and ki, corresponding to the two principal planes of 
bending, are almost, but not quite, equal, we obtain an interesting varia¬ 
tion of the motion represented in Fig. 55. Assume, for example, that 
ki is slightly larger than k, so that pi = p + Ap. In this case, Eqs. (h) 
take the form 

X = a cos pt, y — b sin(p^ + ApO- {j) 

Eliminating pt between these two expressions, we obtain the equation of 
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^2 7 /^ 

- ^T) Ir ^ (^) 

This is the equation ol an ellipse inseribed in the rectangle formed by 
the straight lines .r = ±a and y = ±1) 

(Fig. 57). The orientation of I his 
ellipse depends upon th(^ value of the 
angle Apt; and since this angle ijic.reases 
uniformly with time, the shape and 
orientation of the ellipse within its 
circumscribed rectangle are continually 
changing. 

A picture of the cyclic (dianges through which the ellipse in Fig. 57 
passes may be obtained as follows: Referring to Fig. 58a, let ABB'A' be a 
transi)arent right circular cylinder of radius b and 
altitude 2a, on the surface of which is traced the 
ellipse representing the diagonal plane section AB'. 
Now if this cylinder is rotated uniformly about 
its geometric axis 00 at the rate of Ap rad. per 
sec.., we shall see (he ellipse traced on its surface 
go through a series of cyclic changes. First, let 
us say we are looking at the edge of the plane of 
the ('llipse so that we see simply a straight line 
AfV or, more properly, the two straight lines AB' 
and B'A superimposed on om^ anothe'r (Fig. 58a). 
Gradually these limis open up int o a narrow ellipse 
AB' (Fig. 58b); and finally, after the cylinder has 
made a (luarter t.urn, we shall see the fully opened 
ellipse in Fig. 58c. With further rotation of the 
cylinder, the ellipse gradually contracts (Fig. 58d) 
until after a half turn, we see again the straight 
line AB' across the other diagonal of the rectangle. 
This line then opens into the ellipse in Fig. 58c and 
finally closes up into the line AB' in Fig. 58a. A 
complete revolution of the (*.ylinder has now been 
made, and the same series of changes begins over again. Obviously the 
period of the cycle is r = 27r/Ap.* 

To show the connection between the curves represented by Eq. (k) 

* Tlie above-described transparent cylinder for dcmonstrfiting the cyclic changes 
in the plane curve represented by Kq. (A) is known as Lissajous’ cylinder, and in 
general, such curves are called Lissajous* figures. 
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and the various aspects of the ellipse in Fig. 58, we return to Eqs. (j). 
Holding X constant and equal to a, we see from the first of these equations 
that cos = 1, and hence the second equation becomes 

1 / = 6 sin Apt, 

This shows that the point of tangency P in Fig. 57 moves along the line 
X — a with simple harmonic motion of period r = 27r/Ap, which is 
obviously the motion of point B' in Fig. 58. The same argument can 
be made for any other point on the curve in Fig. 57 and the correspond¬ 
ing point on the ellipse of Lissajous’ cylinder. 

Similar cyclic variations of the curves in Fig. 56 occur when the 
frequency in the ^-direction is very close to, but not quite, two or three 
times the freciuency in the x-direction. If, for example, the rectangular 
cross section of the wire to which the particle is attached is of such 
proportions that pi = 2p + Ap, Eqs. (/^) take the form 


X = a cos pt, 
y = b sin(2p^ + Apt). 


Eliminating pt again, we obtain, for the c(iuation of the path of the 
particle, 



x‘^ 

- Ty cos Apt 



sin Apt. 


im) 


00 fXJ 

w) mi 

\y o 



When Apt = 0 or Apt = tt , this equation 
reduces to 



wdiich is the same as P]q. (^) above. 
When Apt = 7r/2 or Apt = 37r/2, Eq. (m) 
reduces to 



y = 


±5 



which represents two parabolas symmet¬ 
rical with respect to the ?/-axis. The 
cyclic changes through which the path 
passes during the half period ir/Ap are 
represented in Fig. 59a. Two other 
cases. Pi = 3p + Ap and 2pi = 3p + Ap, are shown in Fig. 595 and 59c, 
respectively. The arrows show the direction of motion of the particle 
along the path. All these figures can be demonstrated by inscribing 
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the proper curve on the surface of a transparent cylinder and tiien 
rotating it slowly about its axis. 

Another simple method for demonstrating tlie cyclic variations of 
the curves in Fig. 59 may be had by attaching a heavy steel ball painted 
with luminous paint to the end of a thin 
flat steel strip twisted through 90 deg. in 
the middle as shown in Fig. OOa and thc^n 
fixing the lower end in a vise. In this 
way, the frequency of vibration of the 
ball in the direction normal to the plane 
of the figure will depend pract ically only 
on the length Zi, while the frequency of 
vibration in the plane of the figure will 
depend practically only on the length h. 

Thus by adjusting the length Z 2 , the fre- 
(|uencies corresponding to the two prin¬ 
cipal planes of bending of the strip can be made very nearly equal or one 
very nearly equal to twice the other, etc. When vibrations of the lumi¬ 
nous ball are observed in a dark room, the outline of the path can be 
clearly seen. 

Figure 605 represents another device for tracing Lissajous^ figures. 
Here we have a small cup filled with fine sand and suspended by strings 
as shown. When the cup is swinging in the plane of the paper, the 
period corresponds to the length Z 2 , while normal to the plane of the paper, 
the period corresponds to the length h + U. If this pendulum is given 

both motions simultaneously, it will describe 
some such path as those we have been discuss¬ 
ing. If the sand can trickle out slowly 
through a small hole in the bottom of the cup, 
a trace of the path can be obtained.^ 

11. Planetary Motion. —In discussing the 
motion of a planet P around the sun 0 (Fig. 
61), we shall neglect, in comparison with the 
attraction of the sun, the attraction of other planets and shall assume 
further that the sun represents a fixed point in space. Thus we have 
motion of a particle under the action of a so-called central force F that is 
always directed toward the sun, which we choose as the origin of our 
coordinate system. 

Since the law of gravitation states that the attraction between two 
bodies is proportional to the product of their masses and inversely pro- 

' For some pictures of various Lissajous^ figures, see ^‘The Scientist as Artist” by 
Robert T. Lagemann, American Scientist, Vol. 36, No. 3, July, 1948. 
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portional to the square of the distance between them, we may write 

^ ^ («) 

where /x == kM is a constant times the mass M of the sun, r is the distance 
between sun and planet, and m is the mass of the planet. The projec¬ 
tions of this resultant force on the coordinate axes x and y are 


Z = - 


ym X 

r 


and 


Y 


iirnyi^ 


and since r = + 2/^ the equations of motion (51) become 


li'mx 

mx == - 7 -,--.. 

(x- + y^Y 


my = ~ 


/jLiny 

(Y^'y9 


(h) 


(c) 


These equations are more complicated to integrate than those of the 
preceding article because each of them contains both x and y and they 
cannot be handled separately. 

Multiplying the first e(iuation l)y ?/ and the second by x and sub¬ 
tracting the first from the second, we o})tain 

m(yx - xy) = 0 (d) 

This expression is equivalent to 

~ (yx ~ xy) = 0, 


from which we deduce the important relationship^ 

yx — xy = const. = h. (e) 

With the aid of this expression, Kqs. (c) (;an be integrated without much 
difficulty. 

We begin by writing them in the following form: 


X = 


IIX 


rh 


(/) 


Then denoting by 6 the angle that the radius vector OP makes with the 
x-axis at any instant, we introduce the following change in variables: 

X — T cos B) y — T sin B. (g) 

^ Expression (e) represents a particular ease of the principle of angular momentum, 
which is discussed fully in Art. 15, p. 119. See also the authors' “Engineering 
Mechanics," 2d ed,, p. 366. 
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Using notations {g), Eq. (e) becomes 

= hj I 

where 6 = dS/dt. Substituting 6/h for 1 /r^ in Eqs. (/), they become 


M ^ A 

T = — e = 
h r 


cos 0 6, 


sin 6 0, 


which, in turn, may be written as follows: 


y = +llco.e=+lll^(^^.) 

Integrating Vjqs. (/), we obtain 

-S + c, y-+f, + d, ik) 

where c and d are constants of integration. 

If, for each position of tlie planet P along its path in Fig. 61, we lay 
out from a fixed origin 0 (Fig. 02) the corresponding velocity vector ?l, 
the locus of the ends of these vectors defines a curve A B, called the 
hodogi'aph^ of the planet . Since the rec¬ 
tangular coordinates of any point on this ^ 

curve are the cornjionents x and y of the —7^ 

velocity, we see that Eqs. (k) define this \ / X 

hodograph. Replacing ?/and.r in theseequa- / \ \// ^ 

tions by the values (g) and then squaring and-/-—-jc 

adding together, we obtain [ 


(X - cr + {y - dy = (0 V / 

From Eq. (Z), we see that the hodograph is a 
circle of radius p/h and center coordinates c 
and d in the x?y-plane. 

The equation of the path of the planet can now be obtained from 
Eqs. {k) defining the hodograph. Multiplying the first by ?/ = r sin d 
and the second by x = r cos 6 and subtracting the first from the second, 
we obtain, with the help of Eq. (c). 


T + d cos 6 — c 6 ] 


^ See ibid., p. 345. 
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This equation gives the relation between the radius vector r and the 
angle 6. Thus it represents, in polar coordinates, the desired equation of 
the path of the planet. To simplify the expression, we introduce for 
the coordinates c and d of the center of the circular hodograph the 
notations 

— c == 6 sin a, d ^ b cos a, (n) 

where b and a are simply new constants. Then Eq. (m) becomes 


r ^ ^ cos(^ — a)J = /i, 

which may be written in the form 

h~/li _ 

1 + \bh/iJi)cos{6 — a) 


Finally, introducing the notations 



Eq. (p) takes the form 


r = 


and 



_ J _ 

i e cos((9 — a) 


( 0 ) 


(p) 


(?) 

(r) 


This is the polar equation of a conic section having the latus rectum 2/, 
eccentricity c, and its axis inclined to the z-axis by the angle a. 

For e < 1, the conic section represented by Eq. (r) is an ellipse, 
which is, of course, the case for all planets in the solar system. For 
e > 1, the curve is a hyperbola; and if there ever were any planets in our 
solar system for which the initial conditions of motion were such as to 
make e > 1, they have long since escaped the attraction of the sun. 
For the particular case where c = 1, the curve is a parabola. Thus we 
conclude that each planet in our solar system moves around the sun in an 
elliptical orbit, the sun occupying one focus of the ellipse. This is the 
first of three laws of planetary motion announced by Kepler in 1609. 

For the particular case of an ellipse, it is convenient to make, in 
Eq. (r), the substitution 

Z = a(l - e2), ( 8 ) 

where a is the major semiaxis of the ellipse and e is the eccentricity. 
Then Eq. (r) becomes 

r = »(^ ~ ^') (52) 

1 + c Cos(? — a)' ^ 

In the case of the earth's orbit, the determination of the eccentricity 
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e is a comparatively simple matter. We see from Eq. (52) that the 
distance r between the earth and the sun varies inversely as the factor 
1 + c cos(^ — a). Denoting then by Di and Z >2 the greatest and least 
apparent diameters of the sun when the earth has, respectively, the 
positions A and B on its orbit (Fig. 63), for which 



The apparent diameter of the sun can be most conveniently expressed 
in terms of the angle subtended by its disk and observations give 
Di = 32' 36" on Dec. 21 and Z >2 = 31' 22" on June 21. Using these 
values in Eq, (0, we find, for the eccentricity of the earth^s orbit, e = 
This is a small eccentricity and indicates that the orbit is very nearly 



Fig. G4. 


circular, much more so, in fact, than indi¬ 
cated in Fig. 63. 

We return now to expression (e), which 
was obtained by taking the difference 
between the two original equations of 
motion (c). It was already used in trans¬ 
forming the equations of the hodograph 
into the equation of the orbit of t he planet, 
but we shall now see that it holds still 


further significance. Noting that the left-hand side of Eq. (c) is simply 
the algebraic sum of moments of the components of the velocity vector 
V of the planet with respect to the origin 0 and referring to Fig. 64, we 
write 


V • OB = const. = h. 


(53) 


Then noting further that v dt small element of the orbit and that 
^ • V dt - OB is the area of the shaded sector swept out by the radius vector 
OP in time dt^ we conclude from Eq. (53) that the planet moves in such 
manner that its radius vector sweeps out equal areas in equal intervals of 
time. This statement is the second of Kepler’s three laws of planetary 
motion and is called the law of conservation of areas. 

From the above remarks, we see that, llu^ constant h in K(p (53) 
represents the doulJed rate of description of area by the radius v('(‘tor. 
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This fact enables us to determine the period of the planet, i.e.j the time 
required to make one complete trip around the sun. Since the whole 
area of the ellipse is swept out by the radius vector in the period r and 
since h/2 is the constant rate of description of area, we may write 


h 

2 


— Toa y /1 ~ 


{u) 


where a \/l — is the minor somiaxis of the elliptical orbit. From 
the first of notations (q) and notation («), w(^ have 

h = y/fil = -\/jjia{l — C-). (v) 

Substituting this value of h into Ecp (u) and then solving for the period 
T, we obtain 

T = 2^ (54) 


Taking the constant /x to be the same for all the different planets 
having orbits with major semiaxis ai, no, ua, . . . and periods ri, t 2 , 
ra, . . . , it follows from formula (54) that 


(ii^ a2‘^ IX 


(55) 


That is, the squares of the periods of the different planets are pro])or- 
tional to the cubes of their mean distances from the sun. This statement 
is Kepler^s third law of planetary motion. 

If we take the earth’s mean distance from the sun as unit distance 
and determine, by observation, the periods of the other planets, the third 
law enables us to cahailate the mean distances of the other planets from 
the sun. Table TX below gives the periods of some of the planets in 
days and their mean distances from the sun in terms of the earth’s mean 
distance of about 92,000,000 miles as a unit. 


Table TX* 


I’lanot 

Period, 

days 

M(vit) 

distaij(M; 

Mercury. 

87.9G92 

0.38710 

Venus. 

224.0176 

0.72333 

Earth. 

305.2565 

1.00000 

Mars. 

086.9785 

1.52369 

Jupiter. 

4,332.514 

! 5.20096 

Saturn. 

10,759.275 

9.54006 



♦Taken from Lamb's "Dynamics,” Cambridge, Eng., 1926. 
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In all of the preceding discussion, we have assumed that the sun was 
a fixed point. We know, hoAvever, that a planet attracts the sun with a 
force equal and opposite to that with which the sun attracts the planet. 
Thus the sun also must have some acc(‘leration toward the planet. To 
take account of this acceleration, Ave can continue to use the sun as our 
origin of coordinates but work with the relative acceleration between the 
two bodies instead of the absolute^ acceleration of ihe planc^t. Referring 
to Eq. (a), we see that the for(‘.e of attraction betw^^en the sun of mass M 
and any given planet of mass m is /cM'm/n at the distance r. Thus 
the acceleration of ihe planet t^OAvard the sun must be kM/r^y Avhile the 
acceleration of the sun toAvard th(‘ planet is km/r^. This makes the 
relative acceleration between the tAvo bodies k(Af + m)/r’^] and if Ave 
choose to use the sun as the origin of reha-ence, Ave noAV liave to take 
= k{M + ni) instead of g = kM in all of our preceding extuations. As 
long as w'e are discussing tlie motion of any one planet relative to the 
sun, this change in the definition of ju doc^s not affect any of our previous 
conclusions and is of no conseciuence. IloAvever, Avhen Ave compare the 
observed (and hence relative) motions of difh^rent j:>lanets, the quantity 
fjL is not quite the same for eacJi })lanet, and Kepler’s third laAv, as repre¬ 
sented by Eq. (55), requires a small correction as folloAvs: First, Eq. (54), 
for the period of a planet, becomes 

and then, since g = k(M + 'fn) Agarics slightly for the different planets, 
AA^e must- Avrite, instead of Eq. (55), 

— {M + Wi) = — 3 (-1/ + m-i) = ^ (M + ms) = • • • = —■ (55a) 

cii 0^2 tts' fC 


In the case of the smaller planc^ts, this correction is insignificant because 
m is so small compared wath /I/; but for the larger planets such as Jupiter 
(for Avhich M/m = 1,047), it can affect slightly the computed value of 
the mean distance a in Table IX. For example, the corrected mean 
distance for Jupiter is 5.2028 instead of 5.20090 as given in the ta])le. 

Formula (54a) above can be used also to calculate the mass m of a 
planet if it has a satellite Avhose period and mean distance from the planet 
are known. To shoAV this, A\^e denote by s the mass of the satellite 
and by n and ai its period and mean distance, respectively. Then 
applying formula (54a) first to the planet and its satellite and then to 
the sun and the planet, AA^e Avrite 


n = 2ir 


4 , 


ac 


k(m + s) 


ao^ 


lk(M + m) 


(w) 


and 


To = 27r 
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where to and ao are the period and mean distance of the planet with 
respect to the sun. From these tw^o expressions, we get 

^ a\^ M m 

To^ ao^ m + s 


Neglecting « in comparison with m, this gives 

rn = -— 

rcao® — To^ai® 

for the mass of the planet. 


(y) 


PROBLEMS 

37. Prove that Eq. (53) holds for any plane motion of a particle under the action 
of a central force, i.e., a force that is always directed toward a fixed point in space. 

38. Prove that if the earth were suddenly deprived of its orbital velocity, it would 
begin to fall into the sun, which it would reach in about 65 days. 

39. Compute the average velocity in miles per hour with which the earth travels 

around the sun. Assume a circular orbit. Arts, v = 67,20() m.p.h. 

40. The moon makes 13.369 trips around the earth in one year. The ratio of the 

earth’s mean distance from the sun to the moon’s mean distance from the earth is 
388.86. Using formula (y), compute the ratio M/m of the mass of the sun to the mass 
of the earth. Ans. M/m = 329,000. 

12. Motion of a Projectile.—The study of the motion of projectiles 
through the air is generally known as the science of exterior ballistics. 
In discussing this problem, we shall first develop the general ballistics 




equations considering the projectile as a particle and then illustrate their 
solution for several particular cases. Referring to Fig. 65a, which repre¬ 
sents the trajectory, or path, of a projectile shot from point 0 with initial 
velocity Vq and angle of elevation a, we choose rectangular coordinate 
axes X and y directed as shown. Considering the projectile at any point 
along its path, we see that it will be acted upon by two forces: (1) the 
vertical gravity force mg (assumed constant) and (2) the air resistance /?, 
which is always tangent to the path and opposes the motion. As already 
discussed in Art. 4, we take this resistance in the general form 

R = -Ckfiv), 


(a) 
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where A: is a physical constant depending on air density and size of the 
projectile and C is a factor called the coefficient of resistance. Projecting 
these forces onto the x- and y-axes^ the equations of motion become 

nix = —Ckf(v)coii d, 
my = —Ckf{v)^m 6 — mg, 

where m is the mass of the projectile and B is the angle of inclination of 
the tangent to the path at any point. Introducing the notation 



sometimes called the ballisties coefficient, Ec|s. (h) may be written 

X ~ —<:;/(/;) cos B, \ 
y = -cf{vhm d - y. I 


(56) 


These are the differential eciuatious of motion of a projectile in rect angu¬ 
lar coordinates. Noting that x == v cos B and y = v sin B, they can also 
be written in the form 


(v cos B) = — r/(?;)cos B, 


^ (v sin B) = — c/(y)sin B — g. 


(57) 


In a few particular cases, E(}s. (56) or (57) can be integrated directly. As an 
example, we take the case where the resistance is proportional to the velocity; i,e., 
cf{v) = cv, and c is a constant. Then Piqs. (56) become 

X = —cif (;os 6, y = —cv sin 9 — g, 

which we write in the form 

X + cx =0, and y -f cy — —g. (d) 

These are independent linear differential ecpiations with constant coefficients whi(;h 
can be integrated without difficulty by the method used in Arts. 5 and 6. The 
general solutions are 

X = Cl + C2e~^’, 
y == Di+ Die-"-' - 

where Ci, C 2 , Di, Dz are constants of integration. To evaluate these constants, we 
have the initial conditions 

(a:)(«o ** 0, (2/)f-.o “ 0, (i)<-.o = xo = Vo cos a, (2/)<-.o - Vq - Vq sin a. 

Using the.se conditions in Eqs. (e) and their first derivatives with respect to time, we 
find 
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and Eqs. (e), in final form, hnromo 


D, = = _ z), 


a: = -r (1 - e-«), ; 

• ^ f 

y ^ (1 _ _ gt I 

6 ^ / 

The general nature of the trajectory fh'fined by these equations is shown in Fig. 66. 
From the first equation, we s(‘e that the trajectory approaches asymptotically to the 
vertical x — while from the second (‘quation, we see that the proj(‘ctile finally 

tends to fall vertically with the t(‘rmina,l vcdocity V = g/c. 

If we take c very small, we approach tlu' (aise of motion of the projectile without 
air resistance. In such case, we may u.se, for only the first thr(;e terms of the 
series 

— , 


and Eqs. (58) become 


X - x4 


y = ihi - • 

Then taking c = 0 in these expressions, we obtain, for a projc'ctile without resistance 

X = t4, // = //,.< - -!(-■ (/) 


Finally, eliminating the parameter t, we ob¬ 
tain for the trajectory the known parabola 


Xo 2xo^ 


'~0 '//^/y/////////^\^\' j£ resistance R = —Ckf(v) is 

U--u- taken proportional to some power of 

the velocity, ve must proceed in a 
I somewhat less direct manner than 
that used above. In all such cases, it 
will be helpful to write, in addition to Eqs. (57) in rectangular coordinates, 
the equations of motion in natural coordinates, in the tangential and 
normal directions, respectively. Referring again to Fig. r)5a and pro¬ 
jecting the acting forces onto the tangent and normal to the path at any 
point, we write 

T, - -'-fW - • "" "• I 


g cos 0, 
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where dv/dt is the tangential acceleration and r is the normal acceleration^ 
r being the radius of curvature of the path at any point. 

The second of Eqs. (60) will be especially useful to us owing to tlie 
fact that it is independent of the resistance function -cj{v) and will apply 
equally well to all cases. Tliis equation can be written in several dif¬ 
ferent forms, all of which will be helpful in our further discussion. Recal¬ 
ling that the curvature^ 

1 _ 

r [1 + {cDi/dxW 

wherein dy/dx = tan 6 and 1 + tan-^? == 1/'cos^^, we have 


1 


r 


(ly 


cos^(9. 


In this way, the second of biqs. (60) l)ecoines 

_ _ g 

dx^ ^;“COS“^ 


( 61 ) 


Again, referring to Fig. 65?;, we see that 1/r - —dO/ds, and the same 
equation takes the form 

do 

~r^ ^ ~g (62) 


Finally, since v = ds/dt, Eq. (62), in turn, can ])e written 

_ g cos 0 
dt V 


(03) 


Equations (61), (62), and (63) are the three forms in wliich tlie second of 
Eqs. (60) will be useful. 

We return now to the first of lujs. (57). Multiplying both sides of 
this equation by dd, we obtain 

do 

d{v cos ^ “ — r/(r)cos B dd. 


Then replacing dO/dt by its value (63), we get 

gd(v cos 6) = vcf(v)dB. (64) 

This is a first-order differential equation defining the relation between 
the magnitude v of the velocity vector and its inclination B. 

If, for each point along the trajectory in Fig. 65a, we lay out, from a 
fixed origin 0, the corresponding velocity vector v of the projectile, the 

^ The minus sign is taken to agree with our coordinate system in Fig. 65. 
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locus of the ends of these vectors defines the hodograph^ as shown in 
Fig. 67. We see that Eq. (64) is the differential equation of this hodo- 
graph in polar coordinates. 

It can be shown in a general way that once we have the solution of 
Eq. (64), i.e.y once we know the relation between v and the path of the 
projectile can be completely defined by quadratures. For this purpose, 
we have, from Eejs. (62) and (63), the following expressions: 


vH B 
g cos 



m 


dt — 


V dB 


g cos B 

, , . vHB 

dx = ds cos B — - j 

g 

y2 

dy = dx tan B - -tan B dB • 

g 


( 66 ) 

♦ 

(67) 

( 68 ) 


The solution of Eq. (64) gives us v = f{B)y 
after which the quantities s, i, .r, y defining the 
trajectory can all be expressed by integrals in¬ 
volving ^ as a parameter. Thus Eqs. (64) 
and (65) to (68) represent a general approach 
to the ballistics problem. 

To illustrate, let us consider first the very 
simple case of a projectile without air resist¬ 
ance, for which Eq. (64) reduces to 


Integrating this, we get 


d{v cos B) = 0. 


from which 


V cos B = const. = VqCOh a, 


VqCOH a 
cos B 


(g) 


From this simple relation between v and Bj we see that the hodograph is a 
straight line AB SiS shown in Fig. 68. Using expression (g) in Eqs. (67) 
and (68) above and remembering that {x)e^a = {y)e^a = 0, we obtain 


X = 


r 

g 

/a COS*-^^ 

y = 

t^o^cos^a 

sin 6 dB 

g 

la cos^B 


Vo^dos^a 

g 


(tan a — tan B), 


t^o^cos^a 


(sec^o: — sec^B), 


(h) 


These equations define the trajectory in terms of ^ as a parameter. 
Eliminating B through the relationship 1 + tan^^ = sec^^, we obtain 
^ See the authors’ “Engineering Mechanics,” 2d ed., p. 345. 
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y — X tan a 


gx^ 


(69) 


2vo^cos^a 

which, of course, agrees with Eq. (59) above. 

As a major example, we now assume that. th(‘ resistance is proportional 
to the square of the velocity and take cf{v) = cv‘\ 
where c is a constant. As already noted in Art. ^1, 
this quadratic law of resistanc e holds w ith good ac¬ 
curacy for many shapes of projf^ctiles, i)rovid(Ml 
the velocity v is less than the speed of sound (1,120 
f.p.s.). For such resistance, Eq. (64) becomes 

gd(v cos 6) ~ cvhiS. 

Instead of integrating this equation directly, we 
shall find it convenient lirst to make a simple trans¬ 
formation. Taking x = v cos 6 as a new variable 
and using Eq. (65), we can write Eq. (i) in the form 

dx c v‘^dd , 

_ -^ = —c ds. 

X g cos ^ 

Then integrating Eq. (j) and using the initial condition = x^y we 

obi ain 

In X — In JCo == —cs 

or 

X = .foC“‘'\ {k) 

Finally, using this expression in Eq. (61), w(‘ obtain 

9 



U) 


d^ 

dx^ 


- - 9 p2cH 


(/) 


In the case of a flat trajectory (Fig. 69a) such as we might have for a 
rifle bullet or archer’s arrow, a good approximate solution of Eq. (/) can 
be made if we replace s by x. In this way, the equation becomes 


d-ij 

dx^ 




(m) 


which can be integrated without further difficulty. A first integration 
gives 


dy 

dx 


ger 


+ Cu 


Observing that {dy/dx)x^() — tan a, we find 


Cl — tan a + 


2cxq^ 
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Integrating again, 

and from the initial condition {y)x-o = 0, 


r, ^ 0 _ 

^ \cHq^ 


Thus the equation of the path becomes 

y = 4 ^- 0 = 

which can also be written in the form 


(70) 



Comparing Eq. (71) with Eq. (69), we see that for (luadratic resist¬ 
ance, the approximate equation (71) of the trajcct(Hy has the form of a 
modified parabola, the deviation therefrom depending on the quantity 


F(z) = 




1 + ^ + + 

^3^4X3^ 


5X4X3 


+ 


(n) 


We also note, from Fig. 69o, that the last term in expression (71) repre¬ 
sents the drop d of the projectile away from its initial tangemt. Thus, 
the formula 


d = 


2tio*cos’‘a 


F{z) 


can be used to compute this important quantity. 


(72) 
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Example: An arrow having initial horizontal velocity vo = 235 f.p.s. weighs 
0.033 Ib. and has a diainett'r D = 0.02 ft. Assuming a (rocffi(*ient of resistance 
C — 1.00 and taking air density p = 0.00237 slug per cu. ft., we obtain, for the 
ballistics coefficient, 


ni 


0.3723(10) f 
1 . 020 ( 10 )-^ 


= 0.3035(10) hr^ 


Then for a range of 30 yd. = 90 ft., we haia* z = 2cx ~ 0.0054 and using the series (n) 
above, F(z) — 1.0222. Thus, by E(p (72), the drop of the arrow in 30 yd. is 


d - 


32.2(90)2 

“2(235)2‘ 


( 1 . 0222 ) 


2.41 ft. 


Although we assuxned n flat trajeetory in the development of Eqs. 
(71) and (72), tliey can also be used for the case shown in Fig. i)9h by 
taking 


where = l/cos 6m lieing the inclination of the chord OT with the 
horizontal. With this more general definition of Eqs. (71) and (72) 
will apply with good accuracy to any portion of the trajectory that does 
not deviate too much fi'om its own chord. ^ 

In the case of large-range trajectories where the approximation 
involved in Bernoulli’s solution will no longer be permissible, we must 
proceed directly with the integration of Eq. (i) without making the 
transformation represented by Eq. (j). For this purpose, we write Eq. 
(?’) in the form 

d{v cos dO . . 

{v cos Oy (j 


Then integrating, we have 


where 


1 _ 

/;^cos"^ 


+ 


___ L_ 

I’o^COS^a 


2c f' de_ 

g Ja cos^o: 


2c 


im 





do 

COS'^0 


1 /sin ^ 1 , 1 + sin A 

2 2 ^ sm <9/ 


?(«)], (fj) 


(73) 


With a little algebraic manipulation, Eq. (q) can be put in the more 
convenient form 


- (’^4) 

sec^a + im - ?(«)] 


^ This approximate solution of the ballistics problem with quadratic resistance 
was first made >>y John Bernoulli (1719). 
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This is the polar equation of the hodograph, which can now be con¬ 
structed for any particular case, for given values of Vo, a, and c. 
The general form of this hodograph has already been shown in Fig. 67. 

The quantity 2vq^c/(j in Eq. (74) has a simple physical significance. 
Recalling that for our assumption of quadratic resistance, 

R = = mcv- 

is the magnitude of the resisting force and setting this equal to the gravity 
force m^, we obtain, for the so-called terminal velocity, 

V - (r) 

as already discussed in Art. 4, page 28. Thus 



is a dimensionless (juantity depending only on the ratio Vo/V of initial 
velocity to terminal velocity of the projectile. 

After the hodograph has beem constructed so that we have a series of 
values of for chosen values of 0 between a and — 7r/2, the trajectory 
itself may be constructed by using Ecjs. (67) and (68), from which 

2 2 

^ ^ and y~~~ — tan 0 dd. (75) 

J cx Q J ct y 

These quadratures must be made by graphical or numerical int(;gration 
as discussed in Arts. 2 and 3. 

The foregoing solution based on tlie assumption of true (piadratic 
resistance applies with good accuracy to projectiles moving va ith velocities 
less than the velocity of sound, e.g., bombs dropped from aircraft. In 
the case of projectiles having high initial speeds, we can continue to use 
the quadratic law only if we represent the coefficient of i*(^sistance C as 
a function of velocity as shown by the curve in Fig. 19, page 2(), for a 
small-bore rifle bullet. In this case, Eq. (64) must be integrated by some 
approximate procedure. A graphical method well suited to the purpose 
will now be described. 

Taking x = v cos 6 as our dependent variable and letting 
vf(v) = , 

we write Eq. (64) in the form 



in which c ~ Ck/m is no longer a constant. To integrate Eq. (76) 
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graphically, we first draw, in the x0-plaiie, a family of curves 

X = V cos 6 

for a series of constant values of v chosen within the probable range of 
variation of the velocity of the pro¬ 
jectile. In our case, these curves, 
called isoclines, are simple cosine 

curves wdth various amplitudes v as 
shown in Fig. 70. We see from Eq. (70) 
that each isocline represents the locus 
of points in the f^-plane for which the 
family of integral curves defined by Eq. 

(76) all have th(^ same slope {c/(j)v^. 

Our problem is to draw the particular 
integral curve that passes through the 
initial point A {x = rocos a when 6 ^ a) with the known slope (co/(/)?;o^ 
and crosses each isocline with the corresponding slop(‘ {,c/g)iP associated 
therewith. 

Example: To illustrate the graphical integration of Eq. (76) by th(‘ isocline method, 
we lake the case of a 150-grain 30-caliber rifle bullet fired with mvizzle v(‘locity 
~ 2,380 f.p.s. and angle of elevation a — 4b deg. Then assuming constant air 
density p = 0.00237 slug per cu. ft., we have 

£ ^ C(|pa) ^ 27(io)-«C.wc.Vft.» (t) 

g mg 

where the coefficient of resistain^c C, which now varies with the velocity, is to be taken 
from the curve in Fig. 19, page 26. 

We begin with a suitable series of arbitrary values of v as shown in column (1) 
of Table X and construct the corresponding isoclines x == v cos 6 as shown in Fig. 71. 
For each value of v, the corresponding value of C, taken from Fig. 19, is shown in 
column (3), and the value of c/g, computed from expression (/), is recorded in c-olumn 
(4). Finally, the slopes {c/g)v^ associated with tlu' various isoclines are shown in 
column (5). Using these computed slopes, the series of rays shown at the left of 
Fig. 71 are constructed. 

These preliminaries finished, we are ready to begin the construction of the required 
integral curve x ~ f{d). Since Xq — Vocos a — 1,680 f.p.s. and do ~ a — 45 deg., 
we start at point A with the slope (dx/d0)o — 127„200 f.p.s. pcT rad. as represented 
by the steepest ray in Fig. 71 and draw the line A\. At point b on this line, midway 
between the isoclines v = 2,380 and v = 2,000, we start the next segment 52 parallel 
to the second ray and continue in this way until we intersect the isocline v ~ 800 
at point B, The smooth curve inscribed in the polygon Abcdcfgh'B and tangent 
thereto at the points where it crosses the isoclines represents the required integral 
curve X «= f(0); but to avoid confusion of lines in the drawing, we have omitted the 
smooth curve and shown only the polygon. 

At point By we see that the projectile has a velocity of 800 f.p.s. inclined to the 
horizontal by the angle ^ « 41° 30'. From this point on, we may take Vi = 800 f.p.s. 
and ai *=41° 30' as new initial values and continue the solution numerically on the 
basis of Eq. (74) for true quadratic resistance. 
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I'KJ. 71. 

To find the coordinates X\ and yi of the traje(;tory corresponding; to point B in 
Fig. 71, wo must integrate Eqs. (75) by graphical or numericjil (punlraturc'. Using 
Simpson’s rule, a numerical integration for x together with the final results for y are 
shown in Table XI. We see that the projectile has already reached a height of almost 
J mile. 

In the foregoing discussion, we have tried to ilhistrate a few of the 
many methods of approach that have been developed for treating the 
problem of exterior ballistics.^ Naturally the problem is a highly special- 

^ For a resum6 of the most important methods of approach to this problem, see 
article by Otto von Eberhardt, ^‘Handbuch der physikalischen und technischen 
Mechanik,^' Leipzig, vol. II, p. 182, 1930. 
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ized one, and we have not considered several important factors such as 
the variation of c with altitude, drift due to gyroscopic effect, etc. When 
all these factors are taken into account, the equations of motion are 
extremely complex and some kind of mechanical analyzer will be used 
in tlunr solution. 

'Pabj.e XI 


0 

deg. 

X 

ft./sec. 

cos e 

\ 

ft /se(‘. 

(lO)-V- 
ft.-/self’. 

p2 

^ (J 
ft.‘ 

V^ + 4i72 + 7/3 

Ax 

ft. 

X 

ft. 

y 

ft. 

45-UO 

1,680 

0.707 

2,380 

5.66 

! 70), 00() 


! 0 

0 

0 

44 45 

1 ,310 

0.710 

1,845 

3.40 

105,600 





44-30 

1,080 

0.713 

1,515 

2 29 

71,100 

669,500 

|974 

974 


44-00 

840 

0.719 

1,168 

1.36 

12,200 





43-30 

710 

0.725 

1 ,020 

1 04 

32,300 

272,200 

792 

1,766 

1,733 

43 00 

690 

0.731 

944 

0.891 1 

27,700 





42-30 

655 

0.737 

889 

0.790 

24,500 

167,600 

488 

2,254 

2,187 

42-00 

625 

0.743 

812 

0.709 

22,000 





41-30 

600 

0.749 

800 

0.640 

19,900 

132,400 

385 

1 

2,639 

1 

2,534 


From a practical point of view, most problems of fire control in the 
field will be solved with the aid of ballistics tables.^ For a desired range 
and a given muzzle V(^locit y, siu^h tables usually give directly the recpiired 
angle of elevation, the maximum height, the distance and time of travel, 
ihi) angle of fall at the targ(‘t, etc. In addition, formulas and tables for 
correcting for wind deflection, drift due to gyroscopic effe(;t, variation in 
air density with temperature and altitude, etc., are also given. 

PROBLEMS 

41. Usiiip; E(is. (/?), paji;e 98, show that the inaxiiiiiim hoig:ht h attained by a 
])rojectile without air resistance is 

, ^ 

li — sin- a 

while tlie range I is 

C = — sin 2a. 

9 

42. Using Eq. (72) and assuming a constant coefficient of resistance C = 0.4, 
compute the drop dof a, 150-grain 30-caliber rifle bullet with horizontal muzzle velocity 
Vo = 2,380 f.p.s. at a range of 300 yd. 

43. (k)nstruct, in polar coordinates, the hodograph for a projectile with true 
viscous resistance, i.e., proportional to the first power of the velocity. 

44. Using the data in Tabli's X and XI and Eq. (66), compute the time i n'quired 
for the projectile to reach the point xi ~ 2,639 ft., yi — 2,534 ft. in its trajectory. 

46. Using the data in Tables X and XI and Eq. (74) for the hodograph, continue 
the trajectory calculations for the 30-caliber rifle bullet discussed in the example 
above and determine (a) the maximum height h and (h) the range 1. 

^ See, for example, Ingalls, ^‘Ballistii; Tables,’' Government Printing Office, 
Washington, D.C., 1918. 
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DYNAMICS OF A SYSTEM OF PARTICLES 

13. Principle of Linear Momentum.—Jii ('hap. I, we have already 
discussed the dynamics of a particle and considered the application 
thereof to various engineering problems. We proceed now to the case 
of a system of particles where, in addition to external forces, we must 
consider also the effect of internal forces, representing the actions and 
reactions between particles. Our solar system is a good example. As 
internal forces, we have the attractions between planets and between the 
planets and the sun; as external forces, we have the action of fixed stars 
not included in our solar system. In this case, theie is nothing to inter¬ 
fere with free motion of the planets, and we have a system, of particles 
without constraints. In engineering applications, v e shall often encounter 
systems of particles that are not tree in their relative motions but are 
subjected to various physical constraints such as bearings, guides, cams, 
etc., so that we hav(^ a system of particles with constraints. Sometimes 
the constraints are such that they bring the particles into a rigid system. 
In writing eciuations of dynamics for a physical body, we can usually 
neglect its elasticity and treat it as a rigid body, the distances between 
particles are assumed invariable. Most machines and structures, in 
turn, can be treated as systems of rigid bodies connected between them¬ 
selves and the foundation by such constraints as hinges, bearings, guides, 
etc. 

Let us consider now any system of particles with masses mi, m 2 , 
m 3 , . . . having velocities Vi, V 2 , Vz, , respectively. The quantity 
mv for any one of these particles is its linear momentum, which can be 
represented by a vector having the direction of the velocity. Making 
the geometrical sum of the linear momenta of all particles, we obtain the 
linear momentum, of the system. In our further discussion, we shall usu¬ 
ally resolve the velocity of each particle into orthogonal components 
X, y, z; then the corresponding components of the linear momentum of 
the system will be 

2 m.f, ^my, Zmz, 

where the summations are understood to include all particles of the 
system. 
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For each particle of a system, we can write three equations of motion 
as follows: 

(mx) = X + -Vv, \ 

It = ) 0 + )'., > (o) 

(m/) = Z, + Z„ I 

where Xe, Z* denote the projections of the lesultant external force 
acting on any one particle and A\,F,,Zi the projections of the resultant 
internal force for that particle. Making a summation of such equations 
of motion for all particles of a system, we et)tain 


It X = X) 

I X " X I 

it X ^ X ) 


The summation of internal forr^es vanishes in each case, since, from the 
law of action and reaction, these forces always appear as pairs of balanced 
colinear forces which cancel each other in the summation process. Equa¬ 
tions (77) state that the rate of change of the projection of the linear 
momentum of a system of particdes on any axis is eciual to tlie sum of 
projections on the same axis of all external forces acting on the system. 
These three equations represent the principle of linear momentum. 

If the linear momentum of a system is represented by a vector, the 
rate of change of this vector during motion of the system will be repre¬ 
sented by the velocity of its end point. Thus, on the basis of Eqs. (77), 
we conclude that the velocity of the end of the linear momentum vector 
is identical with the geometric sum of all external forces acting on the 
system. If the system is free from external forces or if their geometric 
sum vanishes, the linear momentum vector remains constant in magni¬ 
tude and direction regardless of the relative motions between the various 
particles. 

Equations (77) can be written in another form by introducing the 
familiar notion of mass-center. 'The coordinates of this point are given 
by the equations^ 


]S(mx) 

2m 


„ S(m^) _ _ S(mz) 


^ See the authors’ ^‘Engineering Mechanics,” 2d ed., p. 95. 


(b) 
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in which ni denotes the mass of each infinitesimal element into which 
the body is subdivided and x, y, z its coordinates. Diffei-entiating h]qs. 
(b) with respect to time and introducing the notation il/ = for the 
total mass of the system, we obtain 

Mxc = w(mi’), Myc — '^(yyiy), Mzc = (78) 

From these expressions, \ve conclude that the linear momentum of a 
system of particles is the same as if tlu^ total mass wca-e concentrated at 
the mass-center and endowed with the velocity of that point. 

Using Eqs. (78), the previous Eqs. (77) representing the principle of 
linear momentum for a system of particles can now be written in the 
f orm 



From these ecpiations, we se(' that the mass-center moves like a particle 
having the total mass ilf of the systcfn and a(^tcd u})on by a force equal 
to the geometric sum of all external forces acting on th(' individual 
particles. Since the ortEogonal directions :r, ?/, z a,i'e arbitraiy, \ve can 
summarize the principle of linear momentum by the following statement: 
The rate of change of linear momentain in any fixed direction is equal to 
the resolved external force in that direction. 

Using the principle of linear momentum, we can sometimes make 
important conclusions regarding the motion of a system without going 
into a detailed consid('ration of Uie motions of its individual pai-ticles. 
Thus, if the system is free from external forces, we conclude that th(i 
mass-center can move only rectilinearly vvdtli a constant velocity. For 
example, if we neglect the actions of fixed stars on our solar system, we 
conclude that the masS'Center of th(' system must move rectilinearly 
through space with uniform speed. Again, in the case of a shell that 
explodes in mid-air, we conclude, in the absence of air resistance, that the 
mass-center of the flying fragments continues along the same trajectory 
that the shell was describing before it burst. In tlie case of a reciprocat¬ 
ing engine, we can likewise make the over-all observation that to avoid 
unbalanced disturbing forces on the foundation, the moving parts must 
be so proportioned and arranged that their mass-center remains station¬ 
ary while the engine is running. 

By the same principle, we conclude that without the help of some 
external force, a live system, by the creation of internal forces alone, 
can never bring its mass-center into motion from a state of rest. Thus, 
for example, walking on a smooth horizontal surface without friction 
will be quite impossible. Likewise^, without friction which creates an 
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external force on its wheels, a locomotive initially at rest cannot bring 
itself into motion along a level track. Paradoxically, we see that fric¬ 
tion, which we usually regard as a hinderance to motion, is the external 
force by which many of our so-called sdf-pro- 
pel led vehicles are driven. 

Ecjuations (79) are especially useful in those 
cases where th(i motion of the mass-center of a 
system is known and it is required 1 o find the (ex¬ 
ternal forces producing that mol ion. Consider, 
for exarn]3le, an (*le(;tri(^ motor })o1I (h1 to a rigid 
foundation as shown in Fig. 72, and assume that 
owing to inaccuracies in workmanship, the 
center of gravity G of the rotor does luh, coincide 
with the axis of rotation 0 l)ut d(^scril)es, during motion, a (*ircle of radius 
e. I'lien measuring the angle of rotation as shown in the figure and 
denoting by co the constant angular velocity of the rotor, we find 

Xr — e cos o)/, Pc — e sin o)L (c) 

D(‘iK)ting tlip rotor mass by J/ and substiluting (expressions (c) in Eqs. 
(79), we obtain 

— ilfcco“cos col — 2r)A%, —J/ecL)‘'sin cot = {d) 

These expressions represent the projections of the resultiint external force 
exerted on the motor frame by the foundation. With reversed signs, 


y 



Fiu. 73. 

they represent the more practhail concept of the disturbing forces that 
the unbalanced motor exerts on its fcuindation. The same procedure 
can be used in discussing the forces that an unbalanced reciprocating 
engine exerts on its foundation.^ 

As a second example, let us consider forced vibrations of the system 
in Fig. 73, representing a motor supported b}^ an elastic beam AB, In 
discussing this problem, we assume that the center of gravity of the rotor 
has some eccentricity e as in Fig. 72 and that it runs with constant angular 
velocity co. To take account of the mass of the beam during vibrations, 

^ This problem is discussed in Art. 17, p. 130. 
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we assume that one-half of its mass is added to the mass of the stator 
and denote this joint mass by Wi/g, Thereafter, we treat the beam as a 
spring without mass. Denoting the mass of the rotor by W^/g and 
measuring vertical displacements i/i of the stator from the position of 
static equilibrium, the coordinate ?/2 of the center of gravity of the rotor 
at any instant will be 

2/2 = 2/3 + «hi oit. (e) 

Thus the momentum of the system in the ^/-direction is 


\Vi 

9 


. , W2 . 

2/1 + -- 2/2 = 


Wr + W 2 . , W 2 

- Vi “T — eo? cos cat, 

9 g 


(/) 


Considering the vertical forces acting on the system, we observe that the 
gravity force is balanced by the beam reactions corresponding to the 
static deflection, and we have to consider only the additional reactions 
due to displa(;ement 2/1 away from the equilibnum position. This 
resultant vertical external force can be taken as —kyi, where k is the 
spring characteristic for the elastic beam. Then the principle of linear 
momentum gives 


from which 


d 

It 


i(W, + W2, , W 2 A 

I-q- cot I = — 

9 9 / 


kyi 


Wi + W 2 .. . , W 


iii + kyi = ~ eco’^sin cat. 


(80) 


This is the same equation as that obtained for a single mass particle sus¬ 
pended by an elastic spring and subjected to a simple harmonic disturbing 
force. It is worthy of note that during forced vibration of the system in 
Fig. 73, the actual path of the rotor center of gravity is not circular but 
elliptical. Nevertheless, we conclude from Eq. (80) that the disturbing 
force is a true simple harmonic function of time. 



_d_ 1 

c 

3 

in 



ii 

II 




-i/f- 



d 


Fig. 74. 


The principle of linear momentum can be used to advantage in dis¬ 
cussing wave propagation in an elastic medium. Consider, for example, 
a horizontal metallic bar of uniform cross-sectional area A supported in 
such a way that it can move without external resistance in the horizontal 
direction (Fig. 74). If a compressive force P, representing a blow, is 
suddenly applied at one end of this bar, it produces compressive stress 
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P/A and corresponding compressive strain P/AE where E is the elastic 
modulus of the material. This state of compression will be propagated 
along the bar with velocity v. To find this velocity of wave propagation, 
we consider any instant of time / for which the wave front has progressed 
to the section ab and the shaded portion of the bar is in a compressed 
condition. After an interval of time di, the front of this compression 
zone will have reached the section cd at the distance v dt ahead of ah. We 
see now that the center of gravity of the compressed zone is also moving 
along the bar but with a velocity Vi dilTerent from v. The velocity 
can be found by observing that the displacement of the compressed zone 
during the time dt equals the compression of the element abed. Thus 


^ Pv df ^ Pv 
A ~E (II A E 


{<J) 


vSince the compressed zone represents the total mass that is in motion, 
the increase in momentum of the s 3 ^stem during the interval dt is the 
momentum gained by the element ahedy which was at rest at the instant t 
and has the velocity vi after the interval dt. This change in momentum 
is the mass of the element multiplied by the velocity i.e., 


Awv dt Pv 
AE' 

where w is the specific weight of the material, 
change of this momentum to the ex 
ternal force P, we obtain 


(h) 

Equating the rate of 


Pwv"^ 

"Ef 




from which 


V = ^ 


(i) 



lEl. 

w 

We see that this velocity of wave 
propagation depends only on the 
modulus of elasticity E and specific weight w of the materia\. 

The principle of linear momentum finds a wide range of application 
in the field of hydrodynamics. As one example here, let us consider the 
case of steady flow of an incompressible fluid in a curved tube of variable 
cross section as shown in Fig. 75. As our system of mass particles, we 
consider arbitrarily that portion of the fluid contained between the cross 
sections aa and bb. After an infinitesimal interval of time dty the same 
fluid will be contained between the cross sections and h^bi. We 
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observe that the change in momentum of the fluid under consideration is 
due to the fact that the volume of fluid hbi appears in place of the volume 
aa\. Denoting by Q the volume of fluid passing a given cross section in 
unit time and by w the specific weight., the mass rate of flow is 


711 


Qw 

H 


U) 


Then if Vi and are the velocities^ of fluid at the cross sections a and />, 
respectively, the change in linear momentum of the fluid in time dt is 
represented by the vector difference 


m * di • i’-j ~ m • dt • Vi 


and the rate of change of linear momeni um is 

??/(?% — f'l) = y- (f'2 — Vl)- (/*■) 

The forces external to our system are: (1) tae gravity force W, 
uniformly distributed over tlu^ volume cd), and (2) surface foi’ces, repr(‘- 
senting pressures exerted by the walls of the tube* and by adjacent fluid 
at the cross sections a and b. The resultant of these pressure forces w(‘ 
denote by R. Then the principh' of lineal' momentum in vector form 
gives 

— (r, - (',) = W'+ «, (XI) 

y 

which is known as Ihder\s equation. Trom lliis equation, we conclude 
that the four vectors shown in Fig. 756 must build a closed polygon. In 
addition to this equation, we have from the law of coni inuity of flow of an 
incompressible fluid that 

Q = AiVi = A 2 V 2 , (1) 

where A and v arc; the cross-seedional ar(;a and velocity, resf)e(dively, 
at any cross section of the tube. Thus if the rate of flow of the fluid is 
given and the dimensions of the tube are known, we can always find the 
resultant force R from Eq. (81). 

PROBLEMS 

46 . Calculate the velocity of propagation of sound in a stool bar HE— 30(10)^ 

p.s.i. and w = 0.284 lb. per cu. in. Ans. v ~ 16,810 f.p.s. 

47 . Ton c.f.s. of water flows through a horizontal 12-in. pipe lino unrlor a prossun; 

p ~ 40 p.s.i. as shown in Fig. 76, Calculate the n^sultant force K ('X('rtod on the 
elbow by the moving fluid. Ajis. R = 349 lb. 

48 . A tank filled with water (specific weight 7v) can roll without friction on a 
horizontal plane as shown in Pig. 77. If a horizontal jot of cross-socdional area a 

^ Wo assume that the velocity distribution is uniform over any cross section. 
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issvK's from an orifice at A witii velocity v — what t'xtornal force H nmst act 

on the tank at /i? Ann. R 2awh. 



Fig. 70. l-'ic;. 77. 


49 . A tank of water has in one side a short reentrant tube of cross-sectional area 
A (Fig. 78). UsiuR tin' principle of linear momentum, show' ihat the cross-sectional 
area a of the jet at q-q must b(' one-half of A. Assume 
pressure distribution on the W'all Cl) to Ix' identical with 
that on the w^all AB excej)t for th(‘ deficit of pressure^ at 
the opening as shown in the figure. 

60 . A water pipe of cross-sectional area A\ empties 
into a larg(‘r one of cross-sectional area A 2 as slu)W'n in 
big. 79, Using tin; principle of linear momentum, calcu¬ 
late the rise in prc'ssure betwemi the cross sections 1 and 
2 if u' is the specific W'eight of waten* and V\ and are tln^ 

\ elocities at sections 1 and 2 , respectively. 7 ^^ 




14. Rectilinear Motion of a Variable Mass: Rockets. —Occ^asionally 
we must deal with a material system the mass of which changes during 

motion. An engine taking water on 
the run or a balloon throwing away 
ballast as well as all jet-propelled ve¬ 
hicles are examples of such systems. 
Using the principle of linear momentum, the differential equations of 
motion of such systems can be derived. Referring to Fig. 80, let us 
assume that the body under consideration moves rectilinearily under the 
action of an external force X and that during motion it continuously 
accumulates mass at the rate of w/g units per second.^ For generality, 
we assume that the velocity of this added mass before it joins the system 
may be different from the velocity of the body itself. Let W/g hQ the 
^ If the system lofses mass, w^e simply take w/q with negative sign. 
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total mass of the system at any instant of time and let v be its velocity. 
During the interval of time dty the momentum of this mass clianges by 
the amount {W/g)dv due to change in velocity v. During the same 
interval of time, the additional mass (w/g)dt is acquired. Denoting by 
Vi the initial velocity of this additional mass in the a;-direction, we see 
that its momentum at the instant of contact with the system changes 
by the amount (v — vj)(w/g)dt. Thus the total change in momentum of 
the system in time dt is 

W w 

— dv H- (v — Vi)dty 

d 0 

and the principle of linear momentum gives 

W dv w ^ 

— 377 + - (r - Vi) = A. (82) 

g dt g 

This is the differential e(piation of rectilinear motion of a body of variable 

mass. As already stated, the quan¬ 
tity w is considered positive when 
the system acquires mass, otherwise 
negative. Likewise the velocity 
Vi is considered positive when it has 
the same direction as v. 

Asa first application of Eq. (82), 
let us consider the motion along a 
smooth inclined plane of a weight Wo to which the end of a chain, coiled 
at Ay is attached (Fig. 81). Let q be the weight per unit length of this 
chain. Then for any displacement, x of the weight Wo, the total mass in 
motion is 

W 1 

^ = i (TFo + qx). (a) 

By definition, we have also 

^ = <7^- (b) 

The coiled portion of the chain being at rest, we take Vi = 0 in this case. 
Finally, the force X is obtained as the component (Wo + qx)sin a of the 
gravity force, and Eq. (82) becomes 

- I IF -77 + 2 ; - 77 * I = TF sm a 
g\ dt dt / 

or 

d(Wv) = TF^ sin adt (c) 
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To integrate Eq. (c), we multiply both sides by Wv and substitute, on 
the right-hand side, \\\ + qx for W and dx/dt for v. In this way, we 
obtain 

Wv d(Wv) = (Wo + qx)Nf sin a dx. (d) 

Integrating Eq. (c/), we find 




(83) 


Let us assume now that when t = 0, the body is at rest at the top of the 
incline. For these initial conditions, the constant of integration C in 
Eq. (83) becomes 

c = ~ f a, 

and we obtain 


= 


2g (Wo + qxy - Wo^ 

Sq (ILo + qx)- 


sm a. 


(84) 


From this equation, we can find the velocity v for any position, provided 
JFo and q are known. Taking qx as small (n)mpared with ITo, we find 
that expression (84) reduces to 


V- ^ 2(jx sin a 


as for a body of constant mass. 

If a body of weight Wo with a chain attached to it is projected verti¬ 
cally upward with initial velocity Vo^ Eq. (83) can be used to calculate* the 
maximum height h to which the body will ascend. In this case, we take 
a = — 7 r/ 2 . Then substituting the initial conditions v = Vo when x = 0 
in Eq. (83), we find 

c = I + f nv. 

2 3q 


With this value of C, Eej. (83) becomes 


(m;y = ^ [W,^ - (TFo + + I (85) 

The maximum height h to w^hich the body ascends is that value of x 
which makes ?) = 0 in Eq. (85). In this way, we obtain 

{Wo + qhY = (tFot^o)^ + WoK (e) 

Introducing the notations 
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we obtain 
from which 


(c + hY ^ Sc^ho + 




Sho 


~ c. 


(/) 


If ho is small compared with c, the effect of the chain is negligible and, 
as we see from expression (/), h approaches the value ho in this case. 

Equation (c) is valid only as long as the calculated maximum height 
h is less than the length of the attached chain. Otheiwise we have to 
divide the problem into two steps. Substituting for x in Eq. (85) the 
length I of the chain, we calculate the velocity vi of the projected body for 
this height. Starting from this height with the initial velocity vi, the 
mass of the system remains constant, and it moves with constant decel¬ 
eration g. 

As a second application of Ecp (82), we shall discuss briefly the motion 
of a rocket projected vertically away from the t‘arth. In this case the 
quantity w, representing the rate of discharge of gas particles, is to be 
considered as negative. The velocity Vi of the gas after it leaves the 
rocket is also negative, and we see that the (piantity v — V] represents 
the velocity of efflux of gas relative to the rocket. Denoting the con¬ 
stant value of this relative velocity by u, Efj. (82) can be written in the 
form 


II' dv . w 

— - 7 - = A + u. 
H fit g 


(80) 


Ck)nsidering the (aise where the rocket is projected vertically away from 
the earth and neglc'cting air resistance, we tiave 


where x is the distance from the surface of the earth of radius r. With 
these notations, Eq. ( 86 ) becomes 

dv __ wu 

Tt~ ~ jr+lcy W' 

Let us assume now that by some device controlling the rate of efflux 
of gas Wy the acceleration of the rocket is kept constant and take 

dv 

where a is a numerical factor. Observing also that 

dW 
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and that for uniformly accelerated motion x = agt~/2, we obtain, from 
Eq. {h), 

dW u _ , gr‘^ ^ 

~ ^dtW~ [r + iagty2)Y 


Integrating Eq. {i) and noting that initially W = lEo, we obtain 



From this expression, the ratio W/Wo for any value of t can be calculated. 
We know also the corresponding height x = a(jfl2 above the surface of 
the earth and the velocity v = agi. From these last two expressions, the 
relations between x and v for various values of a can be represented by 
curves as shown in Fig. 82. 



Fill. 82. 

The discussed theory can now be used to examine tlu* possibility of a rocket’s 
reaching the moon.^ We have to consider three stages in such motion: Jn th(‘ first 
stage, the rocket develops a high velocity and n'aches a considerable height above the 
surface of the earth. In the second stage, it moves as a body of constant mass with 
deceleration; but owing to velocity acfpiinMl during the first stage, it finally reaches the 
neutral point where the attractions of tli(‘earth and moon balance each other. Start¬ 
ing from this point, the third stage of motion begins, in which the body moves with 
acceleration to the moon. We see that it will be possible to reach the moon if, during 
the first stage of motion, the rocket acquires enough velocity so that the accumulated 
kinetic energy will be able to carry it to the neutral point. Since during the second 
stage, the mass remains constant, we have to investigate the motion of a body under 
the action of attractive forces from both the earth and the moon. From such an 
analysis, we can find, for each height of the rocket above the surface of the earth, tin; 
corresponding velocity recpiired to reach the neutral point. The results of sudi an 
analysis are represented in Fig. 82 by the curve ah. We see that as the height of 
the rocket increases, less and less velocity is required to bring it the rest of the way to 

^ This problem is discussed by Otto von Eberhardt, ^‘Handbuch der physikalischen 
und technischen Mechanik,” vol. 2, p. 268, Leipzig, 1930. See also H. Lorenz, Die 
Moglichkeit der Weltraumfahrt, Z. Ver. dent. Ing., vol. 71, No. 19, 1927. 
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the neutral point. The points of intersection of the curve ab with the previously 
drawn a curves in Fig. 82 give, for the various values of a, the corresponding velocities 
Vc that the rocket must acquire during the first stage of motion. Dividing such 
velocities by the accelerations ag, we obtain the times tc corresponding to tin* first 
stage. Substituting t- for t in Eq. (87) and assuming a value for the velocity u of gas 
discharge, we can calculate the corresponding ratio W/lVo. This represents the 
fraction of the initial mass ^)/g that survives to r(‘iich the moon. In column (4) of 
Table XII, the values of W/\W, assuming u = 2,000 m. per sec., an' given for the 


Tablk .\I1 


(1) 

(2) 

(3) 

' (4) 

1 (5) 

a 

Vr 


! IF/lFo 

ir/iFo 

m./sec. 

km. 

// = 2,000 m./sec. 

u — 4,(XX) m./.st‘c. 

i 

4 

b, 800 

9,440 

1 /0(). 800 

1/258 

1 

2 

7,000 

0,050 

1/7.085 

1/87.5 

1 

8,050 

3,800 

1/1,839 

1/42.7 

2 

0,500 

2,300 

1/785 

1/28 


10,200 

1 ,000 

i/431 

1 /2(). 8 


values of a shown in Fig. 82. \V(‘ s^e that (‘ven v itb the greatest assumed acceleration 

equal to 5^, only 4 ./,, of tin* initial m.iss o.‘’ ihe rock(>t can reach the moon. Existing 
experiments indicate tliat it is clifla'iilt to get a vc'locity of g is discharge u rnucdi 
above the assumed vahu' of 2,000 rn. per s('c. However, if higher velocities are 
obtained and w == • 2,(X)0 m. per sec., '.Hh'H' ft is a numerical factor greater than 

unity, then the corresponding ratios ir/H'o will l)e o])tain(‘d by raising the figtires in 
column (4) to the power 1 /ft. For - 2, i.c., for u = 4,000 rn. per s(‘c., the values of 
W/Wq obtained in this way are shown in (a)lumn (5). 

From the above calculations, it is sc'cn tliat even using the most favorable data, 
we arrive at such values for the ratio W/W{) t hat a practical attainment of shooting a 
rocket to the moon looks doubtful under present conditions. 

PROBLEMS 

61 . Referring to Fig. 81 and assuming that the weight ql of the entire chain is 
equal to the weight IF 0 of the ])ody to which it is attached, find the velocity of the 
system when x — 1. Assume Vo — 0 when a: = 0. Ans. v — \/7g/sina/h. 

52 . Referring to Fig. 81 and assuming IFo = 0, find the general expression for the 
velocity v as a function of .r. Assume Vo = 0 when x = 0. 

Aris. V == ■\/ 2 gx sin a/ 3 , 



63 . Repeat the solution of the preceding problem for the case where the chain is 
, always .straight as shown in Fig. 83. Assume Vo when x « 0. 

Aris. V = Vlg^7~ljSn^. 
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64 . Referring to Fig. 81, assume that a = 0 and that the body TFo is projected with 
initial horizontal velocity Vo. In such case, find the velocity v as a function of dis¬ 
placement a;. Ans, V — W(sVi)/{WQ A-qx). 

66. Two weights VFo and IFi are connected by a flexible but. T 

inextensible string of length I as shown in Fig. 84. If IFo is 
initially projected from the plane AB with upward velocity ^ 

Vo, what maximum height h will it attain? Assume that the “I T 

string does not break and that its mass is n(*gligibie. 

66 . Denoting the mass of the earth by m and its radius by 
r and taking the mass of the moon as ?«/75 and the distance 
between centers ()f the two bodhis as flOr, determiiu' tlie distance ^ • //}//y y, \ 

X from the centcu* of the (^arth to the neutral point wluue the *^4 

attractions of the earth and nioon on a giv(‘ii body will just 

balance each other. dn.s\ x = r)3.70r. 


16. Principle of Angular Momentum.—Refeiring to Fig. 85«, let us 
consider a particle A of mass m moving with velocity v. Its momentum is 
represented by a vector mv having the direction of the velocity. Multi- 



(a) (b) 

Fio. 85. 


plying this momentum vector by its distance OD from an arbitrarily 
chosen fixed point 0, we obtain the moment of momentum of the particle 
with respect to that point. This moment of momentum, equal to the 
doubled area of the AOAR, can be represented by a vector //' perpendicu¬ 
lar to the plane OAB and directed in accordance with the right-hand 
screw rule as shown. In the case of a system of particles, the geometric 
sum of such individual moments of momentum is called the angular 
momentum of the system and will be denoted by If, 

Resolving the momentum mv of the particle A in Fig. 85a into ortho¬ 
gonal components mx^ my, and mz (Fig. 855), we can represent the 
moment of momentum H' by three components. Since the moment of 
the resultant momentum is equal to the algebraic sum of the corre¬ 
sponding moments of its components, we conclude that the projection of 
the vector H' on, say, the x-axis is 
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HJ = m{zy - yz),] 

. («) 


Similar expressions for HJ and ///, as indicated ])y dots, can ])e written. 
Summing expressions {a) for all particles of tli(‘ syst(an, wi) obtain, tor 
the projections of the angular moment um of th(‘ s.ystfun, 

//, = - yz)\, ] 

. (h) 


To illustrate the calculation of the angular monuuitum of a system of 
particles in a given case, let us consider a rigid body rotating about a 
fixed axis OA with angular velocity 0 (Fig. 8()). Taking coordinate 
axes Xy ?/, z through point O and letting z coincide' with the axis of rota¬ 
tion, we see that a particle of mass m at the' distance r from this axis 
describes a circular pat h parallel to the x?/-plane and the components of 
its velocity rO are 

i: = —yd, y — xS, i = 0. 

Substituting these expressions into I]qs. (/>) and o])sei ving that 6 is the 
same for all particles, we obtain 

Hx — 21mxz — —IxJ, \ 

Hy —6 I,myz = -lyj, [ (e) 

Hz — 0 — IzO, } 

where Ixz and lyz are the products of inertia of the body with respect to 

the ax(‘s xz and yz, respectively, 
and Iz is its moment of inertia with 
respect to the axis of rotation. In 
the particular case where the axis of 
rotation is one of three principal 
axes through point 0, the products 
of inertia Ixz and lyz vanish and the 
resultant angular momentum of the 
rotating body coincides with the z- 
axis and has the magnitude IzB. 

We proceed now to establish the relation between the angular momen¬ 
tum of a system of particles and the forces acting thereon. For this 
purpose, we begin with the equations of motion for a single particle as 
represented by Eqs. (a) on page 107. Multiplying the second of these 
equations by z and the third by y and subtracting one from the other, we 
obtain 
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I {m{zy - yz)] = (Z, + Zi)y - (1% + Yi)z, ) 

(d) 


As can be seen by comparison with the first of expressions (a) above, the 
left-hand side of this equation represents the rate of change of tlie moment 
of momentum of the particle with respect to the .r-axis. Likewise, the 
right-hand side of the equation represents the moment of all forces acting 
on the particle with respect to the same axis. Thus the equation states 
that the rat(^ of change of moment of momentum of the particle with 
respect to the fixed :r-axis is ecpial to the corresponding moment of all 
forces acting on the particle. Similar ecpiations, as indicated by dots, 
can be obtained for the y- and 2 :-axes. Writing Eqs. {d) for each particle 
of a system, summing them up, and observing that the internal forces, 
represented by X,:, F,:. Zi, always oc(*.ur in balanced pairs and cancel each 
other during summation, we obtain 



Using notations ih) and introducing similar notations 



for the moments of external forces with respect to the coordinate axes, 
Eqs. (88) can be written in the following more compact form: 

(Ih) = M., ^ {II,) = My, ^ (H.) = M.. (89) 

Since the coordinate axes a*, y, z were chosen arbitrarily, Eqs. (89) may 
be said to state that the rate of change of angular momentum of a s^ystem 
of particles with respect to any fixed axis in space is equal to the resolved 
moment of external forces with respect to the same axis. This statement 
represents the principle of angular momentum. 

If the angular momentum // of a system of particles is represented 
vectorially, the rate of change of this vector with respect to time will be 
represented by the velocity of its end point. On the basis of Eqs. (89), 
we can state that the velocity of the end of the angular momentum vector 
with respect to a fixed point 0 represents the resultant moment, with 
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respect to the same point, of all external forces acting on the system. In 
the particular case where the moment of external forces with respect to a 
fixed point vanishes, we conclude that the angular momentum vector H 
remains constant in magnitude and direction. 

Sometimes, in calculating the angular momentum of a system of 
particles, it is advantageous to use the notion of mass-center having 
coordinates .Tc, ?/c, Zc referred to fixed axes x, y, z. Taking through this 
point a system of coordinate axes r;, f parallel, respectively, to x, ?/, z 
and moving with the mass-center, the (ioordinates of any particle with 
respect to the fixed axes w ill be 

X = Xc + iy y = yc -T Vy Z = Zc + r, (/) 

from which, by differentiation with res[>ect to time, 

X = ic + t if = ifc + ^, ^ = if + f. {g) 

Substituting expressions (/) and {g) into h]qs. {h) above, \ve obtain 

= (ic?yc - ycZc)^m + Xni{tr] - 

+ Zc -f yc — ijc Zwf - Sc 'Smi], 


Since the origin of the f coordinates always coincides with the mass- 
center of the system, we have, by virtue of Pkis. (/>) page 107, 

^mt] — = I’wt) = 0 

and expressions (A) redjiice to 

= {zcijc - ycZc):!:yn + ~ Af), ] 


From these expressions, we see that the calculation of the angular 
momentum of a system of particles can be made in two steps: First, we 
assume that the entire mass M of the system is concentrated at the mass- 
center and moving wdth the velocity of that point. This gives us that 
part of the angular momentum represented by the first term in each of 
expressions (f). The second term is obtained by considering only the 
relative motions of the particles with respect to the moving axes f, i), f 
and then calculating the angular momentum wdtli respect to these axes 
as if they were immovable. 

Using expressions (f) for angular momentum together with expressions 
(/) in Eqs. (88) representing the principle of angular momentum, w^e 
obtain 
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MiicVc - VcZc) + :^ V, - •’if) 


dt 


dt 




= ^ ZeVc - ^ YeZc + ^ ^ 1 


U) 


These equations can be greatly simplified by using Kqs. (79) of Art. 13 
(see page 108). For example, multiplying the second equation there by 
Zc and the third by ijc and subtracting one from the other, we obtain 




y^Zr) 




(fc) 


Similar expressions, as indicated by dot s, can be obtainc'd in the same way 
from the first and third and the first and second of lujs. (79). In virtue 
of Eqs. (/b), Eqs. (j) reduce to 


It X " X “ X 


(90) 


These equations have the same form as Eqs. (88), which indicates that 
the principle of angular momentum, previously formulated for fixed 
axes, holds also for axes moving with the mass-center of the system. At 
any instant and for any axis passing through the instantaneous position 
of the mass-center, the rate of change of angular momentum is equal to 
the moment of all external forces with respect to that axis. In calculat¬ 
ing the angular momentum of the system with respect to such an axis, 
it makes no difference whether we use the actual momenta of the various 
particles or consider only the momenta of relative motion. This follows 
from the identity of expressions (h) and (z) above. 

We have already noted from Eqs. (89) that if the resultant moment of 
external forces with respect to a fixed point 0 vanishes during motion of 
the system, then the projections of the angular momentum on fixed 
coordinate axes through 0 remain constant. Now in the same manner, 
we conclude from Eqs. (90) that if the moment of external forces with 
respect to the mass-center of the system vanishes, then the angular 
momentum of the system with respect to its own mass-center remains 
constant. Taking, for example, the solar system and neglecting the 
action thereon of fixed stars, we conclude that the angular momentum 
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of the system with respect to its mass-center is invariable. Since the 
orbits of the planets are known, the magnitude and direction of this 
angular momentum can be calculated. The plane normal to the angular 
momentum vector always retains the same orientation in space and is 
called the invariable plane. Laplace^ suggested that it be used as a 
reference plane in astronomy. 

By way of application of the principle of angular momentum, let 
us consider the device shown in Fig. 87. A horizontal bar, carrying two 
identical and symmetrically placed masses w, is pivoted inside a heavy 
frame A A and connected thereto by a helical spring so that it can per¬ 
form torsional oscillations about the vertical axis 00. The frame AA, 
in turn, is suspended by a fine thread and can 
also turn freely about the axis 00. Suppose now 
that the bar mm is rotated by an angle do with 
respect to the frame A A and then the system 
is released from rest; torsional oscillations of both 
the bar and the frame will ensue. However, 
since the moment of I'xternal forces with respect 
to the vertical axis 00 is zero, the angular mo¬ 
mentum of the system cannot change; and since 
it was zero at the instant of release, it must re¬ 
main zero. From this we conclude that if /] and 
12 denote, respectively, the moments of inertia of the frame and bar about 
the axis 00 and 6 i and 62 th(‘ir angular velocities, then we must have 



from which 


+ 72^2 == 0 , 


b 


(i) 


We see that the angular velocities are always in opposite directions and 
inversely proportional to the moments of inertia. Since the ratio of 
angular velocities is constant, it follows that the amplitudes of oscilla¬ 
tion of the two parts of the system are in the same ratio as the angular 
velocities. Neglecting friction, we conclude also that when the two 
parts of the system occupy extreme positions, the angle of twist in the 
spring is 9o. Hence the amplitudes of oscillation are 


(^ 1 ) 


max 


lido 

h + 


(^2) max — 


lido 

h + I2 


(m) 


^ Laplace treated the planets as particles and neglected the angular momentum 
due to rotation about their own axes. The necessary corrections were made later by 
Poinsot. See appendix to his famous book, ‘‘Elements de statique,^’ 8th ed., Paris, 
1842, p. 343. 
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The two extreme positions of the system are shown in Fig. 88. Taking 
Fig. 88a as the initial position, we see that the middle plane, denoted by 
the line aa, is displaced with respect to the initial position of the 
frame by the positive angle (0i),nox, the magnitude of which increases with 
an increase of the moment of inertia 1 2 . of the bar m?n. If, during 
motion of the system, we move the 
masses m away from the axis of rota¬ 
tion at the instant when the bar 
is in the extreme position mm (Fig. 

88a), the angle (^^i)max increases and 
the middle plane aa will be rotated 
slightly in the positive direction as 
indicated by an arrow. Likewise by 
decreasing 72 in this position, the mid¬ 
dle plane aa will be shifted slightly in 
the negative direction. On the other 
hand, if the moment of inertia 1 2 is 
increased when the bar is in the other 
extreme position m\m\ (Fig. 886), 
the middle plane aa will be shifted slightly in the negative direction and 
vice versa. From these observations, it follows that if, during motion of 

the system, we always move the masses 
m outward in the one extreme position 
(Fig. 88a) and inward in the other ex¬ 
treme position (Fig. 886), the middle 
plane aa will rotate consistently in the 
positive direction. Thus, without the 
aid of external forces, the system as a 
whole can change its orientation in 
space. ^ 

To prove rotation of the earth 
around its polar axis, the device showm 
in Fig. 89 can be used.^ A long beam 
AB with bifilar suspension carries two symmetrically placed masses m as 
shown. Initially the system is at rest with respect to the earth, and the 
masses m are at the extremities of the beam. In such condition, the sys- 

^ This explains how a eat dropped feet up from a window can land on its feet. 
See paper by M. Marey, Coinpi. rend., vol. 119, 1894. Reproduced also in Nature, 
Nov. 22, 1894. 

2 This was first suggested by L. Poinsot, Compt. rend., vol. 32, p. 206, 1851. The 
experiments were actually made by J. G. Hagen, Z. Inslrumentenk,, vol. 40, p. 65, 
1920. 


O 






. b “! 


c 

Fig. 
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89. 
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tern has, with respect to the vertical axis 00, the angular momentum 

= (/o + 2mh‘^)o3osm <i>, 

where 7o is the moment of inertia of the beam AB about the axis 00, 
coo is the angular velocity of the earth about its polar axis, and <f> is the 

latitude of the site of the experiment. 

^ Since the moment of external forces 

(gi'^^vity) about the axis 00 vanishes, it 
\ * follows from the principle of angular mo- 

I mentum that if the masses m are moved 

\ / inward to m'vi', the new angular mo- 

/ -- mentum of the* system must be equal to 

/ write 

\ (/() + 27a?>-)a>osin = 

\ ^ (/() + 2i/m^)(aJosiri </> + a;'), 

^2 where w' denotes the acquired angular 

\ \ velocity of the system relative to the 

I \ earth. From this expression, we obtain 

(if) \ i \ f 2m{b^ — a2)a>osin . 

\1 \ “ = - 17 + 2 ma^ . 

^ O We see that if the earth has angular 

qq velocity about its polar axis, the system 

will be brought into relative rotation 
with respect to the earth simply as a result of changing the radial dis¬ 
tances of the masses m. Needless to say, the experiment will require great 
finesse. 

As with the principle of linear momentum, the principle of angular 
momentum finds a wide application in the field of hydrodynamics. As 
an example, let us consider the wheel of a reaction turbine with vertical 
axis as shown in Fig. 90. Water under pressure flows from the outside 
to the inside of this wheel throiigh such channels as the one shown. We 
denote by Vi the absolute velocity of the water entering the channel and 
by ai the angle that it makes with the tangent to the outer circumference 
of the wheel. Likewise, denotes the absolute velocity of water leaving 
the channel, and a 2 the angle that it makes with the tangent to the inner 
circumference of the wheel. As our system of mass particles, we take 
the water that at any instant i is contained between the cross sections ah 
and cd of one channel (Fig. 906). After an infinitesimal interval of time 
dty the same water will occupy the volume aibiCidi. Assuming a steady 
flow, we may now calculate the change in angular momentum of this 
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water with respect to the vertical axis 00 of the wheel. With this 
assumption, the velocities of the particles of water in the space a\bicd 
remain unchanged during the interval dt and we have only to observe 
that the particles which at the beginning of the interval were in the space 
ahaihi are replaced at the end of the interval by particles in the space 
cdcidi. The required change in angular momentum therefore is obtained 
by subtracting the angular momentum of the mass ahaibi from that of 
the mass cd,c\d\. Let q denote the rate of flow (cubic feet per second) 
through one channel, w the specific weight of water, and Vi and the 
outer and inner radii, respectively, of the wheel. Then the discussed 
change in angular momentum is 


qiv 

(J 


(/’l>cos — ?hCOs airi)dt. 


Considering now the entire whe(‘l and denoting the total rate of flow by 
Q, we find that the rate of change of angular momentum is 


Qw 

0 


{V2COS — ?ncos onri). 




F/'om the principle of angular momentum, we conclude now that this is 
equal to the moment, with respect to the axis of rotation, of all external 
forces exerted on the water as it pasKses through the channels. The 
moment of gravity forces vanishes in virtue of the verti(*ality of the axis 
00. The moments of pressure forces over the surfaces ab and cd also 
vanish, since these forces are in the radial direction. Hence, we conclude 
that expression (o) represents the moment of reactions of the wheel on 
the flowing water. Changing the sign of expression ( 0 ), we obi-ain the 
pressure moment of the water on the wheel. This quantity represents 
the torque developed by the turbine, and we write^ 


^ (2;iC0S ai Vi 

g 


?; 2 C 0 S a >2 7*2). 


(91) 


Multiplying Mi by the angular velocity w of tlie wheel, wo obtain the 
power developed by the turbine. Thus when il/fW is in foot-pound-sccond 
units 


hp. = 


MiO) 


(p) 


PROBLEMS 

67 . Assuming that icecaps of total mass m melt from the polar regions of the earth 
of mass ilf, radius r, and radius of gyration ir and that the water spreads evenly over 

^ This equation is eotnnionly known as iMiler’s tur))inc formula. 
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the entire surface of the globe, calculate the change 5co in the angular velocity o) of the 
(‘arth about its axis. Ans. Sw = 

68 . Calculate the numerical value of Sw in the preceding problem if the mass of 
ice m is sufficient to form a layer of water of depth d — 0.006 ft. over the earth. 

Assume the earth to f)e a homogeneous sphere of radius 
r — 20.9(10)® ft. and specific gravity s = 5.25. 

Ans. — 5a) = 0° 00' 01." per year. 

69. A frame A A having moment of inertia h about the 
vertical axis GO is suspended by a fine thread and contains 
a rotor of moment of inertia I 2 as shown in Fig. 91. Ini¬ 
tially, the rotor has an angular velocity a>o, and the frame is 
at rest. Due to friction, the frame is brought into rotation 
also (th(‘ thread is a.ssumed to offer no resistance to twist). 
Compute the friction torque (assumed constant) if t sec. 
of time are required for the rotor to come to rest with r(‘- 

1 1/20)0 
(/] -b 1 2)1 



spect to the frame. 


Ans. M f — jT 


60. A circular turntable can rotate freely about its viatical geometric axis GO 
and has moment of inertia /o with respeet thereto. On this turntable', a toy locomo¬ 
tive of mass m runs on a circular track of radius r and with O as a centeu. Initially, 
turntable and engine are both at rest. What angular velocity w will the turntable 
acquire if the engine begins to move and arnpiin's a vi'locity v relative to its track? 

Ans. o) = inrv/(lQ + rnr^). 

61. A uniform circular wire of radius r and mass m rests on a perfectly smooth 
horizontal plane and is constrained to rotate about a point 0 on its circumference. 
A particle of mass w, initially at a point A diametrii^ally opposite the fixed point O, 
begins to move with constant velocity v along the wire. Prove that after a lapse of 
time f, the diameter GA will have rotated through the angle 

1 / I 


^ 2r 


Vs 


tan' 




vt 


)■ 


62. A particle of mass rn moves along a straight slender bar of 
length 2a and mass m. The extremities of this bar are constrained 
to remain on a fixed horizontal circle of radius r = 2a/\/3. Ini¬ 
tially, the particle occupi(‘s the mid-point of the bar, and both are 
at rest. If from this condition, the particle begins to move with 
velocity v along the bar, show that after a lapse of time tj the bar will 
have rotated through the angle 


6 — —n tan ^ 
V3 


©■ 



63 . Figure 92 represents a so-called Segner^s turbine. Water 
flows into the vertical tube at A and out through the orifices at B 
and C. If the system rotat(5S with angular velocity co about the vertical axis 00, find 
the torque Mq resisting rotation. The rate of flow in cubic feet per second is Q, and 
the velocity of efflux relative to the arm BCm v. Ans. Mq — {Qw/g){v — ra))r. 

64. The horizontal wheel of a reaction turbine has outer radius ri == 3 ft., inner 
radius — 2 ft., and height /i == 1 ft. as shown in Fig. 93. The angles of entrance and 
exit (see Fig. 90) are, respectively, ori = 30 deg. and -■ 60 deg. The total rate of 
flow Q ~ 100 c.f.s. Compute the torque M^. from Eq. (91). 

Ans. Mf - 1,127 ft.-lb. 
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16. Impact. —Let us suppose that a system of particles moving in 
some prescribed manner collides suddenly with an obstruction; such col¬ 
lision is called an impact. During this impact, which is of very short 
duration, extremely large forces act momentarily on the system at the 
points of impact and produce definite changes in the velocities of various 
particles of the system. Theses changes in velocity take place almost 
instantaneously, so that the system finds itsc^lf, at the end of the impact, 
in essentially the same configuration that it had at the beginning but 
with a completely nciw motion. It is desired to find the new motion 
of the system after impact. In dealing with this problem, we shall be 
justified to neglect, during impact, all ordinary forces such as gravity, 
etc., in comparison with the ver^^ 
large forces of impact and also to 
neglect any change in configuration 
of the system during the impact. 

Thus the problem is reduced to find¬ 
ing the instantaneous changes in 
the velocities of the particles as a re¬ 
sult of the impact alone. 

I’he principles of linear and angular momentum discussed in Arts. 13 
and 15 can be used to advantage in dealing with the above problem of 
impact. We begin with E(is. (77), page 107, representing the principle 
of linear momentum. Multiplying each of these equations by dt and 
integrating from ^o, the beginning of impact, to /i, the end of impact, we 
obtain 

1 = I /,'■ \ 


where x, y, z are the components of the velocity of a particle just before 
impact and x', y', z' are the corresponding components just after impact. 
Treating Eqs. (88), page 121, representing the principle of angular 
momentum, in the same way, we obtain 

2 m[y{z' -z)- z{y’ - y)] = ^ {v Zdt - z YJi), | 

where the coordinates x, y, z of any particle are treated as constants during 
the interval of impact. 

Equations (a) state that during impact the change in linear momen¬ 
tum of the system in any direction is equal to the total impulse of external 



Fig. 98. 
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impact forces in the same direction. Likewise, Eqs. {h) state that the 
change in angular momentum of the system about any fixed axis is equal 
to the summation of moments of external impulses with respect to that 
axis. Equations (6), of course, hold also for (coordinate axes mewing with 
the mass-center of the system. Using the symbol A to denote the varia¬ 
tion, during impact, of linear and angular momenta and introdu(‘ing for 
impulses the notations 


x: = r* X^U, Y/ = f' YJ(, Z.' = C ZAt, 

Jto Jto Jfo 

Eqs. (a) and (h) can be presented more compactly as follows: 


(c) 


A(S7rLr) = SAL/; 
A(2:mi) = 


A[Xm(zy - yz)] = " Y/z)] (92) 

A[Zm(xz ~ ir)] == :^(X/z - Z/x); (93) 

A[^m(p: - xy)] = X(Y/x - XJy). (94) 



In the following paragraphs, we shall consider the application of these 
eciuations to several particular cases of inipact and see how tliey may be 
used to determine the motion of a system afttT an impact if the motion 
before the impact was known. 

As a first example, we consider a thin plate, with center of gravity at 
C, which initially has a prescribc^d motion in its ovn plane (Fig. 94). 

Assume now that a certain point 0 of the 
plate, at the distance /’ from C, is suddenly 
fixcid so that, subsecpient motion must consist 
of a rotation about an axis through 0 and nor¬ 
mal to tluc plane of the plate. What will be 
the angular vcdocity w' of this rotation about 
0? To answer this question, Ave choose fixed 
coordinate axes x, ?/, z through point 0 as 
shown, the a:-axis coinciding with the position of the line OC at the instant 
of impact and the 2 :-axis normal to the plane of the plate. Due to the 
sudden fixing of point 0, there will be an impact at this point, but the 
moment of the corresponding impulse with respect to the 2 :-axis vanishes. 
Thus the second of Eqs. (94) states that during impact, the angular 
momentum of the system with respect to the 2 -axis remains constant. 
The motion of the plate before impact can be defined by the components 
Xc and ije of the velocity of its center of gravity C and by the angular 
velocity co with respect to that center. Then, just before impact, the 
angular momentum of the system with respect to the fixed 2 -axis was 

H. = Miy^r + iM, (d) 

^vhere M is the total mass of the plate and ie is its radius of gyration with 
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respect to the axis through C and parallel to z. Likewise, after impact, 
the angular momentum with respect to the 2 -axis is 

Hz = M (?c^ + r2)co'. {e) 

Equating expressions (d) and (c), we obtain 


ilrT + 
ic^ + 


(/) 


Having the angular velocity co' of the plate after impact, we can easily 
calculate the impulse that occurred at 0. From the first each of Eqs, 
(92) and (93), we have, for the components of this impulse, 

X' = —M Axe, Y' == M Af/c. (g) 

The changes Axc and Aye in the velocity of the center of gravity are 


AXc == 0 - Xe and Aye = roj' ~ r/c = 2 ”” Vc)^ 

ic^ ~r r 

Using these values in Eqs. (g), we find 

X' = -Mx., Y' = (rco - 2/.). {h) 

As a second example, we consider a plate that initially rotates with 
angular velocity co about an instantaneous axis Ox in its own plane (Fig. 
95). At a certain instant /o, another axis Oxi, 
also in the plane of the plate but inclined to 
Ox by an angle a, is suddenly fixed so that 
subsequent rotation of the system must be 
around this axis. It is required to find the 
new angular velocity around Oxi. We see 
that corresponding to the initial motion, any 
mass particle of the system has the velocity 
yco normal to the x/y-p\sine. The corresponding initial angular momentum 
of the system with respect to Oxi is 

f w 

Hi = — dAo)y{y cos a — x sin a), (f) 

J A g 

where w is the weight per unit area of the plate and the integration is 
extended over the total area A. After the impact, when the plate is 
rotating about the fixed axis Oxi with angular velocity co', its angular 
momentum with respect to this axis is 
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Since the impulsive forces acting on the plate during impact are dis¬ 
tributed along Oxi, their moments with respect to this axis vanish and we 
conclude accordingly that expressions (0 and {j) are equal. From this 
condition, we obtain 

, /a;Cos (X. — /xysin a 

0) — CO y -^-V ^^ -j— Y —:— y-f (A’) 

/xCos^« — ixySin 2a -f lySm^a 

where /x, ly, and 7xy are the moments of inertia and product of inertia of 
the plate with respect to the x- and ?/-axes. We see that if the. axis Ox} is 
at right angles to OXj expression (A*) for co' reduces to 


CO 



(A^') 


Also in the particular case where .r and y are principal axes of the plate, 
we have 

, /j-cos a 


/xCOS-^ a + /ysiira 


(A-") 


In this case, if ci: = 90 deg., the plate is brought to rest by the impact. 

As a third example, let us consider the impac^t of a bail of radius a 
falling onto a rough horizontal plane (Fig. 90).* The motion of the ball 

just before impact is defined by the velocity Vc 
of its center, directed as shown, and by its angu¬ 
lar velocity co. After imp.^.ct, the motion will be 
defined by the velocity components xj^ yj and 
the angular velocity co'. To find these quanti¬ 
ties defining the new motion, we use the first 
of Eqs. (92) and (93) and the last of Eqs. (94). 
Denoting by X' and Y' the components of the 
impulse at the point of contact 0 and by M the mass of the ball, these 
equations become 



M{xc' — VeSin a) = A', j 

Miijc' + VeCOH a) = F', > (1) 

|Ma2(co' - co) = X'a. j 

The last of these equations has been written with respect to a moving 
z-axis coinciding with the center of gravity of the ball. 

We now make the assumption that the impact is completely inelastic 
and that there is sufficient friction to prevent slipping at the point of 
contact 0. On the basis of these assumptions, we have 

yc = 0, co'a + Xc = 0. (m) 

^ This discussion will apply to the motion of a ball projected onto a bowling alley. 
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X' — — ^M((X)(i + j^cSin a), 

F' = MvcCO^ a 

defining the components of the impulse and 
, 2 5,, . 

CO = CO — = - sin a, 

7 7 a 

xj ™ —coa = f7;cSin a — faco 

defining motion of the ball after impact. 

The results (n) and (o) depend on the assumption that there is no 
sliding at the point of contac^t O. This requires that the coefficient of 
friction /x satisfy the condition 




Substituting the obtained values (n) for X' and F', this becomes 


^ tan aY (p) 

7 V’cCos a / 

For 

M < 1 ( -h tan aY {q) 

7 yvcos a / 

there will be slipping at the point of contact 0 and we have 

X' = -mF' - ~mM7;,cos O'. (r) 

Using this value of X' in the first and last of EcjS. (0, we find 

xj — z^c(sin a — fi cos a), 

, 5 Vc 

CO = CO — 25 M ■" ^OS a. 
u d 

If, instead of a completely inelastic impact, we have a coefficient of 
restitution e,* we must take, instead of y/ = 0, 



y/ = c^cCos a. 

Then the second of Eqs. (1) gives 

F' = M(1 + c)ycCOS a. 

If we assume again that there is no sliding during contact with the plane, 
Eqs. ( 0 ) are still valid in this case and we obtain 


ih' 


e\l 


tan a — = 


aco \ 

7 VcCOS a) 


* See the authors’ erring Mechanics,” 2d ed., p. 338. 


«) 
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We see from this expression that it is possible to have such a relation 
between the initial velocities w and Vc that Xc /yj — — tan a, in which 
case the ball, after striking the plane, will rebound in the direction 
opposite to its initial motion. Again, the assumption of no slipping 
requires, for the coefficient of friction. 


For 



y / OO) 

\ + e y^cCOS a 


+ tan a 


)■ 


(m) 


H -1- tan aY (v) 

1 + e \?;cCOS a / 

there will be sliding at the point of contact 0 and, as before, we obtain 
= ~yY' = —+ e)MvcCos a. (w) 

The first and last of Eqs. (/) then give 


Xc = 2^c[sin a — y(l + e)cos aj, 

f ^ /I I \ 

0 ) = cc — ^ )u(l + c) — cos a. 

A d 

As a last example, let us consider a thin plate bounded by the arc OB 
of a parabola, the axis Ox, and an ordinate BA (Fig. 97). The vertex 0 
of the parabola is a fixed point, and initially the plate is at rest in a 

horizontal position. It is desired to 
find the motion of the plate immedi¬ 
ately following a vertical impulse Z' 
representing a sharp blow applied at 
B. Such a blow produces rotation of 
the plate about some horizontal axis 
passing through the fixed point O. 
Let ci)x and cuy denote the components 
of the angular velocity about this unknown axis. Then the velocity of any 
point of the plate after impact is parallel to the 2 ;-axis and has the 
magnitude 

V' == (*)xy — C*Jy.T. 

Thus, the last each of Eqs. (93) and (94) become 




L 

L 


w 


— dA(o}xy ”” o)yx)y = Z' • AB, 

A g 


w 

A ~g 


(y) 


dA{o)xy — o)yx)x = — Z' • OA,] 


where w is the weight per unit area of the plate. Taking OA = c, as 
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Eliminating Z' from these equations, we can find the ratio o)x/oiy defining 
the direction of the axis of rotation of the plate immediately after the 
blow. 

PROBLEMS 

66 . A homogeneous circular disk of radius a and mass M rotates with angular 
velocity co about its geometric axis. If a point O in the circumference* of the disk is 
suddenly fixed, find the new angular velocity co' around this point and the tangential 
impulse Y' produced by fixing point O. Ans. co' =- jeo, F' ~ IMau. 

66. A homogeneous circular disk rotates in its own plane with angular velocity co 
about a point A in its circumference. Suddenly, 
point A is released, and another point B in the 
circumference is fixed. Find the new angular veloc¬ 
ity co' if the arc AB subtends a central angle a. 

Ans. co' == ico(l -f 2 cos a). 

67 . A homogeneous right circular cylinder of 

radius a and mass M rolls w'ithout slipping along a 
rough horizontal plane with vekxaty Vc. At a certain 
instant, it strikes an obstruction of height h, as shown I 'lc. 08. 

in Fig. 98. Assuming that no slipping occurs at the 

point of impact 0, find the components X' and F' of the impulse, .\ssume inelastic 
impact. 

Ans. X' = MtiXm «, F' = ^ MvrO — cos a), a = cos~^ 

68 . What is the condition governing the coefficient of friction /x in the preceding 
problem if there is to be no slipping at O? Ans. > (1 — cos a)/(3 sin a). 

69 . A homogeneous right triangular plate ACB initially spins about its hypo¬ 
tenuse AC. Suddenly AC becomes free, and the edge BC is fixed. Prove that the 
angular velocity of the plate diminishes in the ratio HP/2A0. 

70 . A homogeneous rectangular plate A BCD stands in a vertical plane with its 
horizontal lower edge AB, of length a, fixed in space. Owing to a slight disturbance, 
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the plate begins to fall under the influence of gravity, rotating about AH. When it 
reaches the horizontal, having acquired the angular velocity a>, AB becomes free and 
the edge AD, of length b, is suddenly fixed. Find the angular velocity co' of the plate 
about AD just after impact. Ans. co' — — (3a/4b) \^Sgla — — (Sa/4b)o). 

71. A solid homogeneous cube spins about a vertical diagonal with angular velocity 
u). Find the new angular velocity ca' if one of its edges that does not meet the diagonal 
suddenly becomes fixed so that the cube starts to rotate with resp(‘ct to this edge. 

A ns. (X)' — aj/4 v^3. 

17. Balancing of a Single-cylinder Reciprocating Engine.—In dis¬ 
cussing the balancing of reciprocating engines, we begin with a single¬ 
cylinder engine consisting of a crank OA, a connecting rod AB, and a 
piston B as shown in Fig. 99. VVe assume that this system is symmetrical 



with respect to the plane of the figure; and through point 0, we take the 
coordinate axes x and y as shown. In such a symiiietrical (;ase, the 
resultant of all external forces acting on the system will be completely 
defined by its components and 2)1% and the moment 2)(F^.r — A%?y) 
with respect to the ; 2 :“axis. We usually shall be more interested in the 
equal but opposite forces that the running engine exerts on its foundation; 
and for these quantities, we introduce the simplified notations 

A = -2:A%, Y = -2)7., M, - -2:(7,.r ~ X,y). {a) 

To find these forces when the motion of the system is known, the prin¬ 
ciples of linear and angular momentum will be useful. In our further 
discussion, we shall adopt the following notations (see Fig. 99): 
r == length of crank, 

I = length of connecting rod, 
s = OG = distance to center of gravity of crank, 
c = AC I — distance to center of gravity of connecting rod, 
m = mass of crank and crankpin, 
m' = mass of connecting rod, 
m" == mass of piston, 

<t> = angle of rotation of crank, positive counterclockwise. 
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\p = angle of rotation of connecting rod, positive clockwise, 

X = distance OB. 

Other notations will be introduced as the need for them arises. 

As a preliminary step in this investigation, we shall find it convenient 
to replace the connecting rod by two equivalent masses 7ni and mo' al/ 
its ends A and B, respectively. The sum of tliese two masses must ecpial 
the known mass m' of the rod; be., 

Wi + Jth/ -- m', 

and their mass-c('nt(‘r must eoineid(‘ with that of the rod; be., 

mic = W‘/(/ “ c). 

From these two conditions, we find 

nil = m' ^ and m-/ ~ m' j. (h) 

To the mass vh/ at B, we now add the mass ni" of the piston and denote 
the total joint mass by Wo = m<z + m". Finally, we assume the mass m 
of the crank and crankpin to be concentrated at its center of gravity C. 
With these changes in the distribution of mass, we reduce the system of 
rigid bodies to a system of three mass particles m, mi, and ni^, concen¬ 
trated at Cy Ay and B, respectively. As far as the forces X and Y that 
the running engine transmits to its foundation are concerned, this 
fictitious system is dynaniically equivalent to tlie actual system, since 
the mass-center is th(^ same point in each case. 

We proceed now to determine the forces and Y. Noting that the 
velocities of points C, A, and B are r(j>, and x, respectively, and using 
the principle of linear momentum as represented by P](is. (77) page 107, 
we may write, with due regard to signs, 

X, = -X, 
d . V ^ 

— {ms^ cos (j) + mir4> cos </>) == ) IT = F, 

from which 

X = (ms + mir)(<j^\*os <#>+<? sin 0) — m 2 .f, 

Y = {ms + mi7'){^-^in 0 — <? cos </>). 

To represent Fqs. (95) in final form, we must express x in terms of the 
coordinate <t>. Referring to Fig. 99, we see that 

X = r cos (t> + I cos yp and r sin <^> = / sin \p. 

Hence _ 

X = r cos 0 + ^ \/l — sinV = ^ <t> + I ^1 “ ^2 



{ — ms(j) sin (p — mircj) sin </> + m 


.i) - y 
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Introducing the notation 

‘-r 

(c) 

the expression for x becomes 


X — r ^cos 0 + ^ a/ 1 — X‘’sin^0Y 

id) 


In practical applications, is usually a small quantity (I < X < 1/2.5); 
and with the use of the binomial theorem, the second term in the paren¬ 
theses of expression (d) can be expanded into a rapidly converging series 
and we obtain 

1 X X^ X^ \ 

+ cos 4> - 2 '8 ” To ~ ) 

Observing that 

sin“<^ = i(l — cos 20), 

sinV = -g^(3 — 4 cos 20 + cos 40), 

sin®0 = ^V(10 — 15 cos 20 + G cos 40 — cos 60), 

we finally obtain 

X = r(Ao + cos 0 + i.42C0s 20 — xV-44C0s 40 

4~ -ffV-^eCOs 60 — ' ' * )> (96) 

where 

Ao ~ 1/X —- i- X — ib\- X* — X^ — • • • . 

^2 = X + + x\^X^ + * • . 

^44 == + AX^ + • • ’ . 

Ae = rl^X^ + • • • . 

Substituting expression (96) for x into Eqs. (95), we obtain the follow¬ 
ing expressions for the forces that the running engine transmits to its 
foundation: 

X = {ms + mir)(02cos 0 + 0 sin 0) 

+ W2r<^2(cos 0 + A 2 COS 20 ~A4COs 40 + Aecos 60 — • • • ) 

+ m2r0(sin 0 + ■i.4 2sin 20 — iA4sin40 + -lAcsin 60 - • • • ), 

F = {ms + mir){<j>’^sm 0 — 0 cos 0). 





Table XTII* 


1 « [ - 
X r 

2.5 

3 

3.5 

4 

4.5 

5 

5.5 

6 

\ 

A^ 

A^ 

At 

0.4173 

0.01821 

0.0009 

1 

0.3431 

0.0101 

0.0003 

0.2918 

0.0062 

0.0001 

0.2540 

0.0041 

0.0001 

0.2250 

0.0028 

0.2020 

0.0021 

0.1833 

0.0015 

0.1678 

0.0012 


T,, taken from Biezeno and Grammel, “Technische Dynamik,” Springer, 1939. 

1 hi9 book contams a very complete discussion of engine balancing. 
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For various values of the ratio X, the values of the coefficients Ai as 
given by expressions (/) are shown in Table XIIL We sec that the terms 
in the series of Eqs. (97) are decreasing rapidly, especially for small values 
of X. Thus a satisfactory actuiracy can be obtained by keeping only a 
few terms of these series. 

In discussing engine balance, wo usually are most interested in the 
case where the engine runs with uniform angular velocity oj. For this 
condition, the terms in Eqs. (97) that contain </> vanish; and putting 
= w, we obtain 

X = + 7nir + 'm 2 r)cos 4> + nh>r{A2COf^2<p — d 4 COS 40 \ 

+ dgcos ()0 — • • • )]. > (98) 

Y = + 7r/ir)sin 0. j 

We observe now that an engine which does not transmit forc(;s X and Y 
to its foundation must satisfy two conditions, namely: 

ms + TTiir = 0 and ~ 0. {g) 


The first of these conditions is readily satisfied by introducing counter¬ 
weights on the crankshaft as shown 
in Fig. 100. The size of the (counter¬ 
weight must be such that the center 
of gravity of the total mass m of 
crank and counterweight together 
will be opposite the crankpin and 
at such a distance s from the axis of 
rotation that 



Fig. 100. 



(/O 


When this condition is satisfied, the mass-center of m and mi remains 



Fig. 101. 


stationary at 0; and from the second 
of Eqs. (98), we see that the trans¬ 
verse component Y of the disturbing 
force vanishes. 

To satisfy the second of condi¬ 
tions {g), the mass m<i must vanish. 
This will be possible only if the por¬ 
tion m. 2 ' contributed by the connect¬ 
ing rod is negative and equal to the 
mass m" of the piston. This can be 


accomplished by extending the connecting rod beyond the crankpin A 
so that the distance c will be negative as shown in Fig, 101. Using the 






When conditions (h) and (i) are satisfied simultaneously, the mass-center 
of m, m\ and m" remains stationary at 0 and the forces X and Y both 
vanish. Needless to say, the method of balancing indicated in Fig. 101 
is entirely impracticable, since it requires too great an extension of the 
connecting rod beyond the crankpin. More practicable methods of 
balancing will be considered at the end of this article. 

To complete our investigation of the imbalance in a one (*ylinder 
engine, we have to consider now the moment of the for(*es .Y and Y with 
respect to the 2 -axis. For this purpose, we need the general expression 
for the corresponding angular momentum of the system in Fig. 99. The 
piston mass m" moves along the x-axis; the moment of its momentum with 
respect to point 0 vanishes; and we do not need to consider it further. 
The angular momentum of the crank with respect to its axis of rotation is 

(j) 

where to is the radius of gyration with respect to the 2 -axis. In consider¬ 
ing the connecting rod, we recall that it was replaced by two mass particles 
at its ends A and B [see Eqs. (b)]. As far as translation of the (umnecting 
rod was concerned, these two mass particles were dynamically equivalent 
to the actual rod. To be dynamically equivalent in rotation, the two 
particles at the ends of the line AB must have the same moment of 
inertia as the actual rod about any axis normal to the plane of the figure. 
In general, the masses mi and m^ as defined by Eijs. (b) will not satisfy 
this requirement, and we have to assign to one of them, say the mass mi 
at A, a fictitious moment of inertia I such that, for total moment of 
inertia with respect to point jB, 

miB 4- / = Z' + m' (Z - c)^, 

where Z' is the moment of inertia of the actual connecting rod about its 
centroidal axis normal to the xi/-plane. From this condition and the 
first of Eqs. (6), defining the magnitude of mi, we find, for the required 
fictitious moment of inertia of the particle at A,* 

I = r - m'c(l - c), (k) 

Finally, since positive in Fig. 99 is measured clockwise while positive <t> 
is measured counterclockwise, the angular velocity of the connecting 
rod and, hence, also of the particle mi at A is — i/'. Thus the angular 

* This fictitious moment of inertia may be either positive or negative. 
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momentum of this particle with respect to the 2 -axis is 

mir-(i> — /^. (Z) 

The particle m 2 ' at B has no moment of inertia and moves along the 
.r-axis; thus its moment of momentum with resjiect to the 2 -axis vanishes 
along with that of the piston m". We conclude then that the total 
angular momentum of the systcun with respect to the 2 -axis will be 
obtained as the sum of expressions (;/) and (/). Equating the rate of 
change of this angulai momentum to the corresponding moment of all 
(external forces acting on the system, we olitain 


— 14 ^) ^ {Y^x — XeV) = —Mz, 

from which 

Mz = “(mto^ + nhr-)4> + 14. (fH)) 

To represent Eq. (99) in final form, we must express 4 in terms of 0 
and its derivatives. For this purpose, we use the relationship 


from which 


r sin <t> — I sin 


cos 4 ~ 


4' 


7 ’2 
/2 


sin20. 


Expanding this by the binomial theorem and using notation (c), we get 


X2 

cos 4 = ^ — ~2 sinV 




^,sinV- • • • 


Differentiating with respect to time and dividing by 

sin ^ = X sin 0 , 

we find 

4 = 40^ ('OS 4 + ^X''*sin 2 <^ 0 q. |X'^sin^(#) cos </>+**•)• 

Substituting for sin 20 , sin^<^, . . . their values from page 138 and using 
the formula 

cos 2 k 4 cos </> = ^c,ofy{ 2 k + 1)0 + icos( 2 A; — 1 ) 0 , 

we obtain 

4 — X0(Cjcos 0 — ^Cacos 30 + ^Cscos 50 — “b * ’ * )> (^) 


where 


Cl = 1 + iX2 + + • 

Cs = |X2 + ,VVX^ + • • • 
C5 = iVsX^ + • • ‘ . 


(n) 
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The numerical values of these coefficients for various values of X are 
given in Table XIV below. 


Table XIV 


1 _ / _ 

X r 

2.5 

3 

! 

i 3-5 

1 

4 

4.5 

5 

5.5 

6 

c, 

1.021 

1 .OH 

1.010 

1.008 

1.006 

1 .005 

1.004 

1.003 

c. 

0.006 

0.044 

0.032 

0.024 

0.019 

0.015 

0.013 j 

0.011 

Cb 

0.004 

0.002 

0.001 

I 

1 0.001 


[ 

1 



♦Taken from Biezeno and Gramtnel “Techni.sehe Dyiiaruik,” Springer, 1939. 


Differentiating expression (m) with respect to time, we obtain 

^ = —\<j)-{Cnsm (f) — Casin 34> + Cosin 5<t> -h • * ' ) 

+ X<^(CiCOs </> — -jCaCOs 3</> -f- :^Cr)COS 5<^ — 

Substituting this expression for in Eq. (99), we get finally 

Mz == —/X<^2(Cisin </) — Casin 30 + Tasin 50 — + • • • ) 

-(- /X0((7icos 0 — -jCaCOs 30 ~|- ^C.cos 50 — “h ’ ’ * ) 

— (rnl(r + m]r-')0. (100) 

We see that this moment vanishes for any configuration of the system in 
Fig. 99 only if 

7=0 and = 0. (o) 

These two conditions cannot be satisfied simultaneously. As may bo 
seen from expression (/v), the first requires that c < I, while the second 
can be satisfied only if imi < 0 which, as can be seen from the first of 
expressions (5), requires that c > I, Thus we can never entirely elimi¬ 
nate Mz by any kind of balancing. Practically, however, fluctuations 
in the angular velocity 0 of the engine are usually very small, so that the 
terms multiplied by 0 in Eq. (100) are only of se(H)ndary importance as 
compared with the terms multiplied by 0^. This is especially true for 
modern high-speed engines in which 0^ is always a large number, and we 
obtain a quiet-running engine by satisfying only the first of conditions 
(o). This, as we see from expression (A;), requires 

r = m'c{l — c) — 0. 

Denoting by ii the radius of gyration of the connecting rod correspond¬ 
ing to the moment of inertia this reduces to 

= c{l — c), 

which can be expressed in either of the following two forms: 


iy^ + C’’ 


ii^ + (/ - cY 
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These equations indicate that the connecting rod must be so propor¬ 
tioned that when suspended either from A or B, we obtain a physical 
pendulum of elTeciive It'iigth This recjiiirernent can easily be satis¬ 
fied by slight extensions beyond the crank and crusshcad bearings as 
shown in Fig. 102 . With this form of connecting rod, the 
principal part of the disturbing moment Mz will be 
eliminated. 

From all of the foregoing discussion, we conclude that 
a single-cylinder reciprocating engine cannot be perfectly 
balanced and that it always produces some action on its 
foundation. Assuming a uniform angular velocity and 
giving to the connecting rod a form satisfying Eqs. ( 7 ;), 
we eliminate the worst part of the unbalanced moment 
Mz. By proper counterweights on the crankshaft, we (^an 
also eliminate completely the transverse force Y [see last 
of Eqs. (98)]. The elimination of the longitudinal force 
X by extension of the connecting rod l.)eyond the crankpin as discussed 
on page 139 is impracticable, but this force can be eliminated in other 
ways. Assume that the first of conditions {g) is satisfied so that the trans¬ 
verse force Y vanishes. Then from the first of Eqs. (98), we obtain 

X = m2ajV[cos </) + (Anc, 0 ii 24 ) — d4COs4<^ + yleCOsCx^- [■•••)]• (v) 

From Table XTIT, we see that the (coefficients Ai in this expression are 
rapidly decreasing with increasing subscripts and only the first few terms 

meed be (considered. If, by some ar¬ 
rangement, we eliminate the term cos </>, 
we obtain balancing of the first order; 
if we eliminate also the term cos 20 , we 
obtain balancing of the second order, 
etc. 

Balancing of the first order can be 
accomplished by introducing additional 
rotating masses mo as shown in Fig. 
103. By a proper system of gears, these 
masses are connected Avith the crank¬ 
shaft O and have the same angular ve¬ 
locity cu that it has. The eccentricities 
of these masses make the angle tt with the crank so that Avhen the crank 
makes any angle 0 with the .r-axis, they make tlun'ewith the angles w — <t> 
and TT + 0, respectiv(4y. Thus the centrifugal forces mow^c of the masses 
mo have, in the direction of the :r-axis, the resultant 
* See the authors’ ''Engineering Meeluinies,” 2 (i ed., ]). 401, 
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mow^e[cos(7r — </>)+ cos(7r + <l>)] ~ — 2mow^e cos </>. (r) 

From Eq. (q)j it can now be seen that balancing of the first order will be 
attained if 


m 20 jh cos </) — 2moa)V cos <#> = 0, 

where m 2 = 'm 2 + The value of is given by the second of Eqs. 

(ft), and we obtain 


27noe 

r 


/ e I 

m + m , 




which defines the proper coimtermasses for first-order balancing. We 
note that these coimtermasses are so arranged that their transverse 
inertia forces are self-balancing. 

An arrangement similar to that in Fig. 103 can be used for balancing 
the forces of second order. In this case, we introduce such a system of 
gears that the angular velocities of the countermasses are equal to 
2oi. Then the resultant centrifugal force of tiiese masses in the j-direc- 
tion is 

4moa?V[cos(7r — 20) + cos(7r + 20)] — — SwocoV cos 20. 

Thus, from Eq. (g), we conclude that second-order balancing will be 
realized if 

??? 2 wVrt 2 Cos 20 — SwowV; cos 20 = 0, 
and the required countermasses are defined l)y the relation 

8 moC 4 f f c . ,A , . 

_— = (0 

Since, from Eqs. (/), Ao ~ X = r/l^ second-order balancing will recpiire 
comparatively small coimtermasses. 

Such arrangements as that illustrated in Fig. 103 are complicated, 
especially if we try to attain balancing of higher order than the first. 
A more satisfactory and efficient method of balancing is shown in Fig. 
104. Briefly, it consists of introducing, in the crankcase of the engine, 
two identical dummy cranks, rods, and pistons so arranged that they 
always set up disturbing forces equal and opposite to those set up by the 
master crank, rod, and piston. When the dummy cranks make the angle 
TT with the master crank, it is evident that the forces set up by the two 
dummy systems are always opposite to those set up by the master system. 
Regarding their magnitudes, we refer to Eqs. (98) together with expres¬ 
sions (6) and (/), from which we conclude that if the linear dimensions 
of the reciprocating .system in Fig. 99 are all decreased in a constant 
ratio a while the masses m, m', and m" are decreased in a constant ratio 
then the forces X and Y as defined by Eqs. (98) are decreased in the 
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ratio afi. Returning now to Fig. 104, let quantities with the zero sub¬ 
script refer to the dummy systems and those without subscript to the 
master system. Then if ro = ar, Sq = as, 

U — al, and Co = ac while mo = fim, 
nii) = /3m', and mo" = we conclude 
that the forces set up by the two dummy 
systems together will be 

Xo - -2a0X and 7o = -2^/37, 



where X and 7 are the forces set up by 
the master system. Making a/3 = we 
obtain perfect balance with regard to 
forces. Thus, for example, if each dummy 
system has masses equal to the corre¬ 
sponding masses of the master system but 
lengths only half as great, we have the 
desired result. 

It is left as an exercise for the student 
to show that in the case of the engine in 
Fig. 104, the above conditions do not re¬ 
sult in a vanishing moment ilf^. However, by using connecting rods like 
the one shown in Fig. 102 and heavy flywheels to ensure nearly constant 
angular velocity we obtain an almost perfectly balanced engine. 

PROBLEMS 

72. For the single-cylinder engine shown in Fig. 90, the following numerical data 
are given: m' — 3.69 lb., w" — 3.84 lb., r — 2.50 in., I — 11.00 in., c = 3.25 in. The 

crankshaft alone has already been ])alanc(id; i.e., 
s = 0. Calculate the maximum values of the 
periodic forces X and Y that the engine trans¬ 
mits to its foundation when running uniformly at 
500 r.p.m. 

Arts. Xmax = 153.8 lb.; F^nax = 46.3 lb. 

73. Referring to Fig. 105, what additional 
counterweights Wq with eccentricity e = 2 in. 
must be added to the crankshaft of the engine 
described in the preceding problem in order to 
eliminate the transverse force F? Ans. = 1.625 lb. 

74. Assuming that we also desire to attain first-order balancing with regard to 
X" of the engine described in Prob. 72 by using the scheme shown in Fig. 103, what 
additional rotating corni ter masses rao with eccentricity e = 2 in. will be required? 

Ans. gmQ = 9.20 lb. 

76. When suspended as a physical pendulum from the circumference of the wrist- 
pin bearing of diameter d = 0.875 in., the connecting rod of the engine described in 
Prob. 72 is observed to have a period r = 1.023 sec. Calculate the maximum value 
of the unbalanced moment M» when the engine runs at 500 r.p.m. 

Ans. {MAmmx =* 54.25 in.-lb. 
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18. Balancing of Multicylinder Reciprocating Engines. —The equa¬ 
tions developed in the preceding article for a single cylinder can be used 
in discussing'the balance of various multicylinder reciprocating engines. 
Very often, such engines consist of several identical parallel cylinders 

arranged in series in one plane and 
working on a common crankshaft. 
By a proper arrangement of these 
cylinders as to spacing and crank 
angles, it is often possible to attain a 
partial or even complete balancing of 
the engine at constant speed. 

Consider, first, the case of a two- 
(^ylinder engine with cranks 180 deg. 
apart as shown in Fig. 106. Assum¬ 
ing uniform angular velocity co and 
taking coordinate axes as shown, the 
forces and Y and the moment M, for cylinder 1 are obtained by using 
Eqs. (98) and (100). The corresponding forces for cylinder 2 arc obtained 
by substituting in the same equations </> + tt for </>. Thus, for both cyl¬ 
inders together, we obtain 

A"” = 2 a;Vi 2 r(A 2 Cos 2(j> — A 4 COS 44> + Accos 60 -h • * ’ 

Y = 0, M, = 0. (101) 

We see that with such an arrangement, the transverse force Y and the 
moment Mg are automatically eliminated. Also the longitudinal force 
X of the first order is balanced and only those of higher order remain. 

As long as we had a single-cylinder engine, all forces were in one plane 
and were completely defined by the components A", F, and M^. Now, 
with two cylinders, the forces are no longer in one plane, and we must 
consider also their moments Mx and My with respect to the .x- and y-axes. 
Denoting the cylinder spacing by a and using Eqs. (98), we find 

Mx = + 7?iir)sin 0 + (ms + mir)sin(0 + tt )] \ 

= —o3'^a(ms + mir)sin 0, | 

My = \o)'^a[(ms + mir + W2r)cos 0 + m2r(A2Cos20 — A4COS40 / 

+ Aecos 60-h • ' • ) ““ (^^ + Wir + m2r)cos(0 + tt) \ (102) 

— 'm2r[A2Cos 2(0 + tt) A4C0S 4(0 + tt) ( 

+ Aecos 6(0 + tt) — + * ‘ * ]} I 

= + co“a(?ns + miT + m2r)cos 0. / 

We note that all terms of higher order in these expressions vanish, leaving 
only unbalanced moments of the first order. These moments disappear 
completely only if conditions (g), page 139, are fulfilled. The first of 
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these conditions is usually satisfied without much difficulty by over¬ 
balancing the crankshaft as already discussed, but the second condition is 
hard to fulfill, and the moments Mx and My usually will remain incom¬ 
pletely balanced. 

A complete balancing of the moments Mx and My can be aca^omplished 
by introducing additional rotating 
masses arranged as shown in Fig. 

107. Two pairs of such masses lo¬ 
cated symmetrically with respect to 
the x 2 ;-plane and rotating with the 
angular velocity w of the engine 
produce a couple the moment of 
which with respect to the y-axis is 

— 2moc2^aj^cos <f). 

Assuming that the moment Mx has 
already been balanced by satisfying the first of conditions (g), page 139, 
we see now that the remainder of My will be balanced by selecting the 
masses mo so that 


X 



-2'moc26co^cos <l> + co^am^r cos <t> = 0, 



from which 


ar 

mo = m2, 


(a) 


where m 2 = m 2 ' + m" (see page 137). 

We consider next the case of a three- 
cylinder engine Avith the crank arrange¬ 
ment shown in Fig. 108. Selecting 
coordinate axes as shown, we use, for the 
middle crank 1, Eqs. (98) and (100) as 
before. For the cranks 2 and 3, we substitute for </> in these same equa¬ 
tions the values 0 + 120 deg. and (p + 240 deg., respectively. Then 
superimposing the forces for all three cylinders and confining our attention 
to a uniform engine speed, we obtain 


X — 3m2coV(A6Cos Qcp — Aiocos 12<#) + • • • ), 

F =0, 

Mx = — o)'^a(ms + mir)cos <#>, 

My = — y/S w^a[(ms -f mir + m^r)sin (p — m2r(A2sin 2<p 

-f A4sin 4<p — Agsin 8(/> — Aiosin 10<p +*'*)]> 
Mg = 3a>2/X(C8sin 3<^> — Cgsin 9<^ + Cusin 15<p -h * * * )• 


(103) 
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It will be seen that for this arrangement, the transverse force Y vanishes 
completely while the longitiulinal force up to the sixth order is also 
balanced. The moment Mz can always be balanced by making / = 0 

(see page 142). Thus only the mo¬ 
ments Mx and My will give any 
trouble, and a partial balancing of 
these can always be arrang(Kl as in the 
case of the two-cylinder tmgine dis¬ 
cussed abov^e (see Fig. 107). 

In discussing the balan(‘e of a four- 
cylinder engine with uniform cylinder 
spacing a and constant angular veloc¬ 
ity o), we consider three possible crank 
arrangements as sliown in Fig. 109. 
In each cas(^, the cranks are numbered 
in the order in whi(‘h they follow 
each other t)0 deg. apart. Using 
E(is. (98) and (100) and substituting 
for </>: (/), </) + tK) deg., (/> + 180 deg., 
and <#) + 270 deg., for cranks 1, 2, 3, 
and 4, resp(‘ctively, we obtain, after summation, 

X = —4ra‘2co‘^r(yt 4 COS 40 -f- yl^cos 80 -f ■ ‘ 1 

- 0, (104) 

Mz = 0. j 

We see that in each case, the transverse force Y and the moment M. are 
completely balanced while the longitudinal force A" is balanced up to 
the fourth order. 

The expressions for the moments and My will l:>e different for each 
of the arrangements in Fig. 109 and can be presented as follows: For 
case (a), 

Mx = — \/8 cjo'^a{ms + Wir)sin(0 + 45°), 

My = + -v/S co2a(m,s + m \r + m2r)cos(0 + 45°) 

-h 27?i2co“ra(.t4ocos 20 -j- .<4(j('osO0 

For case (5), with (3 = tan-^i) = 18.4 deg. 

Mx — — \/l0a;“a(ms + mir)sin(0 + d), 

My — + c*)^a{ms + mir + ?n2r)cos(0 + fi). 

For case (c), 

Mx = — \/2 o^^a(ms -f mir)sin(0 + 45°), 

My == T* \/2 o)‘^a(ms + ?/?ir + m2r)cos(0 + 45°) 

+ 4771*20)Va(yl^cos 20 + ylecos 60 + • • • ) 


j (104a) 

j (1046) 

I (104c) 
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We see that regarding moments 71/^ and My of the first order, the arrange¬ 
ment in Fig. 109c is the most favorable. Sometimes, however, the arrange¬ 
ment in Fig. 1096 is preferred, since it contains only first-order moments 
which can be completely balanced by making ms + vi]r = 0 and then 
introducing rotating mass(;s mo as shown in Fig. 107. 

In dealing with multicylinder engines, a grapliical method of repre¬ 
sentation of the forces and moments for individual (‘ylinders is sometimes 



used. For this purpose we introduce unit vectors c/, . . . with 

angles of rotation 02 , . . . to represcmt forces of the first order; 
likewise, unit vectors Ci", C 2 ", . . . with angles of rotation 20i, 202 , . . . 
to represent forces of the second order; etc. Then the geometric sums 
of these vectors, multiplied by proper factors, give the combined effect 
of all cylinders. Consider, for example, the longitudinal force X of a 
four-cylinder engine (Fig. 109a). The force produced by the first cydinder 
is given by the first of Eqs. (98). Using the above vector notations, the 
result of summation of the actions of all four cylinders will be 

X — w^[(ms -f mir + + W2r(A2wxCi" — 

+ —+*•*)]) 

where the summation signs are understood to indicate the :r-projections 
of the geometric sums of the unit vectors. The vectors e.i of the first 
order are shown in Fig. 1 lOa, and we see, as already noted in Eqs. (104), 
that the forces of the first order are balanced. The same conclusion 
can be made regarding forces of the secrond and third orders so shown in 
Fig. 1106 and 110c. But the forces of the fourth order are unbalanced 
as can be seen from Fig. llOd. The sum of their projections on the 
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j*-axis is given by the first term of the series ( 104 ). A similar method of 
eoristruction can be developed for the graphical summation of moments 
Mxy and My, it being necessary only to multiply each unit vector by its 

distance from the origin of coordinates. 

We shall now discuss briefly the case 
of a V-type engine in which the axes 
of the cylinders are not parallel. We 
begin with two identical coplaner cyl¬ 
inders having between their axes the 
angle 7 and operating from a common 
crank OA as shown in Fig. 111. Con¬ 
fining our attention to uniform angular 
velocity w of the crank, we can find the 
longitudinal and transverse forces for 
each cylinder by using Eqs. ( 98 ). It 
is only necessary to use in these expres¬ 
sions m /2 instead of m, since the crank 
mass must be equally divided between the two cylinders. To represent 
the combined action of the two cylinders, we choose, in their common 
plane, the coordinate axes x and y as shown, the x-axis bisecting the angle 
7. Then the components of the resultant force are 



X = (Xi + X,)cos^ - (Fx - y,)sin|, 
Y = (A'x - X2)sin I + (Fi + F2)(;os 


The values of Xi, Yi and X2, are found from Eqs. ( 98 ) by substituting 
<t>i = 4 > — (7/2) and 02 = </> + (7/2), and we obtain 


X == I [ms + 2 mir + m2r(l + cos7)]cos <t> 

+ 2m2r cos ^ (A2C0S 7 cos 20 — A4COS 27 cos 40 + • • • ) 
Y = co^ |[m.6* + 2 miV + m,2r(l — cos 7)]sin 0 
+ 2m2r sin - (yl2sin 7 sin 20 — i44sin 27 sin 40 +• * * ) 


( 105 ) 


Using Eq. ( 100 ) in the same way and neglecting terms containing 0, we 
have for the combined moment about the 2-axis, 


Mx = 


- 2 a) 2 /X ^Cicos ^ sin 0 — C 3 COS ^ sin 30 + 



(106) 
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As would be expected, the moment Mz can be made to vanish if the con¬ 
necting rods are of the form shown in Fig. 102 so that 7 = 0. 

Regarding the longitudinal and transverse forces X and F, as defined 
by expressions (105), we see that in gc^rieral, they are unbalanced. The 
terms representing the most important forces of the first order can be 
made to vanish if we have 

ms + 2m,ir + m 2 r(l -r cos 7 ) == 0 , 
ms + 2 mir + m 2 r(l — cos 7 ) = 0 , 

which requires that 

ms + 2m iT + miT == 0 , 
cos 7 = 0 , 

The first of these reciuiremonts (‘an be satisfied by counterbalancing the 
crankshaft, and tlie sen^ond by making 7 — 90 deg. It will be seen that 


y 

Fio . 112 . 

when these conditions are satisfied, some of the forces of higher order in 
expressions (105) will also vanish. 

For the two-cylinder engine in Fig. 112 where 7 = 180 deg., Ecis. (105) 
and (106) above reduce to 

X — co^(ms + 2 mir)cos <t>, \ 

Y = <jj^(ms + 2mir + 2 m 2 r)sin 0 , \ (107) 

M. = 0. j 

The moments Mz and all forceps of higher order than the first are balanced, 
only forces of the first order remaining. By counterbalancing the crank¬ 
shaft, either the force X or the force Y can be balanced, but not both. 
If X is eliminated by making ms + 2 wir == 0 , the remaining part of Y 
can be balanced by using additional rotating masses mo as shown in 
Fig, 103, and the system is completely balanced. 

If several identical cylinders with equal angles 7 between their axes 
are arranged radially around a single crankshaft like the two in Fig. Ill, 
it can be shown that to balance the forces of the first order in such case, 
we have, instead of Eqs. (b), the following conditions to fulfill. 

71V 

ms + ( 2 mi + W2) = 0, 

360 ^^ 

7 = —^ 
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where n is the number of (cylinders. The first of these conditions can 
always be satisfied by a proper counterbalancing of the crank so that s is 
negative, which may, of course, require rather heavy counterweights. 
The second condition is always easy to fulfill. It may be noted, for 
example, that the system in Fig. 112 satisfies this condition for the 
particular case where n = 2 . 

If conditions (c) are satisfied and the number of cylinders n is even, 
the forces of higher order will also be balanced. If n is an odd number, 
the forces are balanced up to the order /? — 1 . The moments Mz can 

always l)e l)aIanc(Ml by making 7 — 0 
(see pag(i 142). Assuming tliat forces 
of the sixth and higher ordei’ an* lu'g- 
ligible, it (^aii b(' stated that for such 
radial engiiK's with six or more (cylin¬ 
ders, we can always attain good 
balance. 

In practical applications, it is usu¬ 
ally impossibh' tf> attach all the con- 
iKMcting rods to the same (crankpin, and 
the arrangement shown in Fig. 113 is 
used. One connecting rod, called the 
master rod, is att ached to the crankpin, 
and the others arc attached to it. Our proceeding discussion applies to 
this case as a good first approximation. An accurate calculation of the 
unbalanced forces requires a more complicated analysis.^ 

PROBLEMS 

76. Show that at constant spc<*d, a four-cylindor engine with the crankshaft 
arrangoinent shown in Fig. 114 will be balanced as Regards both first-order forces 
X and Y and first-order moments M^ and My. 


z — 

Fkj. 114. 

77. Using such vector diagrams as those shown in Fig. 110, show that a six- 
cylinder engine with cranks arranged in the sueef;ssive angular positions 0, 120, 240, 
240, 120, 0 deg. is completely balanced at constant sptjed up to the sixth orcier as 
regards both the forces X and Y and their moments Mx. and My, See Fig. 108 for 
one-half of the crankshaft. 

78. Investigate the state of balance, at constant speed, of a straight-eight engine 
with cranks arranged in the succHissive angular positions 0, 180, 90, 270, 270, 90, 180, 
0 deg. See Fig. 109c for one-half of the crankshaft. 

1 See paper by P. Riekert, Ing. Arch., vol. I, pp. 16, 245, 1930. 
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79. Show that at uniform spood, any straight engine with ii identical parallel 
cylinders in the a^^-plane and uniform angular spacing 360/n deg of the cranks is 
balanced at least up to the ??.th order as regards forces X and Y and their moments Mz. 

80. Assuming that conditions (6), p. 151, are satisfied for each pair of cylinders 
of a V-8 engine having the crankshaft shown in Fig. 1096, investigate its state of 
balance, at constant speed, as regards moments Ms and My. 

19. Kinetic Energy and Work. —The notions of momentum and 
impulse used throughout llie preceding articles have been found very 
helpful in discussing the dynamics of various systems of particles. We 
turn our atiention now to tlie equally y 

important notions of kinetic energy 
and work. In discussing these con¬ 
cepts, we begin with a single particle of 
mass m moving with velocity v under 
the action of a resultant force F (Fig. 

115). The scalar cjuantity 

= ^7n{xr + -f- (a) 

where y, z are the projections of th(> z 
velocity vcictor is called the kinetic 
energy of the particle.’ Now let the particle mov(^ a small distance ds 
along its path. Then the loork done by the resultant force F is 

F cos (F,v)dfi = X dx + Y dij + Z dz, (b) 

where dy, dz ai’e the projections of the displacement ds and {F, v) is 
the angle that F makes with the direction of motion. Using the equations 
of motion 

inx — X, my = F, 7nz ~ Z, 
we can readily establish the i-elationship- 

d{i?nv-) = F eoi^{F,v)ds. (c) 

This equation states tliat during motion of tlie particle, the change in 
kinetic energy from one position to an adjacent position is equal to the 
work of the resultant force on that displacement. 

In the case of a system of particles, we distinguish between external 
forces Fe and internal forces Fi acting on any particle. Thus for one 
particle of a system, we write 

d(imv-) = Fecos {FrjV)ds + FiCos{Fi,v)ds. (d) 

^ Prior to 1829, the quantity 7nv’^, called vis viva, was used. Coriolis w^as the first 
to suggest that had a greater physical significance^ and that it ])C called vis-viva, 
but gradually the term kinetic energy has found greater favor. See G. Coriolis, 
“Calcul de Teffet do machines,” Paris, 1829, 

2 See the authors’ '‘Engineering Meclianif.s,” 2d cd., p. 371. 
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Such an equation can be written for each particle of the system. Sum¬ 
ming up these equations, we obtain 




mv 


^ Fe(io^{Fe,v)ds + ^ FiCOs{Fi,v)ds. (e) 


This equation states that the change in kineti(i energy of the entire 
system, during a slight change in configuration, is equal to the corre¬ 
sponding work of all external and internal forces together. It must be 
noted that in general, the work of intei*nal fon^es does not vanish, since 
the work of tAvo equal and opposite fon^es is not zero unless the mutual 
distance of their points of application remains unchanged. 

In our further discussion, we introduce the symbol 7^ for the total 
kinetic energy of the system. hk|uation (c) then becomes 


dT 


^FeCos{Fe,v)ds + '^Fi(:.os(Fi,v)ds. 


(108) 


If the particles are all rigidly connected between themselves, as in the 
case of a rigid body, the work of internal forces vanishes and we have 

dT = llFeCo^{FeyV)ds. (109) 

This equation holds also if the system consists of several rigid bodies 
connected between themselves and their foundation by frictionless hinges, 
guides, or other ideal constraints; for in such case, the reactions of such 
constraints do not produce work during motion of the system.^ As an 
example of this type of system, we mention here the case of a rigid body 
that slides along a smooth surface. The reactive force is normal to the 
direction of motion and does not produce work. Another example arises 
in the case of a cylinder that rolls, without sliding, along a rough plane. 
In this case, there is a friction force at the point of contact; but since 
there is no slipping, it does not produce Avork and Eq. (109) can be used. 

Consider now the case of finite displacement of a system of particles 
from a configuration A to any other configuration B. Subdividing such 
displacement into infinitesimal steps and applying Eq. (108) to each step, 
we obtain, after summation, 

FeCOS(FeyV)d8 + ii: FiGos(Fi,v)ds. ( 110 ) 

This is the general energy equation for any system of particles. The left- 
hand side represents the total change in the kinetic energy of the system 
between the two configurations A and B; the right-hand side represents 
the corresponding work of all acting forces, both external and internal. 

^ Such ideal systems will be discussed in more detail in Chap. III. 
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If the system is such that the work of internal forces vanishes, the energy 
equation reduces to 

Tb - Ffios{F,,v)ds. (Ill) 

As a first application of the energy equation, let us consider the motion 
of a perfectly flexible but inextensible uniform chain along a given smooth 
curve under the influence of gravity (Fig. 110). The length of chain we 
denote by 2Z, the weight per unit length by te, and the displacement of its 
mid-point G by .s. All particles evidently have the same velocity r, 
and hence the total kinetic energy of the system 
is wlv'^/g. In calculating the work of forces act¬ 
ing on each link, we do not need to consider 
internal forces, since we assumed an inextensible 
chain. Likewise, the reactive forces exerted by 
the smooth surface are normal to the direction of 
motion at each point, and their work is zero. 

There remains to be considered, then, only the 
work of the gravity forces. Corresponding to an 
infinitesimal positive displacement ds as shown in 
the figure, this work is evidently e(iual to the work done in moving the 
element aai, of weight w dSy up to the position bbi. Assuming that 

2 = /(-^O (/) 

is the equation of the curve, the required work is 
-tvds[f{s + l) - l)i 

and Eq. (109) gives 

d = -w ds[f{s + 1)- fis - 1)]. (g) 

For a finite displacement of the chain from any position A on the smooth 
curve to another position B, the total change in kinetic energy is obtained 
by integration of Eq. (^), which gives 

- (vb^ - = -w r Uis + 0 - /(« - l)]ds. (h) 

Q J A 

From this equation, the velocity of the chain in any position B can be 
found if its initial velocity in position A is given and the equation of the 
smooth curve is known. 

Assume, for example, that the curve is a helice defined by the equation 

z = as. 


z 



Fig. 116. 
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Then Eq. (g) becomes 

~ (is 

or 


V dv = — ag ds. 

Dividing this by df and observing that ds/dt ~ v, we obtain 

dv 


This equation is independent of /, and the c'hain moves like a particle 
sliding along a smooth inclined plane. 

If the smooth curve in Fig. 116 is a cycloid defined by the equation 


Eq. {g) becomes 


from which 


.v** 



dv _ (Ds _ _ gs 

Tt ~ dD ~ t'R 


O ^ W'e see that in this case, the chain will perform 

simple harmonic motion having the period 

. - 2 ' Vf • 

As another example, let us consider the 
motion of two identical particles of mass m 
joined by a rigid but weightless bar AB of 
y length 21 (Fig. 117). The particle A is con- 

strained to move along the horizontal a:-axis, 
while the particle B moves along the vertical ?/-axis. The configura¬ 
tion of the system is defined by the angle 6 as shown. In such case, the 
displacements of A and B, respectively, are 



Xa = 21 sin dj yb = 21 cos B, 
The kinetic energy of the system is 


I 


d) 


Since the bar AB is assumed to be absolutely rigid, the work of internal 
forces is zero. Assuming that the x- and ?/-axes act as frictionless guides, 
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the work of reactive forces also vanishes. Hence, we have to consider 
only the work of the vertical pjravity force mg acting on the partical 5, 
and Eq. (109) becomes 

d{2Pmd^) = mg (/yt, = —mg2l sin d dd. (j) 

After differentiation, this bc^comes 


which has the form of the ecjniition of motion of a mathemntical pendulum 
of length 1. 

In (calculating the kinetic <m(‘rgy ol’ a systcnn of particles, it is some¬ 
times advantageous to resolve^ tlie Acdocity of each particle into two 
(components: (1) the V(clocity of translation with the mass-cent(cr of tlie 
system and (2) the velocity of nclatix e motion with respe(‘t to the mass- 
center. With referenc(‘ to fix(Hl orthogonal axes x,y,Zy we (lefin(' the 
coordinate of the mass-center C of a given system of particles by the 
eejuations (see page 107) 


Xc = 



Vc 




(k) 


Taking the mass-center C as the origin of moving coordinate axes f 
parallel, respectively, to the absolute coordinates of any particle 

of the system will be 

X = Xc + y = Vc + V, z = Zc + 

and the projections of its velocity will be 

i + I, y == Vc + Vy z = Zc + t 

Substituting these velocity components into expression (a) for kinetic 
energy and summing up for all particles of the system, we obtain 

T = + Zc") + + y" + f") 

+ '^7n{x^ + ijcrj + icf)* (0 

From the definition of mass-center, it follows that 

= Zmrj = = 0, 

= ^mij = wmf = 0. 

Hence the last term in expression (/) vanishes; and with the notations 

Vc‘^ == Xc‘^ + 2/c^ + Zc^y M = Sm, 

T = Wvc^ + i2m(|2 + ^2 + 


we obtain 


( 112 ) 
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From this expression, we see that the total kinetic energy of a system of 
particles can be considered as consisting of two parts: (1) the kinetic 
energy of translation, calculated as if the total mass M were concentrated 
at the mass-center and moving with the velocity of that point, and (2) 
the kinetic energy of relative motion, calculated as if the axes t;, f were 
fixed. 

In the particular case of plane motion of a rigid body (Fig. 118 ), the 
only possibility of relative motion with respect to the moving 97-, 

f-axes through the center of gravity 
C of the body is rotation around 
the f-axis. In such case, the mo¬ 
tion of the system is completely de¬ 
fined by the vehx^ity Vc of the center 
of gravity (7, and tlie angular veloc¬ 
ity w and expression (112) for the 
total kinetic energy can be written 
in a simpler form. The two com¬ 
ponents of velocity for any particle 
of mass m at the distance p from the 
f-axis are Vc and pw as shown, and the expression for total kinetic energy 
becomes 



T 








= + (m) 


where h == 2p^m is the moment of inertia of the body with respect to 
the f-axis. Denoting by ic, the radius of gyration of the body with 
respect to the centroidal f-axis, expression (m) can be put in the more 
convenient form 

T = iM{Vc^ + icW). ( 113 ) 

In the general case of motion of a rigid body, we consider the motion 
at any instant as a combination of translation with velocity Vc and rota¬ 
tion with angular velocity w about an instantaneous axis through the 
center of gravity C, Then the total kinetic energy is 

T = + i/coS (n) 

where I is the moment of inertia with respect to the instantaneous axis of 
rotation through C, During motion, the orientation of this axis is 
changing, and the angular velocity w must be resolved into components 
u)i, W2, and cos, corresponding to the three principal central axes of the 
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body. In such case, coi/w, ws/w represent the cosines of the angles 
that the instantaneous axis makes with the principal axes of the body, 
and we have^ 




Substituting this into expression (n), we have 

T = + 4(/iCUi2 + /2C02^ + 730^3^). (114) 

To show the application of this expression, let us consider the kinetic 
energy of a circular disk of radius a that z 

rolls, without slipping, along a horizontal 
circular track of radius b (Fig. 119). 

The velocity of the center of gravity C we 
denote by Vc^ Then, without slip, the 
components of the angular velocity of the 
disk with respect to its principal axes 
are 

iOi — —; 0)2 — ~r^ CO 3 — U, 

a 0 

as shown in the figure. Assuming a thin 
disk, the corresponding moments of inertia are 

/i = I2 = iMa\ I, - iMa\ 

and Eq. (114) gives 



Having the kinetic energy of a system of particles as represented by 
Eq. (112), we proceed now to derive the energy equation for relative 
motion of a system of particles with respect to their mass-center. Using 
previous notations and considering a small change in configuration of the 
system, the displacement of any particle will be 

dx = dxc + rff, dy = dye + dr], dz = dZe + 

Substituting these expressions into Eq. (108) and using expression (6) 
for work, we obtain 

dT = ^{XedXc + Y4yc + Zedze) + S(X,d^ + + Zedt) 

+ XiXidXe + Yidyc + Zidze) + ^{Xid^ + Yidri + Zidf). (0) 

To simplify this equation, we observe that the quantities dxcj dpe, dZe are 
1 Ihid., p. 513. 
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SX, = - 0, 

since the internal forces appear as pairs of equal and opposite forces. 
Thus the third term on the right-hand side of Eq. (o) vanishes. Observ¬ 
ing further that the mass-center of the system moves as a particle of mass 
M = Sm to which a force cqixiil to the geometric sum of all external 
forces acting on the system is aj)plied, we conclude that 

(I ~ “h 1 fd//,. + ZffiZc). 

Using this result in place of the first form on the right-hand side of Eq. 
(o) and substituting for T its expression (112), we obtain 

dfi+ r + f*')] - + Y/iv + 

+ :s(AV?+ Yidrj + (115) 

This shows that the energy equation appli(‘S also to tlie relative motion of 
a system of particles with respect to (‘oonlinate axes tj, f of invariable 
direction and origin C moving with the mass-center of the system. That 
is, the change in kinetic energy of relative motion alone is ecpial to the 
work of all acting forces on the corresponding relative displacements 
only. Applying Eq. (115) to our solar system, we conclude that changes 
in the relative motions of sun and planets which we are able to observe 
are entirely independent of how the mass-center of the system as a whole 
may be moving through space. 

Like the momentum principles, the energy equation also finds a 
wide application in the ficdd of hydrodynamics. As an example, let us 
consider the steady motion of an incompressible frictionless fluid. In 
such case, we do not try to retain the identity of individual fluid particles 
but visualize the motion in terms of a system of strcamlmes, tangents to 
which give the directions of velocity at all points in the field. Drawing 
such streamlines through all points of any small closed curve in the fluid 
field, we obtain a stream, tube. In the case of steady flow, the streamlines 
are invariable with time and the fluid that moves through the chosen 
stream tube behaves exactly as if the tube were real. Referring to Fig. 
120, let AB represent an arbitrary portion of such a tube. In our 
further discussion, we confine our attention to the system of fluid par¬ 
ticles initially contained between the cross sections A and B of this tube. 
After a lapse of time dt^ the same fluid mass will occupy the volume A iBi. 
The external forces acting on this system of particles are its own weight 
and the pressure forces distributed over its surface. In calculating the 
work of these forces on the indicated infinitesimal displacement, we begin 
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with the work of gravity forces and observe that this will be represented 
by the work done in moving the flnid AA i at the elevation ;?! down to BBi 
at the elevation Denoting by Q the volume of fluid passing any 
given cross section in unit time, by a\ and the cross-sectional area and 



velocity at A, and by 02 and the same (|uantities at B, we have, for 
the shaded volumes, 

aiVidt = a^thdl = Q df. 

Multiplying by w, the specific w'oight of the fluid, wo. ol)tain the weight of 
fluid AAi or BBi. When the fluid moves from configuration AS to 
configuration AiBi^ the total w^ork of gravity forces is then 

Qw dt{zi — Zt). 

In calculating the work of pressure forces during motion from AB to 
AiBi, we denote by pi and po the pressures at cross sections A and B, 
respectively. Then the Avorks of these pressures forces arc, respectively, 

'p^aiv^dt — piQdl and —p-iCOiV^dt — ■—p2Qdt. 

The pressures on the lateral surface of the tube are all normal to the direc¬ 
tion of motion, and their work is zero. Thus the total work of external 
forces acting on the considered system of particles is 

Qw(zi — Z2)dt + Q(pi — p2)dL (p) 

Since we are dealing with an incompressible fluid, the distances between 
particles of which do not change, the work of internal forces vanishes. 

In calculating the change in kinetic energy of our system of particles, 
we observe that during the assumed displacement, the velocities of 
particles within the region AiB do not change. Hence we will obtain 
the total change in kinetic energy simply as the difference between the 
energies of the two shaded elements in the figure. Thus 



162 


ADVANCED DYNAMICS 


[Chap. II 


Equating expressions (p) and (g), we obtain the energy equation 

— = Qw{zi — Z 2 )dt + Qpidt — Qp 2 dt, 

g A g 2 

which is readily reduced to^ 


Vi 


TT —h ^ + 2:1 = ™—h ^ + 2:2. 
2g w 2g w 


V2- 


P2 


( 116 ) 


In using this equation, we must remember that it applies only to the 
special case of steady flow of an ideal incompressible fluid. 

Since the cross sections A and B of the stream tube in Fig. 120 were 
chosen arbitrarily, we conclude, in general, that for any cross section, 
the velocity v, the pressure p, and the elevation z must be so related as to 
satisfy the equation 

— + — + 2 = const. (117) 

2g w 

This is a statement of the law of conservation of energy as it applies to 
the steady flow of an ideal incompressible fluid, for the sum of the three 

terms can be shown to represent the total 
energy per unit weight of the flowing 
fluid.* To show this, we start with 1 lb. 
of fluid at rest on the datum plane and 
iberefore having zero energy. First, we 
raise it up to the elevation z, which evi¬ 
dently requires the work 1 ■ z. Next, we 
^ j y ^ must force it into the stream tube against 

/////..; y/?//y/V/////// pressure p, and the work required to 

do this is the product of the pressure p 
and the volume (1/ic) of the 1 lb. of fluid, f.c., p(l/ic). Finally, to bring 
it from rest up to the velocity v requires the work {\/g) V2), and we have 
total energy acquired equal to total work done equal to 



2 : -f ^ ^ = const. 

w 2g 

As an application of Bernoulli’s equation (116), let us consider 
efflux of water from a vessel in the side of which is a small opening B 
(Fig. 121). If we trace back the streamlines from B, we find that they 
lead to the free surface A. Assuming that the water surface at A is large 
compared with the opening at B, we can neglect at A in comparison 

^ This is the celebrated Bernoulli theorem, after Daniel Bernoulli, 1738. 

* If we multiply each term in Eq. (116) by the gravitational constant we 

obtain total energy per unit mass of fluid. 
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with at 
(116) becomes 


from which ^ 


Also, Pa iiiid pB are both atmospheric pressures, and Eq. 

Zj - =- h > 

Ml 

V = ■\/2gh. (r) 


We see that the velocity of a particle of water in the frcn^ jet at B is the 
same as if the particle had fallen freely 
through the height h. 

As another example, consider the pres¬ 
sure that a uniformly flowing stream exerts 
on the nose of an obstruction (Fig. 122). 

The fluid will be dammed up immediately 
in front of the obstacle, and at point A, 
called the stagnation pointy it comes completely to rest. Denoting the 
pressure here by ps and that at the same depth in the undisturbed stream 
by po, Eq. (116) gives 



from which 


, 7>o 


Vs 

—; 

W 


, wv' 
Ps = po + 2~* 




We see that the total pressure at A consists of two parts: (1) the static 
pressure po and (2) the dynamic pressure wv'^/2g. These (‘onc(‘pts an^ 
widely used in aerodynamical studies. 


PROBLEMS 

81. A uniform flexible chain of length I and weight wl rests on a smooth horizontal 
table with an initial overhang Xq (Fig. 123). Using the energy equat ion, derive the 
general expression for its velocity after release. yl?es. v = \^{g/l){x‘^ — xA)- 



82. A perfectly smooth tube in the form of a quarter circle of radius r contains a 
chain of length I = 7rr/2 and weight Wirrl^ and stands in a vertical plane as shown in 
Fig. 124. If the chain is released from rest inside the tube and slides out along a 
smooth horizontal plane, find its velocity v for any position as defined by the angle 

Ans. V ^ 2 \^igrfTr)(e + cos 0 — 1). 

^ Equation (r) represents the so-called Torricelli theorem. 
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83. A jjprfoctly smooth somioircular tubt* of radius r standing: in a vcrtiral plane 
contains a chain of length tt/* and \v(ught wwr as shown in Fig. 125. Due to a slight 
disturbance, the chain b(^gins to slide out of the open end 
of the tube as shown. Find the v(‘locity v of th(‘ chain for 
any value of d. 

.1//.S-. V — \-^(qr/Tr)(2 — 2 cos 6 + (9^). 




FlO. 125 . Km;. 120. 

84. ('alculate the kinetics energy of the vibrating bcaim in Fig. 12() if the vertical 
velocity at any cross s(‘ctiou is P(,sin(7ra;//) and the weight of the beam is id. 

A'a.s. T = {wl/Ag)v»\ 

86 . A right circular cylindrical roller of radius r and w(;ight IF rolls, without slip¬ 
ping, in a cylindrical seat of radius li (Fig. 127). The ax(‘s of tlu' two cylinders an? 
parallel and horizontal, and the motion is completcdy dehiu'd by th<‘ angular vadocaty ^ 
of the line DC. Find the total kinetic energy of th(‘ roller. 

T ^ J (W/g){'R — r)-4>'K 





Fig. 127. Im. 12S. 


86 . A hollow right circnilar shell of radius R and weight W rotat(\s about its hori¬ 
zontal geometric axis GO with angular velocity 6. Inside this sh(‘ll is a solid right 
circular cylinder of radius r and weight w as shown in Fig. 128. The position of the 
cylinder inside th(? shell is defined by the angle </> as shown. Write the gen(?ral expres¬ 
sion for the kinetic energy of the system if there is no slip. 

Ans. T = > ? 1? (R - ^ R(R - r)^6. 

Zg 4 Sf ' 2g ^ 



87. A homogeneous right circular cone 
of weight IF, slant height /, and vertex 
angle 2a. rolls, without slipping, on a rough 
horizontal plane as shown in Fig. 129. 
Its motion is completely defined by the 
angular velocity d around the vertical 2 :-axis 
through the vertex O. Develop the general 
expression for the total kinetic energy of 
the cone. 

Ans. T — Jo {W/g) /^cos2a(3 cosV 
-h I sin^a)^^. 


88 . The governor shown in Fig. 130 consists of two flyballs each of mass m\ and a 
sliding weight of mass m 2 . The system 1 ‘otates about the fixed vertical axis with 
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angular voloeity cu. The inouu'iit of in(‘rtia of the T-shaft is /. Neglecting masses 
of the arms of h'ligth /, find the total kinetic (mergy of tlu' .system. 

A 71 S. r — / sin -h F<j>^\ -f* lni2(4l^Hiu^4>)<f>^. 



C 



89. Water is siphoned out of an opon tank Ihrough th(‘ bent tube ACR shown in 

Fig. 131. Neglecting friction, find the v(‘Iocity v of the flow. What gauge pressure 
Pc exists inside the tube at C? A ns. v — \^2gh ; pe ~ —whc. 

90. A fin* hose (inside diameter 3 in.) has a nozzle at its end and delivers 250 g.p.m. 

of water in a 1-in.-diameter j(‘t. What gauge pressure p exists in the hose at the base 
of the nozzle? Am. p — 09.2 p.s.i. 

20. The Law of Conservation of Energy. —The energy equation (110) 
developed in the preeediiig article can be applied to a system of particles 
acted upon by any kind of forceps. Freciuently, however, we have to deal 
with systems involving only sucli forties the work of whitdi, during dis¬ 
placement from one position .4 to another position B, depends only on 
the initial and final configurations of the system, and is independent of 
the actual paths that the various particles describe during the displace¬ 
ment. Such forces are said t-o luive a pofm/ial. 

The simplest case of force liaving a potential is the force of gravity. 
Consider, for example, a partiide of weight w initially at A with elevation 
Zi above an arbitrary horizontal ref(u*ence plane. During displacement 
of the particle to any other position B with elevation 20 , the gravity force 
w, opposing this displacement, produces the work —w{z 2 — Zi). This 
work is independent of the actual path of the particle between A and B 
and depends only on the initial and final positions. If the particle moves 
from B back to A, the gravity force produces the work +w{z 2 — Zi), 
In general, the work wz tliat the gravity force can produce A\hen the 
particle comes from any elevation z back to the reference plain' is called 
the potential energy of the partiide at the eh'A'ation z and will be denoted 
by F. With this notation, we see that the work done by the gravity force 
when the particle is displaced from A to B is 

— W{Z2 — 2]) = ~(Fo — Fi); 

f.c., it is equal to the change in potential energy Avith reA^ersed sign. 
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If we have a syistem of particles of weights Wi, W 2 f • . • Wnj at the 
elevations Zu < 22 , . . . 2 :^ alKn^e the reference plane, the corresponding 
potential (Hiergy of the system is 

V = WiZi + W 2 Z 2 + • * • + WnZn = '^(wz). 

Using expression (/r), page 157, for the coordinates of the mass-center of a 
system, we can n^present this potential energy in the simpler form 

V = :^(wz) = Wz,, (a) 

where \V is the total weight of all particles and Zc is the elevation of their 
mass-ceiit('r. 

As an example of internal forces ha\5ng a potential, let us consider 
the raise of two ])articl(\s connr^cted by a spring with the characteristic 
/i\* Let any configuration of the system in this case be defined by an 
extension .r of the spring; them the force acting on each particle is kx. 
These forcr^s produce work only if the distance between the particles 
changes, (living a small increase dx to the extension x in the spring, we 
see that the forces kx oppose this inci-ease and produce work of the amount 
--kx dx. Summing up such increments from any initial extension Xi 
to a final extension we obtain for the total work 


/: 


hx dx 


(kxl _ kxA 

V~2 27’ 


Again, we see that this work is independent of the actual paths of the 
two particles during the displar^ement and depends only on the initial 
and final configurations. The work done by the int(‘rnal forces kx when 
the spring is allowed to shorten from any extension x to the unstrained 
configuration (x = 0) represents the potential energy of the system in 
the strained configuration. Thus, in this case, 




kx^ 

■ 2 - 


(b) 


Using this notation in the above expression for work during any change in 
configuration from initial extension xi to final extension X 2 , we have 

- f^y-xdx = -(V2- VO, 

and, again, the work is represented by the change in potential energy 
with reversed sign. 

Let us consider n(‘xt the case of two particles of masses mi and m 2 
that are separated by the distance r and mutually attract each other with 

* The force required to produce unit extension of tlie spring. 
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the force ixmim^/r^- If the distance r between these two particles is 
given a slight increase dr, the forces of attraction oppose this separation 
and produce the work Summing up such increments of 

work during a change in configuration of t he system from initial mutual 
distance ri to final mutual distam we obtain for the total work 

f‘'^^dr (\ 1 

— umim 2 / "7 = um m 2 1 -- 

Jr, r~ ‘ \r 2 

Again, this work is seen t-o depend only on the initial and final configura¬ 
tions of the system, and w(‘ liaxe forces with a potential. Taking 
Vo = 00 as the referen(‘e configuration in this case and proceeding as in 
previous cases, we find, for tlu^ potential energy in any other configura¬ 
tion, defined by the mutual distance' r, 



r 




(c) 


and the above expression for work becomes 

= -(F. - VO. 

J r\ ^ 

If to a system of two particles mi and m 2 at the mutual distance ri 2 
we bring a third particle mz from infinity, the increase in potential energy 
of the system is evidently 


aT7 I 

AF = —fjLmzX -1- )' 

Viz r2z/ 


Thus we conclude that the total potential energy of a system of n particles 
at the mutual distances n/ will be 


i g= n— 1 j-n 

F. 2 




J = 1 



We consider, now, two bodies joined 
together by an inextensible bar of length 
I and flexural rigidity El (Fig. 132). Let 
any configuration of the system be de¬ 
fined by the relative angle of rotation <#> of 
the two bodies. Then the moments M exerted on the two bodies by the 
ends of the bent bar Avill be of magnitude where k = FI/Z is the flex¬ 
ural spring characteristic for the bar. During an increase d<j> in the angle 
these moments produce the work —k<i> d<i>. Summing such increments 
for any change in configuration from <j)\ to 02 , the total work done is 
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d<f> = 





Proceeding as in previous cases and allowing ilie syst(un to r(‘turn from 
any strained configuration, defiruMl by the relatix e angle of rotation </>, 
to the unstrained configuration (<f) — 0), we find that its potential energy 
is 


^ 2 2 /-^ 2 ?' ’ 


(d) 


where r is the radius of curvatun^ of the Ixml bar. 

In the more general case of bending of a b(‘am in one of its principal 
planes, the radius of curvature ma^^ vary along the kmgth of the beam. 
In such case, we can use tlu' abov(‘ formula (r/) only for one element of 
infinitesimal length dx. Then the tot al ])oiential (una gy of the dist orted 
beam is 



Sometimes we have to calculate tlu^ potcaitia! energy of pressure p 
uniformly distributed over the surface of ft body of variable volume. Let 
dS be an element of surface of the body and dn its displacement in the 
outward normal direction during a small change dv in the volume. Then 
the work done by the pressure force p dS acting on tliat element is 
— pdS dn, and the corresponding work over the entire surface S is 


— J p dS dn — — p dv. 

If the pressure p is a function of the volume and we consider a change in 
configuration from volume Vi to volume the total work is 



Allowing the body to return from any volume v to an aiLitrarily chosen 
reference volume vo, the work done is 


— p dv; 

and hence for potential energy at the volume v, we have 


F = / ' p dv, (e) 

Jro 

In the particular case where the pressure p remains constant, this becomes 

V = p{v ~ Vo). (e') 
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In all cases like those discussed above, where the acting forces (either 
external or internal) liave a potential, we have seen that their work during 
any displacement of the system from one configuration A to another 
configuration B can be expressed as th(i corresponding change in potential 
energy with reversed sign. That is, 

^ ^ {F^v)ih — ^ F coH(F^i))(h ~ ^ ^ cos(F,t>)ds 

= ' (/) 

Substituting this expression on the right-hand side of the energy equation 
(110), we obtain 

Tu - n = ~{Vn - Va), 

from which 

Tn + Fr - Ta + Va. (118) 

Since the configurations A and B of the system are entirely arbitrary, we 
conclude that in the case of fon^es having a potential, the sum of the 
kinetic and potential energies of the system remains constant during its 
motion. This is the law of cArtmrvaiioii of energy. Systems for which this 
law holds are (‘ailed conservative syskms. 

If during motion of a conservative system 
the kinetic energy T inen^ases by some 
amount, then the potential energy V 
must decrease by the same amount and 
vice versa. If after some motion the 
system passes again through its initial 
configuration A, the potential energy F, (hq^ending only on configuration, 
accpiires its initial value; hence the kinetic, energy also must have its 
initial value. 

As an application of the law of conser^^ation of eiKU’gy, let us consider 
the free vibrations of a bhx^k of weight IF attacdied to a spring of charac¬ 
teristic I' and sliding on a smo(jth hoi'izontal track as shown in Fig. 133. 
Measuring displacements from the ixjsition of the blo(^k corresponding 
to the unstressed configuration of the spring, we assume, as initial con¬ 
ditions, X = xq, X = 0, when ^ = 0. For any other position, during 
\abration, the forces acting on the block are the spring force the 

gravity force IF, and the reaction exerted by the plane. Since the last 
two forces are always balanced, we have to consider only the spring 
force, the potential energy of which is kx^/2. For the initial configura¬ 
tion, the potential energy is kxf^j^ and the kinetic energy is zero. Hence 
Eq. (118) gives 


/ 

^ ♦C -H 

i/mNm 

y 

0 

— 

-Xo-* 

in 



■ 





Fiu. 133. 


W , kx^ kxo^ 
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We take the solution of this equation in the form 

X = Xq cos p/, {h) 

which satisfies the initial conditions and where p is an undetermined 
constant. To find the value of p, we substitute the assumed solution {h) 
into Eq. {g)^ which gives 


W 0 2 • 2 . 

~2g ' o 


kxo" 

2 ' 


This equation is satisfied if Wp^/g = k, which yields p = 
the period of vibration is 



\^kg/Wy and 
(0 


The above approach to the problem of free vibrations of a system has 
certain advantages over working dire(*tly with the differential equation 
of motion as we did in the preceding chapter, since it can be used with 
equal success in more complicated cases. Suppose, for example, that we 
wish to investigate the effect of the distributed mass of the spring on the 
period of free vibration of the system in Fig. 133. If the spring were 
truly without mass, as we tacutly assumed in the preceding discussion, its 
configuration during vibration would be the same as under purely static 
stretching. That is, if x is the disphu^ement of the block at any instant, 
the displacement of any element of the spring at the natural distance c 
from the fixed end will be cx/l. If the mass of the spring is not neglected, 
the problem of free vibrations of the system becomes much more com¬ 
plicated, since various modes of vibration may occur. But if we are 
interested in the fundamental mode only, an approximate value for the 
period r can be obtained by using the law of conservation of energy. 
In making such an approximate calculation, we assume that during vibra¬ 
tion the configuration of the spring is the same as if it had no mass. Then 
the potential energy of the system for any displacement x of the block 
will be the same as before, and the kinetic energy, including that of the 
moving mass elements of the spring, can easily be calculated by observ¬ 
ing that the velocity of any such element is ci//, where x is the velocity 
of the attached block. Denoting by w the weight per unit length of the 
spring and by I its unstrained length, we obtain, for its kinetic energy, the 
expression 


r. = 


L 


^ w cV 


dc = 



Adding this to the kinetic energy of the block and using Eq. (118), we 
obtain 
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( 


W + ~ wl 




+ 


In- 

2 


kxo^ 

2 


instead of Eq. (g) above and, for the period of vibration, 


U) 




(k) 


instead of Eq. (t). We see that an approximate correction for the effect 
of the mass of the spring on the natural period of vibration of the system 
will be obtained by adding one-third of the spring mass to the attached 
mass and then proceeding as for a massless spring. 



As a second application of the law of conservation of energy, let us 
consider free vertical vibrations of a block of weight W supported at the 
middle of a simply supported l)eam AB (Fig. 134). Neglecting, first, 
the weight of tlie beam and measuring vertic.al displacements of the block, 
during vibration, from its 0 (iuilibrium position, we conclude that the 
kinetic energy of the system at any instant is 



In calculating the potential energy, we have to consider the gravity force 
W and the elastic reaction /i that the beam exerts on the block. Th(^ 
potential energy of the gravity force for any displacement y of the block 
from its ecpiilibrium position is — IFy. The elastic reaction B is pro¬ 
portional to the deflection of the beam from the unstrained configuration. 
Denoting the spring characteristic of the beam by /r* and the static 
deflection W/k by 5^/, we have 


R — —k{dst + y)f 


and the potential energy of this force is 




k(S,t + y)dy 


kB.iy + \hy^ = Wy+ 


* For a simply supported beam of flexural rigidity El loaded at the middle, 
k » MiEI/P. 
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Adding to this the potential —Wy of the gravity force and using Eq. 
(118), we obtain 

ky- _ 

2<j '2 2 ' ^ ^ 

where yo is the amplitude of vibration. This is the same equation as 
Eq. (g) above, and hence the period of vibration is 

Now to make an approximate correction for the effect of the dis¬ 
tributed mass of the beam on this period of vibration, we assume, as 
before, that during vibration, the shape' of tlie beam is ahva 3 ^s similar to a 
static deflection cur\^e for a load at the middle. Then for any dis¬ 
placement y of the block from its middle position, the corresponding dis¬ 
placement rj of an element dc of the beam, distance c from the left end, 
will be' 

ScD - Ir'^ 
v = y-- u - 


The velocities ri and y will be in the same ratio, and we obtain, for the 
kinetic energy of the beam 


T, = 2 



/ 



i7 wl 
35 2g 


where w is the weight per unit length of the beam. Adding this to the 
kinetic energy of the block and using Ec]. (118), we obtain 


2 


+ 


i: 

2^ 




2 


(n) 


instead of Eq. {1) above. We see now that to correct for the effect of 
the mass of the beam on the period of free vibration, we need only to 
add to the weight W of the block H of the w^eight of the beam and then 
use formula {m) as for a w’^eightless beam. 

As a last example, let us calculate the period of lateral vibrations of 
the beam in Fig. 134 without the block W, assuming that during motion, 
the configuration of the beam is defined by the equation 


97 = y sin 

where y as before, is the displacement of the mid-point of the beam from 
* See S. Timoshenko ^‘Strength of Materials,” 2d ed., pt. T, p. 156. 
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the equilibrium configuration. Differentiating this expression with 
respect to time, we find that the velocity of any element of the beam is 
77 = 2 / sin (ttot/Z), and the expression for the total kinetic energy of the 
system becomes 



where wl is the total weight of the beam, losing l^kp (rf'), page 1 () 8 , the 
potential energy of the beam is 



with respect to the equilibrium configuration. Assuming 


y = t/ocos p/, 


we find that when the beam is in an extreme configuration, the potential 
energy is 'K^^EIyi^jAP and, of course, the kinetic energy is zero. Similarl}^ 
when the beam passes through its equilibrium configuration, its kinetic 
energy is wlp^y^l^g and its potential energy is zero, since we measure 
displacements y from the equilibrium configuration. The law of con¬ 
servation of energy now gives 


from which 




Vo - yo, 


p2 


ir^EIg 
wV ^ 


and the period of vibration is 

^ p IT yEIg 
PROBLEMS 


( 9 ) 


91. What portion of the weight wl of the uniform cantilever beam in Fig. 135 
should be added to the weight W at the end to correct formula (m) approximately for 
the period of free lateral vibration. Assume that during vibration, the beam main¬ 
tains a configuration similar to a static deflection curve for a load at the free end. 

Ans. 33teZ/140. 


q 

p- 

1. 

FT 


Fig. 135. 



Fig. 136. 


92. Referring to Fig. 136, prove that if 5i, 62 , B-a are the static deflections of a 
simply supported beam AB under the loads TFi, IF 2 , W-a, then the approximate expres- 
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sion for the period of the fundamental mode of vibration of the system is 

^ gf(it i5i 4“ li-.'S,) -f" ll 


Neglect the mass of the beam in this case. 

93 . Find the period of oscillation of the roller in Prob. 85, assuming tliat it rolls 
without slipping and that the angular displacement </> is always small. 


Am. T = 


T) 


2(7 

94 . Assuming that the solid cone described in Prob. 87 is phua'd on a rough plam' 
inclined to the horizontal by the angle ^ and tluil it p(‘r- 
forms small rolling oscillations about its equili])rium posi¬ 
tion without slipping, find its period r. 

(^os^q: -f \ sin2a\ 



Ans. 




sin d 


96 . A slender prismatic bar A B of weight \V \ is liinged 
at A and swings in its vertical plane as a pliysical pen¬ 
dulum (Fig. 137). At the free end B of this bar is a roller 
of weight W 2 and radius r that rolls without slipping along 
a circular track of radius Ti with center at A as shown. 
Find the natural period r of the system for small oscil¬ 
lations in the plane of the figure. 

Ans, 2Tt 


/21Fi -f 9 IF 2 1 

(R - r\ 

'STFi -f 61^2 ^ 

^ g ) 


21. The Energy Equation for Reciprocating Engines.—The energy 
equation developed in Art. 19 finds an important practical application in 
the design of reciprocating engines as discussed in Arts. 17 and 18. We 
begin with the formulation of the expression for the total kinetic energy 
T of one crank, connecting rod, and piston as shown in Fig. 99 (see page 
186). We recall that in previous discussions, the connecting rod of mass 
m' was replaced by two particles at its ends: mi at the crankpin A and 
mz at B, The latter mass m 2 was then combined Avith the mass m" of 
the piston, giving the total mass m 2 = m 2 + at B. We also assigned 
to the mass particle mi at A the fictitious moment of inertia 


I = m'[ii^ - ~ c)], 

where ii is the radius of gyration of the connecting rod with respect to 
its centroidal axis, distance c from the crankpin A. The moment of 
inertia of the crank with respect to its axis of rotation was denoted by 
With these notations, the total kinetic energy of the system, dur¬ 
ing motion, will be 

T = + mir 2)<^2 ^ ^^^2 _|_ ^'[^*^2 _ _ c)]i/'2}, (a) 

where is the angular velocity of the crank, x the linear velocity of the 
piston, and yj/ the angular velocity of the connecting rod. 
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We have also seen previously that both x and can be expressed in 
terms of <^. Differentiating expression (96), page 138, once with respect 
to time and using expression (w), page 141, as it stands, we have 

X = —r<^(sin <t> + ■2 A 2 sin 2</) — jyl4sin 4<^ ] 

+ -^Aesin 6</> —+•*•), i Q>) 

\l/ = X<^(CiCos (f) — 'ffC^sCos 3<5f) ^r^5(*os 5(/) — “f* * * ■ ). j 

Substituting these expressions into 
Eq. (a) above, we obtiun 

T = (119) 

in which 'I' is a rather cumbersome 
function of llie angle <t> and repre¬ 
sents the so-called reduced niomc^it of 
inertia of the system. 

In practic^al applications, we usu¬ 
ally define the function 'E graphically. 

Consider, for example, a particular 
configuration of the system as shown in Fig. 138 . Since M is the instan¬ 
taneous center of rotation of the connecting rod, the absolute values of 
the velocities of points A and B are in the same ratio as the distances 

AM and BMy i.e.y 

i.f| _ ^ ^ ^ ^ n 
J7i7 UA r ‘ 

and 

lx| = ri<^. (c) 

To find the angular ^elocity of tlie connecting rod, we divide the 
velocity of point A by the distance AM and obtain i/' = r^fAM^ or since 

^ = I 

1\E ~ TD r2 

we have 

= j 4>. (d) 

If we repeat the construction in Fig. 138 for a number of values of <t> 
and substitute each time in Eq. (a) the values of x and i/', computed from 
Eqs. (c) and (c/), we can determine a series of values of the function ^ 
for the chosen values of </>. In this way, the function ^ can be represented 
graphically by a curve like the one shown in Fig. 139.* For an approxi- 

1 This curve was made for a Diesel engine having X = 0.41. 
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mate calculation of we can assume that the angle y[/ is always small, 
neglect \l/ entirely, and take as a first approximation for x [see Eqs. (6)] 

X ^ —7'4> sin (t>. 


Then Eq. (a) for kinetic energy reduces to 


T ~ + mir- + m2r2sinV)<^^ 





liu. 139. 

are dealing with a system having a 
to the axis of rotation through O. 
Using expression (119) for kinc 


and the corresponding approxima¬ 
tion for >1^ is represented by the 
function within the parentheses of 
this expression. It is shown 
graphically by the dotted curve in 
Fig. 139. We see that the func- 
tion ^ varies periodically with the 
angle of rotation 0 of the crank, 
and in using expression (119), wo 

variable momx7it of inertia with respect 

tie energy, Eq. (108) becomes 


d(i'k<^^) = XF,co^{FejV)ds +- wEiCos(Ei,?;'^ds. (/) 

The right-hand side of this cejuation represents the work of all forces 
acting on the various parts of the system during a sraall change in its 
configuration. In calculating this work, we have to consider, as external 
forces, the gravity forces and the resisting torque, equal and opposite to 
the shaft toixpie transmitted through the shaft and capable of pro¬ 
ducing useful work,^ and, as internal forces, the gas pressure in the cylin¬ 
der and the friction between moving parts. Starting with the work of gas 
pressure in the cylinder, we denote by P the resultant force exerted on 
the head of the piston. This resultant can be calculated for each position 
of the crank by using an indi(‘ator card diagram. For a small change in 
the configuration of the system as defined by = <i>dty the correspond¬ 
ing displacement of the piston is dx = x dt. Using expression (c) above 
for X, this becomes dx = and the work of the gas pressure is 


Prid4>. ig) 

The moment Pvi represents the torque due to gas pressure and will be 
denoted by M^. For each position of the crank, the length r\ is found 
graphically as shown in Fig. 138, and the gas torque Mp can be repre¬ 
sented by a curve as shown in Fig. 140 for a two-cycle engine. We see 


^ As we shall see latcT, this may include work done on a flywheel, which we do not 
consider as a part of the system. 
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that this torque is a periodic fiinedion of the angle rotation </>, repeating 
itself after each revolution of the crank. ^ The resisting torcjue 

Mr - -Ms 


acting on the shaft produces, dur¬ 
ing rotation d</), the work 

~Msd^. (//) 

The work of friction forces dur¬ 
ing rotation d<t> can be approxi¬ 
mately calculated for each position 
of the crank if we know the pressures between the moving parts and the 
coefficients of friction. - This work can be represented in the form 

-Mfd<t>, (i) 

where the friction torque Mf can also be represented graphically as a 
function of (f). Finally, the work of the gravity forces is obtained from 
the expression for the potential energy of the system and can be repre¬ 
sented in the form 

U) 

where W is the total weight of the system and ijc is the elevation of its 

mass-center. Substituting expressions (gr), 
(h)y (z), (j) all into Eq. (/), we obtain 

= (Mp - M. - Mf)d<l> - Wdyc 

( 120 ) 

In the case of a horizontal engine as in 
Fig. 99, we have to consider only the gravity 
force mg of the crank concentrated at its 
center of gravity C and the gravity force m^g 
of the portion of the connecting rod assigned 
to the crankpin A. The potential energy of 
these forces is 






y = g(ms + mir)sin </>, 

and their work, during rotation d<t> of the crank, is 



—g{ms + mir)cos 0 d4>. 


(k) 


In the case of a vertical engine (Fig. 141), we have to consider not 
only the gravity forces mg and mig but also the gravity force m 2 g for the 

^ In tho case of a four-cycle engine, the gas torque repeats at intervals of 47r; see 
Fig. 148, p. 188. 

2 For a detailed discussion of these forces, see Biezeno and Grammel, ‘^Tech- 
nische Dynamik,^’ p. 917, Springer, 1939. 
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mass particle at B. Measuring vertical displacements from the con¬ 
figuration corresponding to <#> = 0, the potential energy of the gravity 
forces, in this case, is 

V = + mir)(l — eos <f>) + 7n2(l ~\- r — x)], 

and their work, during rotation d<t> of the crank, is 

dx 
d<t) 

Using expression (9G), page 138, for x, this becomes 


r 


{7ns + mir)sin (t> d<t> — tu^ 



— -^d<t> = g[{7ns + mir + m 2 r)sin 0 
(lq> 

-f" 2sin 20 — •jA4sin 40 -h ^Aesin 60 — • )]d0 (/) 

Comparing expressions (k) and (/) with Eqs. (98), page 139, we con¬ 
clude that for a horizontal engine. 


(TV 

d(f> 

while, for a vertical engine, 

(W 

d(t> 





{m) 


(n) 


where X and Y are the axial and transverse components, respectively, 
of the force transmitted to the foundation due to unbalance of the engine 
at uniform speed. Thus, if F = 0 for the horizontal engine or if X = 0 
for the vertical engine, the term — W dye in Eq. (120) vanishes. 

Integrating Eq. (120) for any initial angle of rotation 0i to some other 
value 02 and giving the corresponding values of the function 4^ the same 
subscript, we obtain the energy equation of the engine in the following 
form: 


= C' {Mr -M.- Mf)d4. + W{7jJ - yj'), (121) 

where y/ and y/' are the elevations of the mass-center corresponding to 
01 and 02 , respectively. If Mp, M^, Af/, and ^ are all known for each 
value of 0, the right-hand side of this equation can be evaluated, and we 
find the change in angular velocity 0 during rotation from 0i to 02 . If 
we consider a complete revolution of the crank (02 = 0i + 2^), the final 
and initial configurations coincide, the work of gravity forces vanishes, 
and ^2 =» ^ 1 . In such case, Eq. (121) becomes 

- .^1=) = (Mr - M.- Mf)d<l>. 

J 4 n 


(122) 
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If the work done by the gas pressure during one revolution is just offset 
by the useful work together with that lost in friction, the integral on 
the right-hand side of Eq. (122) vanishes and we have <})2 = That 
is, the angular velocity of the engine, though not necessarily uniform, has 
the same value for angles of rotation <{> that are multiples of 27r. This 
condition is referred to as the steady stale of motion of the engine. If 
the work of the gas pressure per revolution exceeds the useful work 
together with that lost in friction, the angular velocity of the engine 
increases; under reversed conditions, the angular velocity decreases. 

Having the general energy equation (121) for a single-cylinder engine, 
we can write a similar equation for an engiiu' having several identical 
cylinders. For each cylinder, the values of 'k, M /, and 

W{yf - yn 

are obtained from diagrams made for the single-cylinder engine. It is 
only necessary to take for eacdi cylinder the proper value of (j>. Then 
the energy equation for a multicylinder engine is obtained by summation 
as follows: 

i ^ ~ ~ 

+ -///'). (123) 

Returning now to Eq. (120) and introducing the notation 

which we call the gravity torgue, we may write 

= M d</>, (124) 

where 

M = Mp - ilf« ~ Mf - M, (p) 

is a torque that, during a change d<t> in the coordinate 0, produces the 
same work as the actual forces acting on the system. We see that the 
engine is a system with one degree of freedom; its configuration is com¬ 
pletely defined by the angle of rotation </> of the crank. This angle repre¬ 
sents the generalized coordinate of the system, and the quantities ^ and 
M are expressible as functions of this coordinate. The torque M, which 
produces the same work as the actual forces during a small change d<t> in 
the generalized coordinate <^, is called the corresponding generalized 
torque. Equation (124) has the same form as an equation of motion for a 
body of variable moment of inertia 4^ rotating about a fixed axis under 
the action of a torque M and represents the most condensed form in which 
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the equation of motion of the engine can be expressed. Integrating this 
equation from some initial configuration to any other configuration 
</>!, we obtain 

M d4>. (125) 

From this equation, the angular velocity <i> of the crank can be found for 
any value of 0 provided both ^ and M are known as functions of </> and 
the initial angular velocity <^o is givtm. 

If we divide both sides of Eq. (124) by dt, we have 

^ (A »*.)-«#, (,) 

which states that the rate of change of kinetic energy of the system is 
equal to the rate at which the generalized force M produces work. Per¬ 
forming the indicated differentiation on the left-hand side of Eq. (q) 
and remembering that ^ is a function of we obtain 

1 

2 

or, after canceling <i>, 


The left-hand side of this equation can be represented in another form by 
using the expression 

T == (s) 

for the kinetic energy of the system. Making the partial differentiations 


<l>^ 


and 


= 1 

d(t) 2 (90 
together with the total differentiation 
d {dT\ d 


d(j) 




dt 


m- 




we see that Eq. (r) can be written in the form 


«) 

(m) 


dl 



(126) 


The left-hand side of this equation is obtained by differentiation of the 
general expression for the kinetic energy of the system. On the right- 
hand side, we have the generalized torque M corresponding to the 
selected generalized coordinate 0. If the kinetic energy T of the system 
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and the generalized torque M are known functions of </>, Eq. (126) can 
be written without difficulty. In this form, the equation of motion for 
the system is known as Lagrange^s equation,^ 

We can readily generalize Eq. (126) to apply to any system that has a 
single degree of freedom. If the chosen generalized coordinate defining 
the configuration of the system is a linear coordinate s, then, instead of a 
corresponding generalized torque we shall have a generalized force E, 
and Eq. (126) takes the form 



In any case, the generalized force is always so chosen that during a small 
change ds in the gouieralized coordinate, it produ(*es the same work as 
the actual forces acting on the sys¬ 
tem. 

PROBLEMS 

96 . Two id(mtioal prismatic bars of 
weight W and length I are hinged together 
at C and supported by a smooth horizontal 
plane as shown in Fig. 142. Taking the 
angle 6 as generalized coordinate, formu¬ 
late the expressions for the corresponding 
generalized torque M and for the kinetic eiu^rgy T of the system. Using these exprcKS- 
sions in Eq. (126), show that the equation of motion of the system becomes 

„ 3(7 . ^ 

& ~ 2 / 

97 . Using Eq. (126a), write the equation of motion for the system in Fig. 142 
when the vertical luught x of point C is taken as the gener¬ 
alized (coordinate. 

Am. X + ^ - x^) = 0 . 

98 . A simple pendulum of length I and weight Wi is 
supported at point O and swings in a verthcal plane as 
shown in Fig. 143. A second weight guided by a 
circular seat of radius r, can slide freely along the rod OA 
of the pendulum. Taking the angle 4 > as generalized co¬ 
ordinate, formulate the exprecssions for the corresponding 
generalized torque M and for the kineti(c energy T of the 
system. Tncat tine weights W i and IF 2 as dimensionless 
particles, and assume that the rod OA is without mass 
but completely inflccxible; negle(;t all frictivin. Using the 
expressions for M and T in Eq, (126), write the equation of motion for the system. 

Ans. —^ sin - 2W^r sin 2^. 

g 

^ Uagrangian equations for systems with several degrees of freedom are discussed 
fully in Chap. TIL 
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99 . Write the eqTiation of motion for tlie peiuliiliim sliowii in Hg. 143 if the sliding 
weight W 2 follows a smooth horizontal surface distance h below point O. Make the 

same idealizing assumptions as in the preceding 
problem. 

100. The system shown in Fig. 144 consists of 
a flywheel of moment of inertia /, a piston of weight 
W w'orking from a crank of radius r, and a weight 
Q suspended from a string that is wound around the 
flywheel. Using <f> as generalized coordinate, write 
the equation of motion for the system. 

Ans. f / + - + “ r2sin2(/)^ 0 -f 

\ 9 9 / 

1IL 2<t> « Qr. 

^ 9 

22. Flywheel Calculations. —As noted in the preceding article, the 
angular velocity of the crankshaft of an engine is likely to suffer con¬ 
siderable nonuniformity even in the steady state as a result of the vari¬ 
ability of torque due to gas pressure. To minimize this nonuniformity of 
rotation and realize conditions satisfactory for the performance of useful 
work, it is common practice to use a flywheel that acts as an accumulator 
of energy. When the torque due to gas pressure exceeds the resisting 
torque, the speed increases and some of the work done is stored in the 
form of kinetic energy in the flywheel. This energy is then used in that 
portion of the cycle in which the resisting torque exceeds that due to 
gas pressure. The fluctuations in angular velocity vill depend evidently 
on the size of the flywheel; and by increasing its moment of inertia, we can 
approach more and more closely to an absolutely uniform angular 
velocity. Usually, there are rather definite recfuirements regarding the 
uniformity of rotation for various kinds of machines. If and 
are the extreme values of the angular velocity of the shaft of an engine 
running in the steady state and <^a = + <l>xmn) is its average 

velocity we define the grade of nonuniformitj^ of rotation by the coef¬ 
ficient of nonuniformity 

e — -j • (a) 

For machine shops, the usual requirements are e = ^ to € = for 
direct-current generators, c = and, for alternating-current generators, 
€ ~ Trhn- For a given engine and a given requirement regarding c, 
the general problem before us is to select the proper flywheel. 

We begin with Eq. (120) of the preceding article, which we write in 
the more convenient form 

^ - M,- Mf- Ma)d<f>, (b) 

^ We assume that this is also the mean angular velocity. 



Fig. 144. 
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where Mg is the torque producing, during rotation r/(^, the same work as 
the gravity forces. In the case of a horizontal engine, as we see from 
Eq. (k) of the preceding article. 

Mg = g{ms + mir)cos <{>. 

For a vertical engine, the gravity tonpie Mg is ()l)taine(l in a similar man¬ 
ner from Eq. (1) of the preceding article. 

Performing the indicated differentiation on the hfft-hand side of Eq. 
(6) and remembering that ^ is a function of 0, we have 

d Q (c) 

The first term of this differentiation represents tlie increase in kinetic 
energy of the engine due to (change in the rcHiuced moment of inertia 
The second term is due to fluctuation in the angular velo(;ity and is 
usually very small in comparison with the first term, so that it can be 
neglected without serious error, especiall.y for high-speed engines. With 
this simplification and using <l>a in place of <i>, we write Ecp (b) in the form 

1 <j>J = {M„ - M, - Mf - {d) 

From this equation, we find that th(‘ shaft torcpie 

M, ^ Mr,- M; - Mr, - I (e) 

The calculations of the first three terms on the right-hand side of this 
expression and their representation as functions of 0 have already been 


0 


Fig. 145. 

discussed in the preceding article. To evaluate the last term, we have to 
differentiate the ^-curve shown in Fig. 139. When all terms on the 
right-hand side of Eq. (e) have been evaluated, a curve for the shaft 
torque M, can be drawn. Such a curve of Ms vs. 0 for a four-cycle 
engine is shown in Fig. 145.’ It will now be shown how this curve can 

^ The curves for this article have been taken from the book by Biezeno and 
Grammel, ^^Technische Dynamik,” Springer, 1939. 
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be used for calculating the proper dimensions of a flywheel to ensure a 
desired grade of uniformity. 

The torque represents the turning moment transmitted through 
the crankshaft and (capable of producing useful work. The area between 
this curve and the <^>-axis represents the amount of useful work produced 
during every two revolutions of the engine. Dividing this work by 
4 t, we obtain the average value of which we denote by Ma- This 

average value of the shaft torciiie is represented in Fig. 145 by the hori¬ 
zontal liii(\ Assume now ihiii a flywheel is put on the shaft. Then 
the tor(|ue transmitted through the shaft, not only prodiUHvs useful 
work but also ac(^elerates and d(Hielerat(is the flywheel. W(‘ assume that 
the useful work consumes a uniform torque. Then in the steady state, 
this torque is evidently equal to Ma. When Ms exccieds its average value 
May the flywheel is accelerated; when Ms is less than May the flywheel 
decelerates. Denoting the moment of inertia of the flywheel by Iwy we 
may write 

= Ms - May if) 

where 0 is the angular acceleration of th-^ fl 3 ^wheel. Multiplying both 
sides of Eq. (/) by 4>di = we obtain 

= (Ms - Ma)dcl>. (g) 

At the points of intersection of the ilf^-curve with the Afa-line in Fig. 145, 
the acc(ileration 0 vanishes, as we see from Eq. (/), and the angular 
velocity of the flywheel acquires its maximum or minimum value depend¬ 
ing on the sign of Ms — Ma in the preceding portion of the diagram. The 
angular positions of the crank at which these maximums and minimums 
occur are denoted by 02 , 03 , . . . as shown. Considering, for example, 
the configuration 02 , we see that in the preceding portion of the diagram 
shown by the shaded area A 12 , the quantity Ms Ma is negative; hence 
the flywheel decelerates, and 02 is a position of minimum angular velocity. 
By the same reasoning, we find that 03 is a position of maximum angular 
velocity, etc. The successive extreme values of 0 corresponding to 
01, 02, 03 , . . . will be obtained by integrating Eq. (g). Applying this 
equation to an interval from 0i to 0iH-i and integrating, we obtain 

= 1^"' {M, - MM<t> = 

Since, in practice, the fluctuations in angular velocity are usually small, 
we can assume (0t+i + ^i)/2 = 0a and write this equation in the simpler 
form 

Now by using a planimeter, we determine the areas A 12 , A 13 = A 12 + A 28 , 
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An = AuA m, ■ • ■ ■ The last area Ai^ must vanish, since, by 

definition, 

P* = 4irMa. 

J4n 

Having the areas ^ 12 , Auj ^ 14 , , we select from among them Anmx 

and ^min. Then, on the basis of Eq. (//), we write 

IW^a(, ^n\a,x 4^tnin} ~ max min 


or, using expression (a) 


Iw^a^e = Ar 


If the required coefficient of nonuniformity is specified, we find, for the 
necessary moment of inertia of the flywheel. 


Inr 



(127) 


It should be noted that Eq. (127) gives a somewhat exaggerated value 
for Zm, since, in its derivation, we neglected the second term in expression 
(c). This term 


T 1 A 1 T 


depending on the angular acceleration of the engine, represents a certain 
inertia action similar to that of a flywlmel. If we take it into considera¬ 
tion, Eq. {g) above must be rewritten as follows: 

i/.c?(</> 2 ) + = {M, - Ma)c/ 0 . ii) 

Substituting for ^ its average value 

1 

'"•-Sri. 

and proceeding as before, we obtain, instead of formula (127), the more 
accurate formula for the moment of inertia of the flywheel 


■ , .. - 'I'a. (128) 

<Pa“€ 

Using either Eq. (127) or (128), we can find the required size of fly¬ 
wheel to obtain any desired grade of uniformity of rotation of the engine. 
We see, however, that the engine can never run with perfect uniformity 
unless the flywheel is infinitely large. Increasing the size of the fly¬ 
wheel, we can have a smaller and smaller grade of nonuniformity, but 
we can never eliminate it completel 3 ^ 

Theoretically, we can remove all nonuniformity by using a flywheel of 
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variable moment of inertia. To show this, we return to Eq. (6), which 
we write in the simplified form 


where 




ij) 


M = Mj, - M. - M, - M„. 

If, by some device, the angular velocity 4> i^ kept constant and equal to 
a>, then, from Eq. {j), we obtain 


d'V _ 2M 
d(i> 


(k) 


We see that for absolute uniformity of rotation, the rate of change of the 
reduced moment of inertia A' must take place in proportion to the variable 
torque M, One method of accomplishing this is 
shown in Fig. 146 in which the radial distances .s 
of sliding masses ni on tw'o spokes of the flywheel 
are made to vary as a proper function of the angle of 
rotation In this way, the variation in the re¬ 
duced moment of inertia Af can be made to satisfy 
E(|. (k). Naturally such a device works only as 
long as the torque M remains the same function of 
<{). Any change in this torcpie will require a (corresponding change in the 
kinernatical arrangement governing the radial distances s of the sliding 
masses; and for this reason, the device is not of much practical value. 

The foregoing method of flywheel calculation, using Eq. (127) or 
(128), can readily be extended to the cas(^ of an engine with several identi¬ 
cal cylinders. In su(di case, to make a diagram like that shown in Fig. 
145, we have to combine the actions of individual cylinders by taking 
proper account of the angular positions of the corresponding cranks. 
Assume, for example, that Fig. 147a represents the Mg-curve for one 
cylinder of a two-cycle engine. To get the A/«-curve for a two-cylinder 
engine, we observe that the two cranks are under the angle tt. Dividing 
the curve in Fig. 147a into two parts and placing them as shown in Fig. 
1476, we obtain, by superposition, the ilf«-(uirve for a two-cylinder engine 
as shown by the heavy line. The complete period of the curve in this 
case is evidently tt; i.e.^ after every half revolution of the shaft, the ordi¬ 
nates of the M,-c;urve repeat themselves. 

Dividing the curve in Fig. 147a into three equal parts and super¬ 
imposing as shown in Fig. 147c, we obtain the il/«-curve for a three- 
cylinder two-cycle engine. The complete period in this case is 2ir/3. 
Finally, in Fig. ]47(/, Ave have the 71/fi-curvc for an eight-cylinder engine. 
This curve is obtained by dividing the curve in P4g. 147a into eight equal 
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parts and superimposing ordinates. We see that as the number of 
cylinders increases, the variation in becomes less pronounced and the 
engine requires a smaller and smaller flyvvheel to attain a desired grade 
of uniformity of rotation. 



We have already observed that formula (127) for calculating the 
proper moment of inertia of the flywheel of an engine is not exa(;t because, 
in its derivation, w^e neglected the second term in expression (c), w'hich 
depends on the variation in angular velocity of the engine. This term 
was taken into account in developing formula (12S), but this is still only 
an approximation, since the reduced moment of inertia "I' was treated 
as a constant equal to its average A^alue A'a. Nevertheless, formulas (127) 
and (128) are suflSciently accurate for practical calculations if the varia¬ 
tion in angular velocity is small (c < ^V) if usually must be. 

In those cases where € is not small, a more acuairate determination of 
the proper moment of inertia of a flywheel (‘an be made by using P]q. (6) 
above. Solving this equation for M^y we obtain 



instead of the approximate expression (c) previously obtained from Eq. 
(d). Using this more exact value of Ms in E(p (gr), w^e obtain 

1 1«dm = [M:. - Mf (m) 

Dividing both sides of this equation by the square of the average angular 
velocity and introducing the notation z = we obtain 

^ [(/» + (Me - M.), 


(n) 
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in which 

Me = Mj, - Mf - M, (o) 

represents the so-called effective torque. Integrating Eq. {n), we obtain 


(/» + ’I')2 - + 'I'o)3o = f {.Me - Ma)d<l>, (p) 

<Pa“ Jo 


where and denote the values of ^ and z corresponding to 0 = 0. 
For further use, we Avrite Eq. (p) in the form 

(/. + <i')z = (/. + (129) 

where 

^ = f* 

(P(r Jo 

We consider now a graphical method of solution of Eq. (129) for the required 
moment of inertia I w of a flywheel corresponding to a given permissible grade of non¬ 
uniformity of rotation. Assume, for example, that the fine-line curve in Fig. 148 



Fkj. 148. 


represents the effective turning moment Me as a function (;f <f> for a given four-cycle 
engine. Such a curve is readily obtainc'd by superposition of the curves for Mp, M /, 
and M„j constructed as already explained in Art. 21. Since M / and M „ are usually 
small, it will be found that the curv(* for Me differs but little from that for Mp. Let 
Ma be the average value of M,.j and assume that this constant torque is that con¬ 
verted into useful work. Tlnm, in such case, ordinates rneasurt^d from the upper 
horizontal line in Fig. 148 represent the quantity Me — May and the corresponding 
integral curve, constructed as explained in Art. 2 and shown by the heavy line in Fig. 
148, represents the function as defined by Eq. {q). 

Taking values of 4> from the curve in Fig. 148 for a series of uniformly spaced 
values of 4> together with corresponding values of ^ from the curve in Fig. 139, w(* now 
construct the closed curve shown in Pig. 149, which is (tailed the mass-force diagram A 
Any point on this curve represents simultaneous values of the functions # and 'if 
appearing in Eq. (129), /.c., values corresponding to the same value of 0. Let us 
suppose now, for the sake of further discussion, that we know both and Zo as well 
as ’Fo in Eq. (129), and let P be a point having the coordinates —/u,and — (/«, + 4'o)2o 
in Fig. 149. Joining this point with any point Q on the closed 4>^-curve, we see, by 
reference to Eq. (129), that the slope of the line PQ is 


tan 6 


(I tt- -f” '4 'o)2o + ^ 


/. -f ^ 

^ See F. WiTTENBAUER, ^‘Graphische Dynamik,” pp. 759, 775, Berlin, 1923. 


(r) 
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From this expression, we may write 

Vtaii S = v'z = • (s) 

<t>a 

We see that the slope of each such lino as PQ in FIr. M9 is directly related to the 
angular velocitj^ ^ for that value of (t> corresponding to the chosen point Q on the 
closed mass-force diagram. Drawing th(^ enveloping tangents PA and PB as shown 
in the figure, we conclude accordingly that 



We see now that knowing the specified grade of nonuniformity e, we can draw the 
tangents AP and BP with the slopes defined by Eqs. (y), and their intersection P 
determines, by its abscissa, the required moment of inertia In of the flywheel. 



Fig. 149. 


If the specified grade of nonuniformity c is small, the lines AP and BP in Fig. 149 
will be very nearly parallel and their intersection is not well defined. In such cases, 
it is preferable to use formula (127) or (128) to determine the required size of flywheel. 
The method illustrated in Fig. 149 should be reserved for use with relatively large 
values of e. 
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DYNAMICS OF SYSTEMS WITH CONSTRAINTS 

23. Equations of Constraint. —In Chap. II, dealing with the dynamics 
of a system of particles, we distinguished between systems without con¬ 
straints^ such as our solar system, and systems with constraints^ such as 
the reciprocating engine in Fig. 99. In the one (;ase, the particles are 
completely free and the paths that they describe will depend on the forces 
that may ac;t on and within the system. Any change in these forces will 
produce corresponding changes in the trajectories of the various particles. 



In the second case, the particles are not free but must follow prescribed 
paths depending on the nature of the constraints. Changes in the active 
forces of such a system may affect the velocities and accelerations of the 
particles but not their trajectories. Thus, the earth describes an ellipse 
around the sun only because it is the nature of the internal forces of 
gravitational attraction to produce such a motion. If some external force 
should be applied to the earth, its orbit would suffer a corresponding 
change. On the other hand, the piston of a reciprocating engine, guided 
by its cylinder wall, oscillates rectilinearly regardless of whether the gas 
pressure is a two- or a four-cycle affair. Systems with constraints are 
much more commonly encountered in engineering problems of dynamics 
than those without constraints. In this chapter, we shall develop some 
general dynamical principles especially suited to systems with constraints. 

In general, if we have a system of n-particles without constraints, we 
find that 3n coordinates will be necessary to specify completely the con¬ 
figuration of the system. Ordinarily, these will be the 3n rectangular 
coordinates :r<, ?/{, Zi for the n particles, and we say that the system has 
3n degrees of freedom. Consider, for example, the case of two particles A 
and B as shown in Fig. 150a. If these particles are completely free in 
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space, we need the six coordinates xi, ?/i, Zi and X 2 , 2 / 2 , ^2 to define the 
configuration of the system; i.c., these are six degrees of freedom. If the 
particles are constrained to remain in the .ry-plane, we need only four 
coordinates xi, and 2 / 2 , and the system has four degrees of freedom. 
Let us assume now that the particles, besides being confined to the 
a;i/-plane, are connected together by a rigid but weightless bar of length 
I (Fig. 1506). In such case, the four coordinates .Ti, yi and J 2 , 2 / 2 , are no 
longer independent but must always be such as to satisfy the geometric 
relationship 

(:r2 - XiY + (2/2 - 2/1)" = /“• («) 

Thus if three of the coordinates are specified, the fourth one can be com¬ 
puted from Eq. (a) and we have a system with three degrees of freedom. 
Finally, if besides the interconnecting bar AB have also the rigid but 
weighless bars OA and OiB connecting the particles to fixed points O 
and Oi in the x 2 /-plane, we must have, in addition to Plq. (a) above, the 
further geometric requirements 


xi^ + yi^ = I 
(X2 - cy + 2 / 2 ^ = j 


(b) 


In such case, if we specify any one of the four coordinates, the other three 
will be found from Eqs. (a) and (6) and 
the system has only one degree of 
freedom. 

As another example of constraint, 
let us consider the double pendulum 
swinging in the vertical a: 2 /-planc as 
shown in Fig. 151a. Here again, we 
have two particles A and B connected 
together by a bar of length 6 and at¬ 
tached to a fixed point 0 by a bar of 
length a. To define the configuration of this system in the xtz-plane, we 
take the four coordinates Xi, 2/1 and X 2 j 2 / 2 , which must satisfy the geometric 
requirements 


h _ 0, 

\ { 




1 

\y 2 

1 





X2 



laj 



JOg. 151. 


xy + yy = a“, 
{x 2 - xiy + ( 2/2 - yiy = 62 , 


(c) 


and the system has two degrees of freedom. For the case shown in Fig. 
1516, we have four particles suspended from a fixed point 0 and connected 
by four rigid bars. Altogether, eight coordinates are required to specify 
the configuration of this system; but since we can write four equations 
similar to Eqs. (c), we conclude that the system has four degrees of 
freedom. 
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Equations such as (a), (6), and (c), limiting the independence of the 
coordinates that specify the configuration of a system of particles, are 
called equaiioiis of constraint. Any kind of constraints introduced into a 
system will limit the freedom of motion of its particles and therefore 

reduce the number of degrees of freedom. 
In general, if there are n particles in the 
system and k equations of constraint, the 
number of degrees of freedom will be 3n — k. 
That is, we need to specify only 3n — k of the 
necessary 3n coordinates to define the con¬ 
figuration of the system; the remaining k 
coordinates will be determined by the equa¬ 
tions of (H)nstraint. If the system of n particles is confined to one plane 
as is so often the case, the namber of degrees of freedom in that plane is 
2n — k. In such case, of course, we are simply taking for granted n equa¬ 
tions of constraint of the type = 0. 

Practically, there are many kinds of physical C(mstraints to which a 
system of particles may be subjected. Very often, the constraints are 
such that all possibility of relative motion between the particles is 
eliminated and we have the case of a 'rigid body. To define the position 
of a rigid body in space, we need the (H)ordinatcs Xa, ?/a, of an arbitrary 
point A of the body and three angles defining rotation of the body with 
respect to that point. ^ Thus the free rigid body is a system of particles 
with six degrees of freedom. If the body is confined to move parallel to a 
fixed plane, it has three degrees of freedom. In such q _ 

case, the coordinates necessary to define the position 
of the body in the x?/-plane of motion are Xa, Va, and 
6 as shown in Fig. 152. 

Every machine can be considered as a system 
of rigid bodies interconnected between themselves 
and the foundation by such constraints as bearings, 
guides, cams, gears, chains, etc., and all these con¬ 
straints limit the number of degrees of freedom that ^ 
the system may have. We have already seen, for '' 
example, how the reciprocating engine in Fig. 99 
(see page 136) is a system with but one degree of freedom. 

In the preceding examples, we see that the equations of constraint 
such as Eqs. (a), (5), and (c) involve only coordinates of the system and 
certain constants. Although such constraints are the most common, we 
can also have cases where the equations of constraint will involve time. 
Consider, for example, the simple pendulum shown in Fig. 153. If the 

^ The proper selection of these angles is discussed in Chap. V. 




Fig. jr>L>. 



Art. 24] 


DYNAMICS OF SYSTEMS WITH CONSTRAINTS 


193 


suspension point 0 is fixed and the particle A is constrained to move only 
in the plane of the figure, we have, as an equation of constraint, 

+ if = P, {d) 

which involves only coordinates x and y and the constant 1. Suppose now 
that the point O is not fixed but oscillates vertically with a known simple 
harmonic motion 

2/0 == a sin pt. 

Then, instead of Eq. (d), we have as an equation of constraint 

x‘^ + {y — a sin ptf = V\ (e) 

which involves time. Systems with constraints that involve time will be 
discussed again in more detail in Art. 29. 

Sometimes the constraints of a system are such t hat the ecpiations of 
constraint contain not only coordinates 
but also their derivatives with respect to 
time. As an example of such constraints, 
let us consider a thin circular disk of 
radius a rolling in its own vertical plane 
along a linear track OD, which we take as 
the x-axis (Fig. 154). In general, the po¬ 
sition of the disk is defined by the coordinate Xc of its center C and the 
angle of rotation 0. If there is no friction between the disk and its 
track, the only equation of constraint is 

Vc = a (/) 

and we have a system with two degrees of freedom. Let us assume now 

that there is friction sufficient to prevent slipping at the point of contact 
D. Then the velocity of that point must vanish, and we have the 
additional equation of constraint 

Xc = a<j>. (g) 

which contains derivatives of the coordinates with respect to time. In 
this particular case, we can readily integrate expression (g) and obtain 

Xc = a<t) + c, (h) 

which again involves only the coordinates themselves and the constant c. 
Sometimes, equations of constraint containing velocities cannot be 

integrated as above, and then the problem is more complicated. Exam¬ 
ples of this kind will be considered again in more detail in Art. 32 at the 
end of this chapter. 

24. Generalized Coordinates and Generalized Forces. —In our 

previous discussions of systems of particles, we used, for the most part. 
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rectangular coordinates y, z. In the case of systems with constraints, 
these coordinates are not independent but are connected by equations of 
constraint, examples of which were discussed in the preceding article. 
In such cases, it is advantageous in defining the configuration of a system 
to use, instead of rectangular coordinates, some (juantities that are 
independent of each other. Such (quantities are called generalized 
coordmates. 

Considering, for example, the theoretical pendulum (Fig. 153), 
it is advantageous to take, instead of x and y coordinates, the angle </> as 
the quantity defining the configuration of the system. This angle will 
be the generalized coordinate. Knowing </>, we can determine the 
rectangular coordinates of the particle A by using the ccquations 


a; = Z sin </>, 
y — I cos <f). 


(a) 


In discussing the motion of a reciprocating (mgine (Fig. 99), we found 
that the (H)nfiguration of the system is completely defined by the angle 
of rotation </> of the crank. Hence this angle can be taken as the general¬ 
ized coordinate. 

In the cas(^ of a double pendulum (Fig. 151a), the configuration of the 
system is completely defined by the angles <t> and whicK are inde¬ 
pendent of each other and can be taken as generalized coordinates. 
Knowing these quantities, we can calculate the rectangular coordinates 
of the two particles A and B by using the equations 

.ri = a sin <^, y\ — a cos 4>j 
X 2 — a sin 0 + 6 sin 0, ^2 == a cos 0 + 6 cos 0. 

As another example, we take the device shown in Fig. 155. This 
system of bars, hinged to a fixed point O, can move only in the xy-plane. 

It is seen that the configuration of the sys¬ 
tem, at any instant, is completely defined 
if we know the angles 0 and 0, which can 
be taken as generalized coordinates in this 
case. 

It is evident that in each case, the num¬ 
ber of generalized coordinates will be equal 
^ to the number of the degrees of freedom of 
the system. For example, as we have al¬ 
ready noted, the system in Fig. 1516 has 
four degrees of freedom. To define the configuration of this system, we 
need four quantities; and as generalized coordinates, we can take the four 
angles that the bars of the system make with the ?/-axis. 
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In correspondence with generalized coordinaieSj we introduce now the 
notion of generalized forces.^ Let ,us consider first a general case and 
assume that the configuration of a system with n degrees of freedom is 
defined by the generalized coordinates (/i, ^ 2 , . . . qn- All these coordi¬ 
nates, by definition, are independent. We can give to one of them, a 
small increment without changing the magnitudes of oth(‘rs. To this 
change of the coordinate qi there Avill correspond a certain displace¬ 
ment of the system, and the forces acting thereon will produce the work 

^QiQiy 

where Qi will be a certain expression containing forces acdlng on the 
system. This expression can be readily derived in each particular case 
and represents the generalized force corresponding to the generalized 
coordinate q^. We can state that the generalized force, corresponding 
to the generalized coordinate is that quantity by which we must 
multiply the increment hqi of the coordinate in order to obtain the work 
produced by the acting forces during the displacements corresponding to 
the assumed change in q^ 

Take, for example, the double pendulum, shown in Fig. 151a. If we 
give to the generalized coordinate ^ a small increment 5^, the particle B 
will be raised by the amount h sin ^ hyp and the gravity force TF 2 will 
produce the work 

— W J) sin yp hyp. 

Thus, in accordance with the above definition, the (juantity 

^ =z — jyj) sin \p (c) 

is the generalized force corresponding to the generalized coordinate yp. 
To obtain the generalized force corresponding to the coordinate </>, we 
give to this coordinate a small increment and, at the same time, keep 
the angle yp unchanged. In such case, the vertical displacement of each 
particle is equal to a sin 50 and the work done by the gravity forces is 

— {W 1 ~h TF 2 )a sin 0 50. 

Hence the generalized force in this case is 

^ = ^{Wi + TF2)asin 0. (d) 

We see that in both cases (c) and (d), the generalized force has the 
dimension of force multiplied by length. This is as it should be, since 
the increments of the coordinates 50 and h\p are pure numbers and their 
products with the corresponding generalized forces must give work. 

^ The notions of generalized coordinates and generalized forces were introduced in 
mechanics by Lagrange, who uses them widely in his famous book ^‘M^canique 
analytique,” Paris, 1788. 
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As another example, let us consider the pendulum shown in Fig. 150. 
This system, which has been used to record the oscillations of ships, 
(consists of a Aveighted bar DC free to slide in a sleeve 
that can rotate freely about a fixed point 0. An inter¬ 
mediate point B of this bar is connected to another bar 
AB of length r, whi(di is hinged to the fixed point A at 
the distance h vertically below point 0. Other dimen¬ 
sions are as shown in the figure. This is a system wit h 
one degree of frec^dom, and its configuration will be 
completely dc^fined by the angle of rotation </> that the 
bar AB makes with the vertical. Taking this angle as 
our generalized coordinate, the y-coordinate of the 
point C is 

7jc — h — r cos 0 + I cos i/'. 
hav(5 also from geometi'ical considerations 
r sin (</> + 1 ^) — h sin yp. 

Assuming now that the angles <j) and xp are always small, we may write 

r{(p + \p) ~ h\py 



^ h - r 


Then 

Vc - h 




h + I ~r + 


1 - 


rl 


[h 


ry 


02 . (c) 


We give now to 0 a small increase d<j>. 
by the amount 


50 = r 
d<P 


1 


Then the weight W moves down 
rl 


(h - ry 


U 54> 


and produces the work 


Wr 


rl 1 

(h - r)-2j 


0 50. 


Hence the required generalized force, corresponding to 0, is 


In each of the foregoing examples, it will be noted that in calculating 
the work of acting forces corresponding to an assumed virtual displace¬ 
ment of the system, we have considered only external forces. But there 
are also internal forces such as the axial forces in the bars of the pendu- 
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lums in Fig. 151 and sliding friction in the sleeve of the system in Fig. 
15G. In neglecting the work of such forces during an assumed virtual 
displacement of the system, we have tacitly assumed that the connecting 
bars are absolutely rigid so that their lengths do not change and also that 
there is no friction in sleeves, hinges, etc. Very often, physical connect¬ 
ing bars are sufficiently rigid and sleeves and hinges sufficiently free from 
friction to justify such procedure. Systems involving such ideal con- 
strainis (absolutely rigid and without friction) are 
called ideal systems. We shall usually assume, as 
above, that we have such systems; and in dealing 
with them, we shall find that the work of internal 
forces always vanishes for any virtual displace¬ 
ment of the system. Thus the expressions for 
generalized forces contain only external forces. 

If, in addition to absolutely rigid constraints, 
a system contains also elastic bars or springs, the 
internal forces in such membe^rs may produce 
work during a virtual displacement. In such 
case, to obtain an ideal system, we simply assume 
the elastic bars or springs to be cut and replace 
them by the forces that they exert on the re¬ 
mainder of the system. Thereafter, Ave treat these forces exactly like 
external forces. 

As an example of a system invohdng a spring, let us consider the 
governor sho\\m in Fig. 157. This system, rotating about the vertical 
axis 00, consists of two flyballs connected to the rotating shaft and to 
a sliding AA^eight by rigid bars. Any increase in the radial distances of 
the balls is resisted by an internal spring as shoAvn. The Aveight of each 
flyball Ave denote by Wi and the sliding Aveight by IFo. We neglect the 
weights of the spring and bars and assume that there is no torque acting 
on the vertical axis 00 and no force in the spring Avhen the connecting 
bars are vertical, i.e., when <t) — 0. Then for the configuration shoAvn 
in the figure, the spring is compressed by the amount 2/(1 — cos </>). 
Denoting the spring constant by k, we find that the compressive force in 
the spring is 2/(1 — cos </>)A’. The configuration of the system is com¬ 
pletely defined by the angle <t> and the angle of rotation 6 of the governor 
Avith respect to its vertical axis 00. These tAvo angles will be taken 
as the generalized coordinates of the system. To find the generalized 
force corresponding to the coordinate </>, Ave give to this coordinate a small 
increment 5</). Due to this increment, the flyballs Avill be raised by the 
amount / sin 0 50 and the sliding Aveight by the amount 2/ sin 0 50, 
Avhich is also the increment of compression in the spring. The Avork of all 
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forces acting on the system, corresponding to the assumed displacement, 
is 


— [ 2 M^/ sin (i> + 2Wil sin 0 + 2/(1 — cos (I>)k2l sin 0]5(/). 


Hence the required generalized force is 

^ = -21 sin <l>[Wi + W 2 + 2/(1 - cos (g) 

If we give a small increment 86 to the angle of rotation 6, the acting 
forces, which all are vertical, do not produce any work on the corres¬ 
ponding displacements. This indicates that the generalized force 0 , 
corresponding to the coordinate 6, is zero in this case. 

The calculation of generalized forces in the above examples can be 
simplified if we observe that in all cases, the forces have potential. Tak¬ 
ing first the general case, assume that the generalized coordinates, defin¬ 
ing the configuration of the system, are ( 72 , . . . Qn and that the 
potential energy of the system is represented as a function of these 
coordinates, i.e., 

V = • • • Qn). 


If we give to one of the coordinates, ^t, a small increment the cor¬ 
responding increment in the potential energy is 



From the definition of potential energy (sec Art. 20), we know that this 
increment is equal in magnitude and opposite in sign to the work done 
by the acting forces during the displacements corresponding to the incre¬ 
ment bqi. Denoting by Qi the generalized force corresponding to gi, we 
obtain 


From this equation, we have 


Qi = 


dg/ 


(130) 


Let us apply this expression for generalized force first to the example 
of the double pendulum (Fig. 151a). In this case, we have to consider 
only the gravity forces Wi and IF 2 . Taking the potential energy equal 
to zero when the particles A and B are in their lowest positions, we find 
that for the configuration shown in the figure, the potential energy of the 
system is 


V = TFia(l — cos <i>) + W2[a{\ — cos <i>) + 6(1 — cos ^)]. 

Then using Eq. (130), we find that the generalized forces corresponding 
to the coordinates and <l> are 
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^ = -Wib sin 

^ = - — = -(Ifi + Wi)a sin 0, 

o<f> 

which coincide with expressions (c) and (d) obtained before. 

In the case of the system in Fig. 156, we use expression (e) for the 
coordinate 2/c and find that the potential energy of the ball is 

Differentiating this expression in accordance with J{^q. (130), we obtain 
expression (/) for the generalized force 

Finally, in the case of the governor in Fig. 157, the potential energy of 
the gravity forces is 

2TriZ(l — cos (t>) + 2HV(1 — cos </>), 

and the potential energy of the spring is 

i4l\{ ~ cos (pyk. 

Hence, the total potential energy of the system is 

V = 2^(1 - cos + W 2 ) + 2/2(1 - cos <t>yk. 

Calculating the derivative of this expression Avith respect to 0, we find 
the corresponding generalized force given by Eq. (g). 


PROBLEMS 

101. The angle of rotation 4> of the lever AB in Fig. 158 is taken as the generalized 
coordinate. Find the expression for the corresponding generalized 

force. Am. ^ = —IFia + IFst. 

102. A vertical circular shaft AB, the tonsional rigidity of 
which is GJ, carries two disks as shown in Fig. 159. Taking the 
angles of rotation <}> and xp of the disks as generalized coordinates, 



find the expressions for the corresponding generalized forces. 
Hint: The potential energy of torsion is 

V = ^ 

^ 2a 2b * 


/////y/j 


T 

CL 

1 

*-d 

1 1 

m 



J3 

Fig. 169. 


The generalized forces are obtained bv using Eq. (130). 
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108. Two particles of weights W\ and Wi are vertically suspended on springs with 
spring constants k\ and k 2 as shown in li'ig. 160. Taking, as generalized coordinates, 
the vertical displacements ?/i and xj 2 of the particles from their equi¬ 
librium positions, find the <u)rrospoiiding generalized forces. 

Arts, Yi = (7/2 ~ ?/i)A-2 - i/ikr, Y2 = -(2/2 - yi)k2. 

26. Equations of Equilibrium in Generalized Coordi¬ 
nates.—In discussing the conditions of ecjuilibrium of 
ideal systems, Ave shall use the primdple of virtual dis¬ 
placements. ^ ("onsid(‘ring a general case, we assume that 
<Iij</ 2 j . * . </n are generalizc'd coordinates and QuQz, . . . 
Qn, the corresponding generalized forces. Since the co¬ 
ordinates ^ 1 , q2 • > • (jn completely define the configura¬ 
tion of the system, any desired virtual displacement can be accomplished 
by giving to tlu^se coordinates the properly selected iiuu'ements dq^, hq^, 

. . . bqn. During this displacement, the forces acting on the system 
pnjduce the work 

Qv^qi + Q'l^q^ -f- • • * + Qn^qn. 

If the system is in equilibrium, this work must vanish for every assumed 
virtual displacement and we obtain the ecjuation 

Qi^qi + ^25^2 -f- • • • 4- Qn^qn ~ 0. (a) 

This equation must be satisfied for any assumed values of dq 2 y .... 
We can assume that all increments of the coordinates except dqi vanish. 
Then Eq. (a) gives 

Qidqi = 0; 

and since 6qi is different from zero, we conclude that for equilibrium we 
must have 

Qi = 0 . 

Such an equation can be written for every generalized coordinate, 
and we obtain the following equations of equilibrium of the system 

Qi = 0, Q 2 = 0, • • • Qn = 0. (131) 

To have equilibrium all generalized forces must vanish. The number of 
Eqs. (131) is equal to the number of coordinates, and from them the 
values of the coordinates, defining the configurations of equilibrium, can 
be calculated. Take, for example, the double pendulum in Fig. 151a. 
The generalized forces for this case are given by Eqs. (c) and (d) of the 
preceding article. Thus, the equations of equilibrium are 

W 2 b sin ^ = 0, 

(WI + W 2 )a sin 0 = 0. 

^ See the authors^ “Engineering Mechanics,” 2d ed., p. 217. 



Fig. 160. 
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These equations require that 

sin ^ = sin </) = 0 . 

Hence 0 and xp must vanish or be equal to tt. The corresponding con¬ 
figurations of e(iuilibrium are shown 
in Fig. 161. 

In the case of the governor 
shown in Fig. 157, the generalized 
force corresponding to the angle 0 
is given by Fcp (< 7 ) of the preceding 
article, and the ecjuation of eciuilib- 
rium is 

21 sin 0[lFi + If 2 

+ 2/(1 - cos 4>)k] = 0 . 

Since the expression within the 
brackets is always positive, we must 
have sin 0 = 0 ; f.c., 0 = 0 , or 0 
= TT. From Fig. 157, ^ve see that 
there is only one possibility, namely: 0 = 0 . 

If the forces have pobaitial, the expressions for the generalized forces 
are obtained from E([. (130) and the o(piations of ecpiilibrium (131) take 
the form 





dV 

dc/i 


0, 




(132) 


We see that such equations of equilibrium are the same as those used in 
calculating the maximum or minimum of a function. This observation 
can be useful, in any given case, in deciding whether the equilibrium is 
stable or unstable. If the potential energy in the configuration of equi¬ 
librium has a minimum, this configuration is one of stable equilibrium.^ 
This follows from the fact that for any adjacent configuration, the poten¬ 
tial energy will be larger than for the position of equilibrium. Hence, 
some positive work will be required to bring the system to that con¬ 
figuration. If the potential energy of the system in the position of 
equilibrium is not a minimum, the equilibrium is, generally speaking, 
unstable .2 Considering, for example, the configurations shown in Fig. 


^ This theorem was established by Lagrange in his ^^M6caniqiie analytique,^^ 
vol. 1, pt. 1, sec. 3, Art. 5, 1788. A more rigorou.s proof of the same theorem was given 
by Lejeune-Dirichlet, Jour, fiir Math.j vol. 32, p. 85, 1846. 

2 A detailed study of this question was given by A. M. Liapounoff, Jour, de rnath,^ 
ser. 5, vol. 3, p. 81, 1897. 
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IGl, we can conclude that only the configuration (a) is stable, since only 
in that case does the potential energy have a minimum. 

As another example, let us consider the pendulum shown in Fig. 156. 
Measuring the vertical distan(‘e of the weight W from the horizontal 
plane through the fixed point A and using expression (e) of the preceding 
article, we find, for the potential energy of the system, the expression 


V = W(/i - Vo) = W 



r 

o 





(b) 


Then to obtain the configuration of (‘(iuilib?*ium, wv. use r^qs. (132), which 


gives 


dV 

d<l> 


W 


rl 


{k ~ r)\ 


0 = 0. 


(c) 


Assuming that the expression in the brackets is different from zero, we 
conclude that for equilibrium we must have 0 = 0. To decide if this 
configuration represents a maximum or a minimum of the potential 
energy (6), we calculate the second derivative 


dW 

d4>^ 


■IFr 1 



If this derivative is positive, the potential energy is a minimum and the 
equilibrium is stable. Hence for stability we must have 


or 

If 


_ij:_> 1 

{h - r)2 ^ ' 

y/rl > h — r. 

\/ri < h — r, 


the potential energy for the position of equilibrium becomes a maximum 

and the weight W descends for any small in¬ 
crease of the angle 0. In such case, the posi¬ 
tion of equilibrium represented by 0 = 0 is 
unstable and any slight disturbance will cause 
the angle 0 to increase. In the particular case 
when 

\/rZ = /i — r, 

the equilibrium is indifferent; and as we see 
from expression (c), the system can remain 
at rest for any small value of <f>. 

As another example, let us consider the conditions of equilibrium of 
the prismatic bar AB supported in a vertical plane as shown in Fig. 162. 
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We assume that both the peg D and the vertical wall at A are without 
friction. Taking the angle 0 as the generalized coordinate and selecting 
the rectangular coordinates as shown, the coordinate 2/c of the center of 
gravity C is 

Vc ~ 0 . cos <!> — b cot <t>j 
and the potential energy of the system is 


V = W{a cos (j) — b cot </>). 

The position of equilibrium is found from the ecjuation 


which gives 


cW 

d<j> 


= - W (a sin ^ -^ 




Making the second derivative 


dW 

'd<t>^ 


11 la cos <t) H- 

\ sin®0 / 


which is negative, we conclude that the equilibrium is unstable, since the 
corresponding F is a maximum. 


PROBLEMS 

104. Six identical bars each of weight W form a hinged hexagon suspended at 
A as shown in Fig. 163. Find the forces P and Q that will keep the hexagon from 
altering its shape. Arts. P = 5 \/3ir/2, Q = \^PF/2. 

106. Investigate the condition for which the metronome, shown in Fig. 164 will be 
in a condition of stable equilibrium. Ans. Wia — TF 26 >0. 



and similar to that in Fig. 156. Points 0 and B are fixed points, and the bars OA and 
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AD are to be considered as weightless. Assiiine also that the angle <t> defining the 
configuration of the system is always small. 

26. Application of Generalized Coordinates in Bending of Beams. —Generalized 
coordinates can be used to advantage in investigating defieetions of beams. We shall 
consider first the case of a beam with simply supported ends carrying a concentrated 
load P (Fig. 166). The deflection curve may have an infinite number of shapes; and 
to define the configuration of equilibrium of the system, we ru^ed an infinite number of 
coordinates. We always can represent the actual deflection curve by superposition 

of the simple sinusoidal curves shown in 
Fig. 1666, e, d, etc., and use, for the deflec¬ 
tion at any cross section of the beam, the 
series 

. TTjr , . 2Trx 

y = fliSin — -|- u-sin 

+ Uysin -h • • • . (a) 

Each term of this series and its second de¬ 
rivatives vanish for a; = 0 and for x = I, so 
that (conditions at the simply supported 
ends of the beam are satisficed. It is seen 
that the deflection y for any value of x can be calculated if wo know the amplitudes 
tti, 02 , . . . of the sinusoidal curv(‘s and w(c take these quantiticcs as generalized 
coordinates. To find the corresponding generalized forceps, we consider the beam as 
a system of particles, infinite in number, on which the external force P together with 
the corresponding reaections at the supports and internal elastic forces are acting. 
All these forces have potential, and we can derive an expression for the poteuitial 
energy of the system. We beegin with thee load ]\ The deflection of the be*am at the 
point of application of this load is obtainerl by substituting x — c in the series (a). 
Then the potential energy of the load P is 


(a) ± 


(b) 

(c) 

(d) 




03 
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Fio. 166. 






vC , . 27rr 

isin + a-imi -y- 


•f «;<sin 


SttC 


+ • 


•) 


= ~P ) a„sm — • (6) 


The potential energy of the elastic force's will be found from the known formula for 
strain energy of bending (see page 168) 


F. 



(c) 


in which El denotes the constant flexural rigidity of the beam. Substituting the 
series (a) for y, we obtain 


F 2 


El { TT* • TfX . ^trX . . 37r:r 

2 io (“■ T "I + «= 7^ IT — + • 



id) 


Making the square of the series under the integral sign, we shall obtain two kinds of 
terms, namely: squares of the terms of the aeries, which have the form 


and double products of the form 


, mtx 

“T’ 


. rmrx . 

2 a„am —sin —j- sin 


mrx 

"T* 
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fl . „nTtx .... 

Jo =“-‘‘-2/3' 


mux . mrx , 


n 77iV-n'^ . ........ . ....... 

/ Zandru — — sin — 7 “ sm ~ , ax — 0. 

Jo /■* I I 


With tliese values of the integrals of the single terms, F.q. (d) }>eeomes 

’ = "2 ^ 2 /^^ +- 27 ^ +- 2 /^'* + ■■■)- I 

arul the total ])ot('ntial (‘nergy of tlu‘ systtaii is 

17 . 17 /> V ■ . A'/tT^V .1 .> 

1 == Fi 4- Fa = 2^ n«sin -J- 4- rCa„^. 




if) 


The generalized foree, {a)rresponding to any generalized coordinate a,*, is now obtained 
from P"q. (130), and eijuations of (‘qnilibrium (132) take the form 


from which 


. 7iTrc 

-I -r 


4- 


Elir^ 

W 


7l‘^an 


= 0 , 


2RF . nivc 
FAtt^A / ‘ 


ig) 

ih) 


In this way, each generalized coordinate c.an })C calculated; and after substitution in 
the series (a), we obtain th(' ('quation for the deflection curve in the following form: 


// 


2PF V 

AVtt* Z, 


1 . mrc . 7nrx 

— sin sin - 
I I 


ii) 


From this expression, the deflection at any cross section of the beam can be readil}'' 
calculated. 

Assume, for example, that we want the deflection und(‘r .a load P applied at the 
middle of the beam. Then substituting c = x = 112 into I'kp (?’), we find 


It is seen that in this case, all terms with even values of n vanish, since the deflection 
curve is symmetrical and all sinusoidal curves with an inflection point at the middle, 
as in Fig. 166r, cannot appear. We can also say that for each sinusoidal deflection 
with an infli’ction point at the middle, the deflection at the middle vanishes and the 
corresponding generalized coordinate, as (ran be sei'.n from expression (h), is zero. 
The series (j) converges rapidly; and by taking only a few terms, we obtain deflections 
with a high degree of accuracy. Taking only the first terra, we find 

EIt^ 4S.7EI ■ 


Expression {k) gives the deflection with an error of only about IJ per cent, which is 
a very satisfactory accuracy in practical applications. This means that a good 
approximation is obtained by taking, instead of the complete series (a), only its first 
term, which amounts to assuming that the deflection curve has the shape of the sine 
wave shown in Fig. 1666. 
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The last observation can be utilized in calculating deflections of beams the end 
conditions of which are different from those assumed in Fig. 166a. A rigorous solu¬ 
tion of such a problem by the method of generalized 
coordinates brings us to a sc'ries more complicated 
than the series (a), but a satisfactory approximation 
can be obtain(‘d by assuming a suitable shape of the 
dctlection curve and defining the deflections by one 
coordinate only. Take, for example, a beam with 
build-in ends and load('d at the middle (Fig. 167). 
A suitable expression for the deflection curve sal isfying the end conditions in this case is 

y = a{\ - cos (1) 



Fig. lf)7. 


which giveis zero deflection and zero slope at both ends of the beam. The deflection 
at the middle is 

Cj) I == 2a. 


The potential energy of the load P, then, is 

Vi = -2Pa, 

and tlie potential energy of the (‘lastic forc(‘s is 


V, 




2wx 
a cos -j- 


) 


2 

dx 




a\ 


Thus the equation of equilibrium will be 


{m) 


(n) 


from which we obtain 


da 


(Fi -f V,) = ~2P + 




a = 0, 


2a 


2Pl^ 

AEDr^ 


ip) 


for the deflection under the load P. 

If the simply supported beam in Fig. 166a carries a uniformly distributed load of 
intensity w over the entire span, we can again obtain the deflection at any point by 
using the series (a). In such ca.se, the potential energy of the elastic forces is still 
given by the series (e). To find the potential energy of the distributed load, we can 
use the series (6), replacing P by w dc and inb^grating over the entire length I of the 
beam. Thus 


Vi « -w 


fo T 


ttC , . 27rC , . SttC , 

+ a^sin -h aasm —^-j- 


]dc 


" + 3 + 5 + 


)■ (P) 


Then the equations of equilibrium (132) becomes 

2wll , EIw* , 

where n = 1, 3, 5, . . . . From this, we find 

4wP 


EItW 


(q) 


(r) 
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Substituting the coefficients (r) into the series (a), we obtain, for the equation of the 
deflection curve, 


4wC V 1 • 

Eln^ 2 «<■ " r’ 


(s) 


in which n = 1, 3, 5, . . . . 


PROBLEMS 


107. Using the series (a), find the deflection curve for a simply supported beam 
carrying two equal loads P applied at equal distances c from th(.‘ two ends of the beam. 


Ans. y 


APF Y 2 
“ EItt^ Lt 


. UttC . mrx 
sin —j~ sin -y-' 


108. A cantilever beam of length I carries a 
load P at its free end as shown in Fig. Ifl8. As¬ 
suming, for the defection curve, the expn^ssion 

y = a(^l - cos 

find the deflection under the load P. 



109. Using the data of the jireceding problem, find the deflection at the free end of 
a uiiiforndy loaded cantilevc^r Ixsain. 

110. Using the series (a), find the expression for the deflection curve of a simply 
supported beam that carries a uniformly distributed load of intensity w over one-half 
of the span. 


27. D’Alembert Principle. —The mt^thods discussed in the preceding 
two articles for solving problems of statics can be applied also in den^diig 
equations of motion. By using D^Alembert’s principle,^ etiuations of 
dynamics can be written in the same manner as the equations of statics. 
It is necessary only to add to the given external forces the inertia forces 
for the various parti(des of the system. Thus, for any particle i of a 
system, the ecpiations of motion, in rectangular coordinates, can be 
written in the following form: 

X, + X/ - m.,Xi = 0, ] 

Yi + Yi - miiji = 0, > (a) 

Zi + Zi - niiZi = 0 . j 


In these expressions, A2-, F*, Zi are the components of the resultant of all 
active forces applied to the particle, Xi', F*', Zi the components of the 
resultant of forces of constraint for that particle, and —m,iXi^ 

—niiZi the components of its inertia force. We see that Eqs. (a) have 
the same form as equations of statics of a particle in rectangular coordin¬ 
ates. Such equations can be written for each particle of the system. 

To simplify the problem and eliminate the unknown forces of con¬ 
straint, we shall generally use, instead of Eqs. (a), equilibrium equations 
derived by the principle of virtual displacements. Giving to any particle 
a virtual displacement with components bxi, di/i, dZi, we find, for virtual 

* See the authors' ^‘Engineering Mechanics,” 2d ed., p. 311. 
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work, the expression 

(A"t + Xi - miXi)bXi + {Yi + Yi - nhydbyi + (Zi + Z/ - miZi)hZi. (h) 

Similar expressions can be written for each particle of the system; and 
by summing them up, the total virtual work will be obtained. We 
assume now that the system has ideal constraints; i.e., there is no friction 
in hinges or guides, and (connecting bars are absolutely rigid (see page 

197). In such case, for each virtual displace¬ 
ment of the system, the work of all forces of 
constraint vanishes; and after summation of 
expressions (6), we obtain 

- )niX,)dxi + (Yi - niiifi)byi 

+ (Zi - 71\Zi)hZi\. (c) 

In this expression, t he summation must include 
all particles of the system and the assumed dis¬ 
placements must be compatible with the con¬ 
straints of the system; ij'. the increments bxi^ 
byi, bzi of the coordinates must be such that ail eciual ions of constraint arc 
satisfied. 

Take, for example, the case of a spheilcal pendulum as shown in Fig. 
169. The coordinates of the particle A must satisfy thc^ ecjuation of 
constraint 

x^ + y^ + z^^ ^ l\ (d) 

and the virtual displacemcmts bXj by, bz must be compatible with this 
eciuation, which recpiires that 

(x + bxy A- (y + A- (z A- Sz)'^ = P. (e) 

Neglecting the squares of small quantities, Ave obtain, from Eqs. ((/) and 
(e) together, 

X bx A- y Sy A- z bz = 0. (f) 

This equation shows that a virtual displacement of the particle A is 
perpendicular to OA. Thus any small displacement of the particle on 
the surface of a sphere of radius I and center at 0 can be considered as a 
virtual displacement. From the three components bx^ by^ bz of such a 
virtual displacement, two can be taken arbitrarily and the third will be 
calculated from Eq. (/). We have a system with two degrees of 
freedom. 

Returning to the general case and remembering that the inertia forces 
applied to the various particles equilibrate the system, we conclude that 
expression (c) for virtual work must vanish for each assumed virtual 



Fig. 169. 
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displacement of the system. Thus 

S[(A''< — miXi)bXi + {Yi — miyi)by + (Z* — miZi)bZi\ = 0. (133) 

If the system has n particles, the ?>n coordinates of which are con¬ 
nected by k equations of constraint, we shall have Sn — k degrees of 
freedom and the same number of dilTenuit virtual displacements for which 
(3ri — k) equations like Eq. (133) can be written. These equations 
together with the k equations of constraint are sufficient for determining 
the 3n coordinates of all parl.icles of the system. 

If there are no constraints and the particles are entirely free, the dis¬ 
placements bxi^ byi, bzi can be taken arbitrarily. For example, we can 
take all of them except bxi ecpial to z(‘ro. Then all terms in Eq. (133), 
except that containing vanish, and we obtain 

{Xi — miXi)bXi — 0 . 

Since bXi is not zero, the expression in the parenthesis must be zero and we 
obtain 

miXi — Xiy 

representing the known equations of motion of free particles. 

We derived the equation of virtual v ork (133) in rectangular coor¬ 
dinates; but in the case of systems with constraints, generalized coordi¬ 
nates can be used more advantageously. Eciuations of statics, in such 
case, are given by Eqs. (131), and to obtain from them equations of 
motion, we have only to add to the given forces the inertia forces for the 
various particles. Proceeding then, as explained in Art. 24, we obtain, 
for generalized coordinates gi, g 2 , . . . gn, the corresponding generalized 
forces Qi + >Si, Q 2 + 82 ^ . . - Qn + Sn, in which Qi denotc^s that part 
of any generalized force obtained from given external forces and Si that 
part obtained from the inertia forces. The equations of motion then are 

0i + /Si = 0, Q 2 + /S 2 = 0, • • • Qn + Sn^ 0. (134) 

The number of these equations is eciual to the number of generalized 
coordinates, ^fepecifying the configuration of the system, and by their 
integration the motion of the system is completely defined. 

Since Eqs. (134) are written in the same way as equations of statics, 
there will be no difficulty, in any particular case, to write the necessary 
equations of motion. Thus D’Alembert's principle in conjunction with 
the principle of virtual displacements gives a general method of attack 
for dynamical problems involving systems with constraints. 

Take, for example, a theoretical double pendulum, (Fig. 170). This 
system consists of two particles, the four coordinates of which are con¬ 
nected by two equations of constraint [see Eqs. (c), page 191], The 
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system has two degrees of freedom, and we have to write two equations 
of motion. ITsing D’Alembertprinciple, we add to the given external 

forces W\ and W 2 the inertia forces 
shown in Fig. 170. Applying now to 
the obtained system of forces the 
principle of virtual displacements, we 
observe that the configuration of the 
system is completely defined by the 
angles \l/ and 0 and two independent 
x'irtual displacements will be obtained 
by giving to these angles the incre¬ 
ments 6^ and 6<#>, respectively. Dur¬ 
ing the displacement 6^, the particle 
A remains stationary and the virtual 
work is obtained by multiplying by 
hyp the moment, with respect to point 

A, of all forces applied to the particle 

B, This moment, then, is the general- 
Equating it to zero, we obtain 



ized force corresponding to p. 


^ 1 T 2 ^ 2 ^ h sin yp + X 2 h cos yp -- 0. 


(g) 


Similarly, corresponding to the virtual displacemenl we must equate 
to zero the moment of all forces with respect to point 0, which gives 

{b sin ^ + a sin <p) + ^ X2(h cos \p + a cos <p) 

+ (wi — — a sin </> + ~ Xia cos 0 = 0 . (h) 

\ g / g 

To obtain the equations of motion in final form, we have only to sub- 
situte for the rectangular coordinates their expressions 


Xi a sin 0, yi — a cos 0, 

X 2 = a sin ip + b sin 0, y 2 = a cos 0 + fc cos 0. 

The results of such substitution will be involved, but the problem is 
greatly simplified if we limit our consideration to small oscillations. Con¬ 
sidering 0 and 0 and their derivatives with respect to time as small quan¬ 
tities and neglecting terms containing products and powers of small 
quantities, we obtain, from Eqs. (f), 

Xi « a0, :C2 « a0 + 60, yi 0, y2 ^ 0. 

Substituting these approximations into P]qs. (g) and (6), we obtain 
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WM + y Ha4 + H) = 0, (?) 

Wt(b^ + "f” Wi(i<l> {cl b){a^ -f- b'^) H—= 0. 

The second of these equations can be somewhat simplified by subtraction 
of the first, which gives 

( 1^2 + Wi)a^ + — + ab4>) + —' = 0 . (k) 

Q Q 

liquations {j) and {k) are the desired equations of motion for small 
oscillations of the theoretical double pendulum. The solution of such 
equations will be discussed later. 


PROBLEMS 


111. Using D’Alembert’s principle, write equations of motion of the system with 
two disks shown in I^g. 159, p. 199. 

Am, — —(\p — 4>) Ii<i> = — 0 ) - - 

112. Using D’Alembert’s principle, write equations of motion of the two particles 
shown in Fig. 160, page 200. 


Am. 


W, .. , . 

— Vb = -k2(yb 


Wi 

2 /«), — Va = k^iyh - ya) - kiya. 


113. Derive the equations of motion for small oscillations of the double physical 
pendulum shown in Fig. 171. Points C and Ci are the centers of gravity of the two 





bodies; i and i\ their radii of gyration with respect to 0 and A, respectively; and 
W and TFi, their weights. 

Am. i* + Y <ii + (Wh + If ,a)^. + Ip - 0, 

ah<i^ + fiV + Qhxk « 0. 
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114. Derive the equations of motion of the blocks W\ and IF 2 of the Atwood’s 
machine shown in Fig. 172, neglecting the mass of the pulley and of the string. 

Ans. (W\ + W2)y = giWi ” Wi). 

116. Derive the equations of motion for the system of pulk^ys and bkx^ks shown in 
Fig. 173. Neglect the moments of inertia of th(^ pulleys and the mass of the string 
and take the angles </> and \p as generalized coordinates. 

Ans. ^ {Wi + W2-\-W, + (IKa - -= -IFi -f IF., + W, + IF4, 

~ (W 2 - WM - ^ (TF 4 4- - IFa - Wu 

28. Lagrangian Equations. —Equation (133), derived on the basis of 
D^Alembert’s principle, can be expressed more simply by using the 
notion of kinetic energy together with g('neralized coordinates. For 
tliis purpose, we transfer the terms, containing forces to the right-hand 
side and write 

Zmiixidxi + + Zi^Zi) = '^(Xidxi + Yibyi + Zibzt). (a) 

Now let q\, . qn denote the generalized coordinates of a system 

and Qi, Q 2 , • . . Qn the corresponding gemeralized forces. Assume also 
that equations like Eqs. (?’) of the preceding aiiicde contain only coordi¬ 
nates^ (/i, ^ 2 , . . . gn, f.c., 

Xx == Fi(gi,g2, . . . qn). \ 

Vi = f'A(gi/y2, . . . qn). I (b) 

We have a system with n degrees of freedom and can write n (Hpiations of 
motion (a) considering n different virtual displacements of the system, 
corresponding to the increments 5gi, dq^, . . . 8qn of the generalized 
coordinates. Let us consider the virtual displaccunent corresponding to 
an increment Sqg of the coordinate g«. The corresponding changes in 
rectangular coordinates of the particles of the system can be calculated 
from the equations 

in which the symbol d/ dg* denotes the partial derivative with respect to 
the chosen coordinate g* and Xi, iji, Zi are given by Eqs. (6). The virtual 
wmrk, corresponding to the displacement bq^ is, by definition, Q^bq^, and 
Eq. (a) may be written in the form^ 



^ The cases in which they contain also time t will be discussed in Art. 29. 

* To simplify writing, we omit the subscript i in rectangular coordinates of the 
particles. 
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(d) 


To transform the left-hand side of Kci. (d) to s^'neralized coordinates, 
we use the expression for kinetic (mer^y 

T — + P) 

and make the partial derivatives 


dqs 



Returning now to K(is. (6), we obtain, by differentiation, 


e) 

(/) 


X = 


dx 

dqs 


d 

dt 



dx dx . , d.r . , , dx . 

• • • +d7„^"’ 

d^x . , d\v . , , d^^x . 

—T— gi + T —— g2 + * * ' + - gn, 

dgidg« dq^dq^ dqndqs 

d^x . , d‘^x . , , d'^x . 

dqidqs dq^dq^ dqndq^ 


(g) 

00 

0 ) 


Similar equations can l)e written also for coordinates y and z. In all 
these equations, the derivatives with respect to t are total derivatives, 
and those with respect to coordinates arc partial derivatives. From 
Eq. (g), we conclude that 

^ (-1) 
dq. dqs’ 


and from comparison of Eqs. (h) and (i), we obtain 

dx d (dx\ ... 

dqs dt\dqs) 

Similar conclusions can be obtained for y and z coordinates, and Ecjs. (c) 
and (/) can be rewritten in the following form: 



Returning now to the differential ecpiation (d) and observing that 
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4.ij^ A. ^ ^(x — 4- 

dq» ^ dq^ dq^ dt \ dq^ dq, dq^) 

\ dt dqe ^ dt dqt dt dqj 


we rewrite this equation in the form 




d By 
dt dqe 


. d d2:\ 


= Q.- 


Using Eqs. (1) and (m), this reduces to 


d_^ 

dt dqs dqs 


(135) 


This equation holds for each generalized coordinate, so that we have 
always as many equations as there are independent coordinates specify¬ 
ing the configuration of a system. These are the famous Lagrangian 
ecpiations, which are so widely used in physics and engineering. To 
write them for any particular system, we need only the expression for 
kinetic energy T of the system in generalized coordinates. Having 
this, the left-hand sides of Eqs. (135) are obtained by simple differentia¬ 
tion. On the right-hand sides, we have the generalized forces which in 
each particular case can be calculated as shown in iVrt. 24. 

The advantage of the Lagrangian equations lies in the fact that 
equations of motion for any system with ideal constraints can be written, 
so to say, automatically by rule, without any additional consideration.^ 
Naturally, this reliance on formulas alone has its negative side, since, 
by such procedure, the physical picture of the actual movement of the 
system due to given forces is somewhat obscured and simplifications that 
might be obtained by using the general principles discussed previously 
are likely to remain unnoticed. 

If the given forces have potential, the generalized forces can be found 
from Eq. (130) and the Lagrangian equations become 


dt dq^ dq^ dq„ 

If there are two kinds of forces, one that has potential and can be 

^ E. Mach, in his work “Mechanics in Its Development,” considers that the pur¬ 
pose of every science is to describe and represent certain groups of facts and relations 
between them in such a manner that it will take the minimum of mental effort to 
understand them. From this point of view of economy of thought, Lagrangian equa¬ 
tions represent a great contribution to the science of mechanics. They do not bo 
much promote insight into mechanical processes as the practical mastery of them. 
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derived from Eq. (130) and the other that has no potential, the Lagrangian 
equations can be written in the form 


(it dcje d(js d(Js 


(137) 


ill which Qa is the generalized force corresponding to that part of the given 
forces which have no potential. 

As a first example of the use of Lagrangian equations, we consider 
again the free oscillations of the double pendulum in Fig. 170a and begin 
with a calculation of the kinetic energy of the system. The velocity of the 
particle A is Va = a<l>. To find the velocity Vb of the particle By we observe 
that it m(Aa\s together witli the particle A and in addition rotates with 
respect to A so that its total velocity is obtained by geometric addition of 
these two velocities as shown in Fig. J70/i. From this figure, we find 

Vb' = a^0“ + + 2ah<i)\p cos {\l/ — </>), 

and the kinetic energy of the system is 


7 ’ = 1—1 + i —^ + b'T- +2a6# cos - 4 ,)]. 

^ (J ^ Q 


Using this expression in Eq. (135) and observing that the generalized 
forces corresponding to the coordinates <i> and \p are given by Eqs. (d) 
and (c) of Art. 24, we obtain 

^ t W^abi cos J - 4>) 

= —(IFi + TF 2 )a sin 0, 

^ ^ ~~ ab<l))j/ sin (0 — 0) 

= ~TF 2 b sin 0. 

These equations are greatly simplified in the case of small oscillations. 
Assuming that 0 and 0, together with their derivatives with respect to 
time, are always small, we can take 

sin 0 « 0, sin 0 « 0, sin(0 — 0) 0 — 0, cos(0 — 0) « 1. 

Then neglecting all terms containing squares or products of small quan¬ 
tities, the above equations reduce to 


- {Wi + Wi)a^ + - Wiab^ = -(Wi + Wi)a4>, 
G Q 

i Wiib^+ab^) = - Wib4^, 

which coincide with Eqs. {k) and (j) of the preceding article. 




(n) 
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Since, in this case, the forces have potential energy 

V == — cos 4>) + Tr 2 fa(l — cos <^) + 6(1 — cos \}/)\ 

we can also use Lagrangian equations in the form (136), which brings us 
to the same result.^ 

Assume now that in addition to gravity fences W\ and W 2 , there is a 
horizontal pulsating fon^e P sin o)i applied to th(^ particles B in Fig. 170a. 
This force has no potential, and we must use Lagrangian ecpiations in 
the form (137). The generalized forces corresponding to P sin are 

(a cos <t) -p h cos \l/)P sin co/, b cos \p • P sin cot; 

and for small oscillations, Fqs. (137) give 

(HL -f W2)cP4> + -- lV2ah^ 

g g 

— 112 ( 6 “^ T a 60 ) 

The solution of these eciuations will be discussed later. 

As a second example, let us consider the (equations of motion of the 
I spherical pendulum shoAvn in Fig. 174. 

The position ot the 7 ][)article A on the sphere 
is completely defined by the angles and 0 
which we take for generalized coordinates. 
Corresponding to an increment dep of the 
coordinate 0 , we make a small displacement 
of the particle along the arc of the parallel 
circle and, corresponding to dd, a displace¬ 
ment along the meridian. Considering the 
work of the gravity force W on these dis¬ 
placements, we conclude that the general¬ 
ized force corresponding to 0 vanishes while 
that corresponding to 6 is equal to — Wl sin 0. The components of the 
velocity of the particle A in the directions of the tangents to the parallel 
circle and to the meridian, respectively, are 

/0 sin 6 and U, 
and the kinetic energy of the system is 

^ We note that to get the equations of motion with th(i accuracy of small quan¬ 
tities of the first order, the expressions for kinetic and potential energy must be derived 
wdth the accuracy up to small quantities of the second order. 



z 

Fkj. 174. 


— (II 1 T II 2 )a 0 T (a “i- b)P sin co/, 

— II 2^0 T" bP sin oot. 


(v') 
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8 — <i>" sin B cos B= — ^ sin 0, 

^ (<^ sin-0) = 0. 

Let us consider now several particulai' cases. 

Case I. The particle moves only along the meridian, <j> = 0, and we 
obtain, from the first of Eqs. (<>), 

0 + ■' sin 0 = 0. (p) 



This is the known equation of motion for a theoretical pendulum in a 
vertical plane. 

Case II. The angle 6 remains constant during motion and equal to a. 
Then, as we see from the second of Eqs. (o), (j> must also be constant and 
the first equation gives 


r/ 

/ cos a 


This is the known equation of motion of a conical pendulum. 

Case III. We assume now that the steady motion of the conical 
pendulum is slightly disturbed so that there are small transverse oscil¬ 
lations of the particle A about its horizontal circular path. For such 
case, we take 

^ = a + sS 

where { denotes small fluctuations in the angle d during motion. Con¬ 
sidering ^ as a small (juantity and neglecting terms containing ^ in powers 
higher than the first, we have 

sin 0 = sin a + ^ cos a, cos 6 = cos a ~ ^ sin a. 

Now integrating the second of Eqs. (o) and denot ing tlie constant of 
integration by C, we find 

^2 _ \ ^ r . 2 lyofc —;—\ ~ 

\sm^d/ Lsm^a(l + cot a)_ ^ 

Substituting this approximation for into the first of Eqs. (o) gives 

= — ^ (sin a + ^ cos a), (r) 

Finally, we note from Eq. (q) above, that 


V 2 • ^ 

f — cousin a cos « — M —;- 

\ sin a 


d 2 

“ = a;%‘OS a; 
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and with a little trigonometric manipulation, Eq. (r) can be reduced to 

J + (1 + 3 cos«a)a>2f = 0. is) 

This indicates that f represents harmonic oscillations having the period 

_ 

03 \/l -f 3 COS'-^o: 

When OL is small, cos a approaches unity and the period r approaches the 
value x/oj, which means that approximately two oscillations occur for 
each revolution of the conical pendulum. When a approaches x/2, cos a 
approaches zero and the period r approaches the value 2x/a?, f.c., there 
is approximately one oscillation per revolution. 

As a third example, we shall use Lagrangian equations to investigate 
small oscillations of the pendulum in Fig. 15G, page 19G. This is a 
system with one degree of freedom, and w^e take as generalized coordinate 
the angle This angle and the corresponding angular velocity t/' we 
shall consider as small quantities. Negle(‘ting the masses of the bars, 
we have to calculate only the kinetic energy of the particle W. The 
velocity of this particle consists of two parts: (1) the velocity due to 
rotation of the bar OC with respect to O and (2) the velocity along this 
bar due to sliding in the sleeve 0. Denoting by x the variable distance 
OBy we obtain, for the square of the total velocity, 

_ ^.2 _ j _ 

and the kinetic energy is 

T = ^[i»+(Z + r)V^]. (0 

It remains to express x as a function of the chosen coordinate yp. Con¬ 
sidering the triangle ABOj we may w^rite 

X cos yp + r cos (p = h, 

X sin yp == r sin (p. 

Then treating <p and yp as small angles, we put 
cos yp ^ I — \yp^y cos 5=^ 1 — i<p^y sin xp ^ yp, sin (p ^ <p. 
With these approximations, the first of Eqs. {u) becomes 
X — ^xyp- -f r ~ == 

It is seen that x differs from h — r only by small quantities containing 
and yp^ as factors; hence, neglecting small quantities above the second 
order, we can substitute the quantity A — r for 2 : in the second term of 
Eq. {v) and write 

{w) 



X = h — r -{■ i{h — r)}p^ + 
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From the second of Eqs. {u)y we have 



Substituting in Eq. {w), we obtain 

and the corresponding velocity is 

i = ^' (/t - r)\p-^. {x) 

Since this expression contains the product of two small quantities, its 
square is small in comparison with the second term in the brackets of 
Eq. {t) and can be neglected. In the term (/ + t) we can again neg¬ 
lect small quantities of higher order and substitute h — r for x. In this 
way, we obtain the following simplified expression for kinetic energy 

W 

7^ = ^ a + - r)H\ (y) 

The potential energy of the ^veight W with respect to its lowest 
position is 

V = Tr[r cos 4> — I cos ^ — (r — /)]. 

Using the same approximations for cos and cos ^ as above and keeping 
only small quantities of second order, this is readily reduced to 

F = If ii. {z) 

Substituting the expressions for T and V into Eq. (130), we obtain 

r)^ + ^ = o. 

Assuming that the quantity within the brackets of the second term of 
this equation is positive, we have a simple harmonic motion; i.e.y 

^ + pV = 0, 

wherein 

f/ ~ (h ~ rr/r]g 
^ (1 + h-ry ' 

By a proper dimensioning, we can make p as small as we like and obtain 
a very low natural frequency of vibration. 

PROBLEMS 

116. Using Lagrangian equations in the form (135), write the equations of motion 
for the system in Fig. 173, page 211. 
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117. Using Lagrangian equations in the form (136), write the equations of motion 
for the system shown in Fig. 175, consisting of two circular disks on the ends of a 
horizontal circular steel shaft of huigih / and diameter d. Neglect friction in the 
bearings A and B. 

Arm. 11^\ — (</>2 — <Ai) = 0; + -y {4>2 — <t>i) — 0. 


118. In Fig. 176, the block A of weight IFi can slide 
freely on a horizontal rod and the i)endulnm AB can ro¬ 
tate freely about A . Taking Xn and <t> as generaliztal co¬ 
ordinates and using Lagrangian (equations (136), write 
the equations of motion for the system. N(‘glect the 




mass of the rigid bar AB, and assunn* thal x^ and 4> together with their derivatives 
with respect to time are small quantiti(‘s. 

Arm. (H i -f- lF 2 )r« — IF^/^ — 0, — Xa 9 <t> ^ 0. 

119. Show that th(' two equations of motion for the system in the preceding 
problem can be reduced to 


<t> + 


Hb - I- \V2 g ^ _ 


IF 


</) = 0. 


lalf. Two mass particles nii and W 2 , connected by a flexible but inextensible string 
of length I, are arranged as shown in Fig. 177. 3'he particle A remains on a smooth 

horizontal plane, the string passes through a 
small hole at 0, and the particle B hangs 
vertically. Using Lagrangian equations and 
taking r and 9 as generalized coordinates, 
write the equations of motion for the system. 
Ans. d/dt (r^O) — 0; 

(nil + W2)r — = —miQ- 

121. If the particle A in the preceding 
problem rotates about point O with constant 
angular v(^locity ^ = co, the radius r also re¬ 
mains constant, say r = a, and we have a 
steady state of motion in which the centrifugal force of the one particle just balances 
the weight of the other. Assuming then that a small disturbance is given to the 
particle A so that r = a -f when* ^ is a small quantity, show that the system will 
perform small simple harmonic oscillations with the period 



Fig. 177. 


_27r_ 

co\/3mi/(mi -f ???2) 

122 . flywheel, rotating in a horizontal plane about its center 0, carries a particle 
of mass m that can slide freely along one spoke and is attached to the center of the 
wheel by a spring of characteristic k as shown in Fig. 178. The moment of inertia 
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of the wheel al^out its axis of rotation is /, and the unstrained length of the spring is a. 
Taking, as generalized coordinates, the angle of rotation 6 of the wheel and the 
elongation x of the spring, derive the equations of motion of the system. 

A ns. d/dt[I0 -{- ?n(a + xy-6] = 0; mx — m {a x)0^ -f = 0. 




123. If the wlua'l in the prciceding problem rotates with constant angular velocity 
6—03, the elongation x of the spring also remains constiint, say x = c, and we have a 
steady stat(^ in which the centrifugal force of the mass m is just balanced by the tension 
in the spring. Assuming now that the mass m is slightly disturbed so that a: = c -f 
where ^ is a small quantity, show that it will perform simple harmonic vibrations 
defined by the equation 


Vl03^ -j- 


124. A solid right circular cone of weij 
rolls, without slipping, on a rough iiicli 
anglci 0 shown in tin', figure as general! 
cone about its position of equilibrium 




10 


9 \ 


3 cos^a 4- -j 



irte^ angle 2a 
iaking the 
-tions of the 


which, for small values of 4>, represents a simple harmonic motion. 


29. Constraints Depending on Time. —In discussing various kinds of 
constraints in Art. 23, wc already mentioned that ecpiations of constraint 
may (contain time t explicitly. This means that instead of Eqs. (6) of 
the preceding article, we may have 


av = Fi{t,qi,qi, . . . q„), | 

Vi = Oi(t,qi,qi, . . . q„), J (o) 

Zi = Hi{l,qi,qi, . . . (/„). ) 

D’Alembert’s principle still holds in this case, and we can say that the 

active forces on a system together with inertia forces and reactive forces 
of constraints represent, at each instant, a system of forces in equilibrium. 
In applying the principle of virtual displacements to such systems at a 
certain instant, we must consider as virtual displacements such small dis¬ 
placements that are compatible with the equations of constraint at 
that instant. This means that in calculating displacements bxi, byi, bZi, 
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we have to proceed as indicated by Eqs. (c) of the preceding article and, 
for each instant, consider t as a constant. 

In the case of constraints independent of time the actual displace¬ 
ments tliat the particles of the system undergo during a small interval of 
time dt are compatible with constraints and represent a possible or virtual 
set of displacements. But this is not the case with constraints that 
depend on time. Virtual displacements at a certain instant t are dis¬ 
placements that are compatible with the conditions of constraint at that 
instant, whereas actual displacements involve variations in the constraints 
themselves and may not satisfy the requirements of virtual displace¬ 
ments at the instant i. 

Take, for example, a simple pendulum the suspension point of which 
performs a prescribed motion (Fig. 180). A virtual displacement of 
the particle A, at any instant /, is a small displacement 
along the circle m,n, the center of whi(*h coincides with 
the instantaneous position of the point of suspension 0. 
The reactive force is normal to this circle, and its work 
on the virtual displacement vanishes. The actual dis¬ 
placement A i during an interval dt consists of two com¬ 
ponents, one along the circle and the other together 
with the moving circle. Wc see that the actual dis¬ 
placement does not satisfy the requirement imposed 
upon virtual displacements; t.c., it is not compatible with 
constraints at the instant t. We see also that the work 
of the reactive force on the actual displacement does not vanish. 

With these general remarks we see that in the case of constraints 
depending on time, reactions may produce work on actual displacements 
but not on virtual displacements and Eq. (d) of the preceding article 
holds also in this case. We have to consider only the transformation of 
the left-hand side of that equation to generalized coordinates. Using 
Eqs. (a) above, we obtain 

dx dx , , dx . , , dx , , dx \ 

^ = = + + ) 
dx d^x . , d'^x . , , d^x . d^x I 

dqe dqidq, dq^dq^ dqndq^ dt dqj / 

^ . , d^x . I ... I I 

dt dqa dqidqa dq^dq^ dqndqa dq^dt j 

Comparing these equations with Eqs. (g), (h), (^) of the preceding article, 
we find that the difference consists only in the last terms on the right-hand 
side of our present equations, which appear due to presence of time t in 
Eqs. (a). The presence of these terms does not affect our previous 
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dx ___ dx _ d dx . . 

dqs dqj dqs di dgs 

This means that Eqs. (1) and (m) of the preceding article hold also in this 
case and we obtain the same Lagrangian equa¬ 
tions (135). 

As an example of constraint containing 
time explicitly, let us consider a pendulum con¬ 
sisting of a particle B on a string the free length 
of which can be varied by pulling the end A 
(Fig. 181). The position of the particle is de¬ 
fined by the length I and the angle (p. Since I 
is a given function of time, depending on the 
motion of point A, we have a system with one 
degree of freedom and can take <l> as the gener¬ 
alized coordinate. The rectangular coordinates of the particle B then are 

X = I sin (pj y ~ I cos p. 

These equations contain time explicitly, sin(‘e I is a given function of 
time. The expression for kinetic energy of the system is 

T — + 2/^) = sin + Z cos pp)^ + (Z cos p — I sin pp)’^] 

= im(Z2 + PP^). 

and the potential energy is 

F — —mg I cos p. 

Substituting in Ec^. (136), we obtain* 



which gives 


a - 


— mgl sin p, 


Pp -f- 2illp -j- gl sin </> = 0. 


For small angles 0, we can take sin 0 ~ 0 and write 


0 + 




id) 


Comparing this result with the equation for damped vibration (see page 
34), we conclude that the second term containing the derivative Z takes 
the place of the term representing damping. The magnitude of equiva¬ 
lent damping can be varied by selecting for Z various functions of time. 
1 This equation can also be written by using tlie principles of angular momentum. 
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When I is increasing, I is positive and the second term of Eq. {d) represents 
true damping. In such c^ase, the amplitude of oscillations will decrease 
with time. When I is decn^asing, I becomes negative and we have nega¬ 
tive damping. In this (aise, the amplitude of oscillations will increase 
with time. By an appropriate motion of point A of the string (Fig. 181), 
a progressive accumulation of energy in the system can be produced and 
the amplitude of oscillation of the pendulum will increase with time. 
Such an accumulation of energy results from the work done by the tensile 

force in the string during variation in the 
length / of the pendulum. Various func¬ 
tions of time for the length I can be imag¬ 
ined whicli will produce an accumulation 
of energy of the vibrating system. As an 
examples, (consider the case represented in 
Fig. 182 in wliich the angular velocity (j> of 
the pendulum and the \'elocity I of vari¬ 
ation in its hmgth are represented as func¬ 
tions of time. The period of variation of 
the pendulum’s length is taken half that of its vibration peniod, and the 1 
line is placed in such a manner with respecc to the <^-linc that the maxi¬ 
mum negative damping effect coincides with tlie maximum speed of the 
particle B. This means that the length I is decreasing while the velo(;ity 
of the particle is large and increasing while the velocity is comparatively 
small. Observing that the tensile force, applied at A, is working against 
the radial component of the weight of the particle togc^ther with its 
centrifugal force, it is easy to see that in the case represcuited in Fig. 182, 
the work done by the tensile force din ing decrease in the length I will be 
larger than that returned during increase in the length 1. The surplus of 
work results in increasing the energy of the vibrating system. 

In the particular case w here I is increasing or decreasing at a constant 
rate as for the cage of an elevator, we (;an put 

I — CL A bty 
26 . . q 



and Eq. {d) becomes 




4>A- 


0 = 0 . 


(i + ht o ri" bt 
This equation can be integrated by the use of Bessel’s functions. 


{e) 


PROBLEMS 

125. Show that the amplitude of vibration of the pendulum in Fig. 181 will con¬ 
tinuously increase if each time that it passes the middle position {tf> =0), its length is 
suddenly decreased by a small amount 5 and then increased by the same amount when 
the pendulum is in its extreme position (<^> = a). Show that the increase in energy 
per cycle is 61^5(1 — cos a). 
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126. Set up the equation of motion for torsional oseillalions of a flywheel attached 
to a vertical shaft (Fig. 183) if the moment of inertia of the wlu'el varies periodically 
with time due to the harmonic motion of syininetrically locatcal 
masses rn sliding along two spok(‘s of the wh(‘el. Assunu' that tin' 
variable moment of inertia of the flywln^el is 

y = /o + 2mr- — /()(1 + a «io <^l)- 

The torsional spring constant for the shaft is ; its angle of twist is 6. 

I oOoi cos oot. kt n n 

1 + a sm cot 1 + a sin coi 


Atis. IqB ' 




1 *.- 




-4 


Fio. 183. 


30. Lagrangian Equations for Impulsive Forces.— 

Ltigrangian equations (135) can easily l>e adapted to the 
case in which impulsive forces are acting on a system as 
discusvsed previously in Art. 10. For this puiqiose, we multiply the ecpia- 
tions by dt and integrate them from t to / + € where e is a small interval of 
time, representing the duration of impact. In this way, for any general¬ 
ized coordinate q,, we obtain the etiuation 



The first term on the left-hand side of this e(iuati(jn can be integrated and 
gives 

(a,-(a-(s> 

The second term vanishes, since we assume that the duration of impact € is 
infinitesimal while, at tlu^ same time, dT/dq^ remains finite during impact. 
On the other hand, the integral on the right-hand side of Eq. (a) does not 
vanish, since the impulsive forces that act during an impact of infini¬ 
tesimal duration become infinitely large. This integral represents the 
impulse of the generalized impacd force Q.,; we denote it by Q/. In 
calculating this impulse, we shall consider only impact forc.es and neglect 
finite forces such as gravity forces, forces of elasticity, and so on. The 
changes in the coordinates of th(» system during impact also will be 
neglected. ^ Equation (a) then finally gives 

(138) 

The derivative dl'/dqs represents the generalized component of the 
momenta corresponding to the coordinate qs, and Eq. (138) states that 
the increment of this generalized component of momenta during impact 
is equal to the corresponding generalized component of the impulse. 

* These are the same simplifying assumptions as were made previously in Art. 16, 
p. 129. 
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As an example, let us consider the case of a uniform rigid bar AB 
of length I and mass m falling in the vertical a;?/-plane and striking, at 4, 
a smooth inelastic floor as shown in Fig. 184. To find the impulse F' 
exerted on the bar at A, we take, as generalized coordinates, the vertical 
coordinate yc of the center of gravity C and the angle of rotation 6. 

I'hen the generalized components of the im¬ 
pulse Y' will be obtained in the same way 
as in the calculation of generalized forces 
(see Art. 24). In this manner, we conclude 
that the component corresponding to the 
coordinate yc is F'. To find the component 
corresponding to the coordinate we con¬ 
sider the displacement of the end A of the 
bar due to an increment bB of the coordi¬ 
nates and conclude that this component is ^Y'l sin 6. The kinetic energy 



of the system is 


T = -b 


(c) 


Finally, denoting the initial values of i/c and B just before impact by —v 
and CO, respectively, and using expression (c) for kinetic energy together 
with the above generalized components of the impulse in Eq. (138), we 
obtain 


A(7d) = I{e -- co) = \Y'l sin b., 
^{rnyA = m{yc + v) == Y', 


(d) 


Regarding the velocities ije and 6 of the bar after impact, we know that 
the vertical component of the velocity at 
A must vanish. Hence 

sin 0 + 2 /c = 0. (c) 

Substituting for B and rjc their values from 
Eq. (d) and observing that / = m^V12, we 
obtain 


F' = 


m{v — ^coZ sin B) 
1+3 sin^^ 


(/) 



As a second example, let us consider an inelastic roller of weight W 
and radius r that rolls with uniform speed v along a rough horizontal 
plane and suddenly strikes a solid obstruction of height h as shown in 
Fig. 185. There ensues an impact of very short duration € during which 
a very large reactive force, defined by components X and F, acts at the 
point 0 as shown. During the interval of impact, the roller suffers a 
substantial change in its motion; and assuming sufficient friction to 
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prevent slipping, point 0 becomes the new instantaneous center of rota¬ 
tion. To calculate the new motion of the roller at the end of the impact 
and the components X' and Y' of the impulse, we can use Eqs. (138). 

Taking the points of impa(‘t 0 as the origin of coordinate axes x and 
y directed as shown, we take llie coordinates Xc and yc of the center C 
and the angle of rotation </> as generalized coordinates. Then X' and 
Y' are the generalized forces corresponding to Xc and and th(^ general¬ 
ized force corresponding to 0 is X'r. The total kinetic energy of the 
system at any instant is 

T = ^m{xc^ + yc^) + {q) 


where rn is the mass of the roller and I is its moment of inertia with 
respect to the geometric; axis. The generalized components of momenta 
are 


dXc 


= mxcj 




Substituting in the liagrangian equations (138) and neglecting all finite 
forces during impact, we ol)tain (see Fig. 185) 

A{rnXc) == m{Xc — v cos a) = A"'. 

A{myc) = m{xjc + v sin a) = 1"', 

Since we assume no slipping at O during impact, these three equations 
are not independent; we have, as equations of constraint, 

Xc — —ref) and pc = 0. {i) 

Substituting in Eqs. (/i), vve obtain 

— m{r<j) + V cos a) 
mv sin a 

mr^ / • , A 

-2n* + fj 




Substituting the value of X' from the first of these equations into the last, 
we obtain 

= -m(r(j} + V cos a)r, 

from which 


Xc == —r(j>=^ 


I (1 + 2 cos a). 


(k) 


This equation defines the motion of the roller immediately after impact. 
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Using the valiK' of from E(i. {k), in Eqs. (;/), we find, for the com¬ 
ponents of the impulse at 0, 


X' 


mv 

T 


(1 ~ cos a)j U 


mv sin a. 


(I) 


We may now of)serve that to realize the assumption of no slipping at 0 
during impact, we must have there a coefficient of friction 


M > = 


1 — cos a 


3 sin 


(m) 


If the roller were to bump a vert ical wall, we would have a = 90 deg. and 
the required coefficient of fri(^tion to (a\a])le it to start rolling up the wall 
without slipping would be m > 1* siK^h case, as we see from f^q. (/r), 
the initial velocity of the rolhu* up the wall is only one-third of the 
velocity v with which it strikes the wall. 

If the fieight h of the obstruction is small compared with the radius r 
of the roller, Eqs. (/) can be simplified by not/mg that 


r — h . h j 

cos a =-= 1-ana 

r 


sin a 


V2 


( 0 ‘ 


losing these approximations in Eqs. (/), we ol^t ain 




}" = Vs 


wr 


(A 


In such case, the (;o(‘fficient of fric^tion required to prevent slipping is 




(n) 


(o) 


Having Eq. (k) defining the motion of the roller just after impact, we 
can easily calculate the kinetic energy that it loses as a result of the blow. 
To do this, we note that the kinetic energy before impact Avas 


mv'^ , m/-“ z’“ 3 


(P) 


Using the values (f) and (k) in expression (g), the kinetic energy after 
impact is 

T = -^{1+2 cos a)\ (q) 


Subtracting Eq. (q) from Eq. (p), we obtain, for the lost energy, 
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For small values of the ratio h/r^ this expression is easily reduced to 

A7' « 

PROBLEMS 

127. A rhombus formed of four lunger! bars, each of length I and mass m, falls 

vertically and strikes a horizontal inelastic surface as shown m Fig. 180. Find the 

subsequent motion if, before' impact, the diagonal AB is vertical and the bars have 

only translatory motion with velocity —v. Take the coordinate ijc. of the center of 

gravity C and the angle d as generalized coordinates. 

A ‘ A sin 0 

Arts. After impact, 0 = —~ vr* 

* ' /(I + 3 sin2^) 

I 


X 

Fig. 18G. Fig. 187. 

128. A square formed of four hinged bars, each of mass m and length Z, rotates in 
its own plane with angular vr'locity w about its center C as shown in Fig. 187. Find 
the subsequent motion if the hinge A is suddenly fixed. Generalized coordinates, 
defining the configuration of th(' system, will be the coordinates Xc . and ?/r of the center 
of the square togethi^r with tin' angle of rotation (f> of its diagonal AB and the angle 
6 that each bar makes with this diagonal. Arts. After impact, = |a>, ^ = 0. 

129. A regular hexagon, formed of six 
hinged bars, each of length I and mass m, is 
initially at rest on a perfectly smooth horizontal 
plane as shown in Fig. 188. Find the ratio of 
the velocity yd and ?/„ of the mid-points of two 
parallel bars just after a blow of total impulse 


Fig. 188. Fig. 189. 

Fa' is struck at point A. Owing to symmetry, the configuration of the system will be 
completely defined by the coordinate ya of the point A at which the blow is struck 
together with the angle d that each inclined bar makes with the a;-axis. 

Ans. U = - iV/o, yd = 2/a + A2/a. 

130. A rigid prismatic bar AB of length / and mass m can rotate freely on a hori¬ 
zontal smooth surface about a vertical axis through A (Fig. 189). A ball Cof mass rric 
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is placed in contact with the bar at the distance a from the axis of rotation. At what 
distance x should another ball D of mass m^impingie the bar in order to impart the great¬ 
est possible velocity to the ball C by the impact. Assume an inelastic impact. 


Ans. 


V ml^ rtica^ 

3md rrid 


31. Hamilton’s Principle.—Multiplying each term of the Lagrangian 
equation (135) by an assumed virtual displacement 8(js and using notation 
(/) on page 213, we may write 



If the forces have potential and V is the potential energy of the system, 
we have Q, = —dV/dq^ and Eq. {a) becomes 



Introducing the notation 

L =- T - V, 

Eq. (6), in turn, may be written in the form 



The function L, representing the difference of kinetic and potential 
energies of the system, is called the Lagrangian jxincHon^ and the right- 
hand side of Eq. (c) represents the increment, of this function correspond¬ 
ing to the assumed virtual displacement 
bq,. 

Let us consider now an interval of time 
between two arbitrarily chosen limits h 
and h and assume that at every instant, 
some virtual disi)la(;ement is given to the 
system, so that becomes a certain func¬ 
tion of time, the magnitude of which 
always remains very small. We assume 
also that this function does not change 
abruptly but is a continuous function of 
time and also that its derivative with 
respect to time is always small. Let the 
curve mn in Fig. 190a represent values of 
the chosen coordinate during actual 
motion of the system for the interval 
of time from h to in. Then as a result of the continuously changing 
virtual displacement bqs, we shall obtain another curve very close to the 
curve mn. One such possible variation of the curve mn is shown in 
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the figure by the dotted line mini, Jiy superposing such virtual dis¬ 
placements on the actual motion, not onl 3 ^ the coordinates themselves 
but also their derivatives with respect to time will be slightly changed. 
If the chosen coordinate is changed to the corresponding 

A^elocity will be changed from to + {(i/(ft)dqs. As soon as we assume 
some function of time for dq^^ we know the change of the coordinate gs and 
of the corresponding velocity g« at every instant and can calculate the 
corresponding value of the expression on the right-hand side of Ecj. (c). 
In our further discussion this variation of the Lagrangian function ^^^ll be 
denoted by dL. Then multiplying Eep (c) by dt and integrating from 
t = /i to / = to, we obtain 





(d) 


We now introduce a certain limitation for the virtual displacement 
and assume that it vanishes for t = ti and i = U, as illustrated by the 
dotted line in Fig. 1906. With this limitation, the left-hand side of Eq. 
id) vanishes and we get 

j'' idL)dl = 0. 


This equation holds for any virtual displacement defined by changes 
5gi, Sq 2 , ... of the coordinates, provided they vanish for t = t\ and 
t = ^ 2 . We can (diange the order of calculation and make the integration 
with respect to time first and afterward evaluate the increment of that 
integral due to virtual displacements 5gi, bq^, .... In this manner we 
obtain 



(139) 


This equation represents Hamilton’s principle. It states that the true 
motion of a system within a certain arbitrarily chosen interval of time is 

characterized by the fact that the increment of the integral f L dt 

vanishes for any continuously varying vir¬ 
tual displacement, provided this displace¬ 
ment vanishes at the limits h and h of the 
chosen interval. 

To show an application of Hamilton's 
principle, let us consider first a very simple 
example of harmonic oscillations of a mass 
m sliding on a smooth horizontal plane (Fig. 191). Denoting by x the 
displacement of the particle from its position of equilibrium, the potential 
and kinetic energies are 



Fig. 191. 
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F = 


kx^ 


and 


T = 


mx^ 


2 ' 


and Hamilton's principle gives 

5 (mx- — kx^)dt = 0. {e) 

We know, of course, that in this case, the mass performs a simple har¬ 
monic motion and the coordinate x, as a function of time, is represented 
by a sine curve. Let us take any interval of time from h to h and giv(^ 
to x some small continuously varying increment bx such that the above- 
mentioncHl sine curve will be slightly distortc^d but will retain its true 
ordinates at / = h and at ^ = U. l"he velocity x of tlie mass rn will then 
be changed to x + {(i/dt){bx)y and K{[. (c) gives 




{nrx- — kx'^)dt 


0 . 


Observing that bx and (d/dt)(8x) are small ([uantities and neglecting 
terms containing their squares, we obtain 

ft ~ = 0 . (/) 

We conclude now that the true expression for x is that function of time 
which makes this integral vanish. Integration of the first term in the 
parentheses can be made by parts, and we obtain 


C’ d&z , 

t 

X bx 

/ mx -j- dt = m 
U, dt 

i 



mx 8x dt. 


Since bx vanishes for t = h and t = the first part of this integration 
vanishes and Eq. (/) reduc.es to 



{mx + kx)bx dt — 0. 


(^) 


This integral will vanish for every virtual displacement only if the expres¬ 
sion in the parentheses is always equal to zero, because if it is not zero, 
we can assume for bx a function of time that always has the same sign as 
the expression in the parentheses. The expression under the integral 
sign will then be always positive, and the integral will not vanish. Hence 
to make it vanish, we must have 


mx kx = Q, 

which is the known equation for simple harmonic motion. 

Naturally, in this simple case, we do not need to use Hamilton's 
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principle to derive the equation of motion. In general, we shall find 
that the use of this principle does not simplify the solution of problems 
dealing with systems having a finite number of degrees of freedom. 
However, it may have some advantages in the case of elastic systems with 
an infinite number of degrees of freedom and has found some useful 
applications in various branches of physics.^ 

Hamilton’s principle represents the most condensed form of describ¬ 
ing the motion of a given mechanical system, and from it the usual equa¬ 
tions of motion in rectangular coordinat e's and also Lagrangian equations 
can be derived. 

Take, for example, a system of fr('(‘ partieit's under the action of 
forc.es having potential. Then 

L = T — V = + i,‘“) — V. 


If, during some interval of time, we give to any coordinate Xi a virtual 
displacement dxi such as shown by the dotted line in Fig. 1906, we find, 
as in the above-discussed example, 


<5L = niiXi 


d dxi 

eft 


dV _ d dxi , V i 

8xi WiXi - jj'~ ^i8xi 

dXi di 


and, from Hamilton’s principle, 


Observing that 

f rriiXi ^L^dt = \miXibXi\ 

Jt, dt 


^HiXi - + Xidx^dt — 


— j niiXibXidi = — j }nj\bxidt, 

Jti Jt^ 


we obtain 


which requires that 


/: 


(rriiXi — Xi) bx dt = 0, 


m,iXi — Xi = 0 . 


These are the known equations of motion in rectangular coordinates. In 
a similar way, Lagrangian equations also can be obtained. 

We assumed in our derivation of Hamilton’s principle that the forces 
have a potential. If, in addition to forces having potential, there are 
other forces that do not, we keep the symbol for these later forces and 
the right-hand side of Eq. (6) becomes 


W 




1 H. Helmholtz, ,/. Math., vol. 100, 1886; Wied, Arm., vol. 47, p. 1, 1892; J. J. 
Thomson, ‘^Applications of Dynamics to Physics and Chemistry,’^ 1888. 
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Proceeding then as before, we shall find, for each coordinate, the equation 

(5L + Qa6qa)dt == 0. (140) 

As an application of this equation, let us consider forced vibrations of a 
system with one degree of freedom and with a nonlinear spring. Pro¬ 
ceeding as before and denoting by x the displacement from the equi¬ 
librium position (Fig. 191) and using the notations /(.r) and P sin oit for 
the force in the spring and for the disturbing force, respectively, we obtain 

[nui: + /(.r) — P sin a>/]6.r dl ==■ 0 (h) 

similar to E(i. {</) above. Like Fcj. (g), this re(iuires 

mx + f(x) — P sin ~ 0, {i) 

which is the known differential equation for forced vibrations of a non¬ 
linear system without damping [see I^q. (a), page 61]. 

Although Hamilton’s principle can bring us to the usual differential 
equation of motion for forced vibrations of a nonlinear system, Eq. Qi) 
furnishes us with a more poAcerful method of making an approximate solu¬ 
tion of this problem.^ Following the lUtz method^- we assume that the 
steady forced vibrations of the mass m can be represented with sufficient 
accuracy by the series 

X = aisin o^t + a-isin 2a)/, + * • • . (jf) 

Then a virtual displacement of the mass m can be ol:)tained by giving to 
any coefficient in this series an increment Sag and then we shall have 

bx = da a sin sqjL (k) 

Substituting expressions (j) and (k) into Eq. (//) and integrating from 
/i == 0 to /2 = 27r/5aj,* we shall obtain as many equations for calculating 
ai, a 2 , . . . as the number of terms in the series (j). Naturally, the 
more terms we take in this series the more accurately can it be made to 
represent the true motion. Practically, however, good results can often 
be obtained by taking only one or two terms. 

If we take only the first term of the series (y), we have 

a: = a sin wt (/) 

and 

8x = 8a sin coL (m) 

1 We have already seen in Art. 8, that an exact solution of Eq. (i) is not to be had 
® See Walter Ritz, “ Gesammelte Werke,** 1911. 

* The virtual displacement 8x vanishes for these limits. 
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Substituting these expressions into Eq. {h) and taking the interval 
t 2 — ii — we obtain 


2ir 

1 : 


sin — f{x) + P sin Ci)t]5a sin a)t dt = 0. 


(n) 


Canceling ba and making part of the indicated integration, we obtain 


mao)'^ + P = ~ 

T 



f(a sin cousin cot dt. 


041) 


This equation can be used to determine the amplitude a of the assumed 
motion. 

Let us apply Eq. (141) first to the steady forced vibrations of the 
mass particle m of the system in Fig. 44 (see page Gl), in which case 
the spring force 

f{x) - kiX + k 2 X^ 

and, accordingly. 


/(a sin cot) = kia sin cot + k^ahin^cot. 

Substituting in Eq. (141), and completing the integration on the right- 
hand side, we get 

maco- + P = kia + |/v'2U®. 


Dividing through by rn and rearranging terms, we have 


A i 1 3 A 2 « I 9 

— a + T — a- --h au)^. 

m 4 m m 


{o) 


As already discussed in Art, 8 (see page 63), this equation can be solved 
graphically, and we can construct a response curve (Fig. 46) showing how 
the amplitude of forced vibration varies with the angular frequency co of 
the disturbing force. 

It will be interesting to compare Eq. (o) with Eq. (40) on page 63. 
Following the notations of Art. 8, we see that these equations differ only 
in regard to the term containing a^. We now have in place of /? in Eq. 
(40). It will be remembered that Eq. (40) was obtained by substituting 
an assumed solution, x = a cos directly into the differential equation 
of motion (37), In this way, we satisfied the equation only for values of 
t corresponding to extreme positions of the vibrating mass and, in the 
absence of damping, also for the middle position. Now, in using Eq. (o), 
obtained on the basis of Eq. (141), we are selecting the amplitude a of an 
assumed harmonic vibration in such a way as to satisfy most closely the 
differential equation of motion for all values of t throughout the cycle. In 
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short, Eq. (o) defines the best possible value of a within the limits of the 
assumed form of the motion. Taking two terms of the series {j) and 
proceeding in a similar manner, we can, of course, get a still better 
approximation of the motion. 

A case of particular practical interest' is shown in Fig. 192, where the function 
f{x) is defined by the straight lines having the slopes k\ and k 2 . Equation (141) 
applies to this system also; but owing to the discontinuous nature of J{x) (see Fig. 



Fig. 192. 


1926), it will be necessary to divide the integration on the right-hand side into several 
parts. Analytically, the function/(a:) is defined as follows: 


fix) = 


kiX 

k^x “b (ki — k2)(iQ 
k^x — (ki — A'2)ao 


for 

for 

for 


— Uo < x < On, 

Uq < X < 00 , 

~ ^ < x < —ao. 


ip) 


Assume, now, that the amplitude a of forced vibration is greater than ao, and let 
h represent the time required for the mass m to move frem its middle position to the 
point where the extra springs come into action. Setting x = ao in Eq. (/), we find 
that this time is the smallest value of the expression 


ti 



Then, corresponding to expressions (p) above, we have 


' This example is taken from a paper by A. Louri6 and A. Tchekmarev, On the 
Approximate Solution of Several Non-linear Problems of Forced Vibrations, Russ, 
Acad, Sci, Puh.^ Sec, Tech. Mech., New Series, vol. 1, No. 3, p. 307, Moscow, 1938. 
For another method of solution, see “Forced Vibrations in Non-linear Systems with 
Various Combinations of Linear Springs’’ by J. P. Den Hartog and R. M. Heiles, 
J. Applied Mechanics, December, 1936, p. A-127. 
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f{a sin wO 


kia sin ojt 

kta sin co< + (^i k2)aQ 
kia sin u)t 

kia sin — {ki — k 2 )ao 
k\a sin <jot 


for 


0 <t <ti, 

for 


h <t <~ - tl, 

<A> 

for 

TT 

- il <t < - + 11 , 


ca 

CO 

for 

TT 

+ (!<<<--( 


0} 

U) 

for 

2ir 

2Tr 

(V 

- tx <i < • 

CO 


Using those oxprfvssions riuI dividing tln^ int(‘gnil on the right-hand side of Eq. (141) 
into five pa^ts, W(‘ ol>t}un 


~ / f(a sin w/)sin oit dt = kia ± ^ (ki — ki) T a sin 
TT JO V I 


( 7 ) +\' 



, ( 9 ) 


where the plus sign (corresponds to positive values of i.r.., to in-phase motion^ and 
the minus sign, to mcgative values of a, i.e.^ to oul-of-phase viotion. Substituting in 
Eq. (141), we obtain, after some alg(‘braic nianipulatioJi, 


ki 
ki ~ 




[ 


a . 

— sin ^ 

Oo 


G) + V> -I?)’} 


(r) 


where aj 2 = \/ ki/ m ncprt'sents the natural angular frequency of the system for very 
large amplitudes whenc the influemcc' of k\ is lu^gligible. 

For amplitudes h'ss than ao, we have, simply, 


and Eq. (141) gives 

a = 


f(a sin (at) = Acitt sin (at^ 



P/m ^ P f_1_ 

— (t)^ /Cl 1_ 1 — (co^/coi^j 


(«) 


where wi = Vfci /in, represents the natural angular frequency of the system within 
the range —ao < x < ao. Equations (r) and (s) together define the amplitude of 
forced vibration in the steady state for all possible values of the angular freciuenoy w 
of the given disturbing force. 



Equation (r), like Eq. (o), can be solved graphically. For this purpose, we write 

+ a)'} 

which is represented grapliically by the two curves AB and A^B' shown in Fig. 193, 
where values of the amplitude ratio a/ao are taken as abscissa. We see that these 
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curves are entirely independent of the physical properties of the system and, once 
constructed, can be used for all cases. All physical properties of the system and the 
disturbing force are contained in the left-hand side of h]q. (r). We now consider the 
equation 


which represents a straight line EF having, on the ^-axis, tlie intercept 



and the slope 



tan « =s 




) 


For a given system and a given disturbing force, th(‘ point 1) is fixed and tiie slope 
varies with the angular frequency 03 . For the (!ase shown in Pig. 192 where hz > A'l, 



Fig. 194. 


co/aj2 


wc obtain a negative intercept as shown; if k% < ki, the intercept will be po.sitive. The 
intersections between such straight lines as EF and the curves AB and A'B' give all 
possible solutions of Eq. (r). Intersections with the branch AB indicate in-phase 
vibrations; those with the branch A'f?', out-of-phase vibiations. 

Proceeding as outlined above, we can construct families of response curves showing 
how the amplitude of forced vibration varies with the frequency ratio 03/032 for various 
magnitudes of the disturbing force P. One such family of curves for the case where 
k 2 = "liki is shown in Fig. 194.^ The portions of the curves below the horizontal line 
a/ao = I, are obtained from Plq. (s), noting that wi/a >2 = 0.707. 

32. Constraints Depending on Velocities. —In discussing various kinds of con¬ 
straints of a system in Art. 23, we already mentioned that equations of constraint 
sometimes contain not only coordinates, specifying the configuration of the system, 
but also velocities. Take, for example, a thin disk rolling on a rough horizontal 
plane as shown in Fig. 196. Any instantaneous position of this disk will be defined by 
the coordinates x, y of the point of contact A together with the angle that the 

^ These curves were taken from Ivouri^ and Tchekmarov, op. cit., p. 236. 
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tangent to the circumference of the disk at A makes with the x-axis and the angle d 
by which the plane of the disk is inclined to the vertical plane. We can take these 
four quantities as the generalized coordinates of the system, but it may be seen that 
owing to friction, they will nob all be independent; the system has not four but only 
three degrees of freedom. We cannot have arbitrary virtual displacements hx and 
by, since friction opposes those displacements and the motion must take place in the 
direction of the tangent 0m\ thus 


by == bx tan 0. 

The same relation will exist bc^tween the velocities of the point of contact A, and we 
have 

y — X tan (a) 

This additional equation of constraint, containing velocities, reduces the number of 
the degrec^s of freedom of the rolling disk to three. 




In some simple cases, the equations containing velocities can be integrated as in 
the exaniple on page 193, and we obtain (‘quations of constraint containing only 
coordinates as considered previously. If equations of constraint contain velocities 
and cannot be integrated, the problem bec,omes more involved. 

Systems with equations of constraint containing only coordinates or coordinates 
and time t are called holonowic sy.^lrrns. All problems that we previously discussed in 
this chapter were examples of holoJ^omie* systeuns. The Lagrangian eepiations give 
the general method of solution of such problems. If tluTCi are equations of constraint 
containing velocities, such as lOq, (a), the systejus are called nonholonornic systems. 
General methods of deriving equations of motion for such systems have bt^en devel¬ 
oped,^ but we shall not discuss these methods here and shall limit ourselves to one 
example of a nonholonornic system in which an approximate solution can be obtained 
by using the principle of angular momentum. This is the case of motion of a bicycle 
(Fig. 196).2 T^et A be the point of contact of the rear wheel with the horizontal 
supporting plane and AM the line of intersection of the middle plane of the frame with 
the horizontal supporting plane. The angle of inclination of the middle plane to 
the vertical we denote by and assume that the center of gravity C of the system is 

1 Sec K. J. Routh, Rigid Dynamics, vol. 1, p. 339, 1897, and Paul Appell, 
M<$canique rationelle,’^ vol. 2, p. 374, 1923. 

* This approximate solution is given in the book ^‘Cours de mdeanique^^ by 
Bouasse, p. 620, Paris. 

* The quantity d is considered positive if inclination is toward the center of 
curvature 0 of the trajectory of point A. 
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in the middle plane at the distance h from the line AM, so that its height above the 
supporting plane is h cos 6 and its distance from the transverse vert ical plane through 
AO is />. In an approximate discussion of the problem, we shall consider only the 
motion of the center of gravity of th(^ system and shall m'gh'ct rotation of the wheels. 
We take the .r-axis approximately parallel to the (‘k^ment dn of tlu^ trajectory s, which 
the point of contact A is describing at the instant under consideration, and the ^/-axis 
perpendicular to x. Let x and y be the (‘oordinatea of the point A. Then the cosine 
and sine of the angle </> that the element da mak(‘s with tlie x- and y-axes are dxfds, 
dy/ds, and the coordinates f of the center of gravity C will be 

^ — A sin 0 \ 

da da I 

I 7 , I • ^ d-x' > (6) 

^ - y + rf, + { 

^ = h <a)s 0. ) 


To simi)lify writmg we sliall use, in furthca- discussion, the notations 

dx , d-x ,, 

~7 ~j 77 X . 

da da- 

We observe also that 

d _ d da _ d 
dt da (It ^ da 


(c) 

(d) 


where v is the velocity of the point A. 

To eliminate the unknown r(‘actions, we use the principle of angular momentum 
and take, as an axis of moments, the line AH passing tlirough tlie points of contact A 
and B. In such case, the moment of external forc(‘s rcaluces to the moment of the 
gravity force, equal to Wh sin 0 , and the [)rincii)le of angular momentum gives the 
following equation 


W(fv 

g dV^ 


h cos 0 


W (H^ 
g dC 


h sill 


W it. sin 0 . 


Substituting for f its expression from Kqs. (h) and (considering h as a (constant, we 
obtain 

^ (COS 0 A- h sin 20 ^ + A sin 0 cos 0 = 0 nin 0 . (e) 

To obtain an equation (Containing only 0, we express d'^y)ldt^ tlirough 0 by using the 
second of Eqs. (6), which givics 


dt) 

dt 


djL + 1, 

di ^ dt 



-f A sin 0 


dt 



+ A 


dx 


(COS 0 


d0 

7lt 


or, using notations (c) and (d), 


dt 


vy' + bvy" 4* hv sin 0 x'^ 4* Ax' cos 0 


dt 


The second differentiation then gives 

vV + b (I y" + vY") + h Q X" + sin e 

+ 2hvx" cose — hx' [ — PCS e - sin 9 j. (/) 
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We have also 


from which 


-f = (cos <t>Y (sin 0 )* = 1. 

// * j d0 ff d(j} 

X = — sill 0 -r-j ?/' = COS 0 -T-y 
(is (is 

wr + wr - (*)■ - J,. 


where is the radius of curvature of th(‘ tnijiTtory s of the point of contact A* 
Differentiating h]q. (g), we obtain 

x'x" + y'y" = 0, x'x'" -f y'y'" -(- (x"y + {y"y = 0; 

and by differentiating Eq. (h)y wo have 




Assume now that the x-axis coincides Avith the line AB in Fig. 196. Then the angle 0 
vanishes, and we obtain 

••-1, ,'-0, y'.O, *”--(§)■ 


= -(2/")= = - 


In such case, Eq. (/) gives 


and we obtain, from Eq. (/), 


dl\li/ 


d^rj _ V 

IF ~ L 


I dv ^ d /i\'] hv^ • ^ , J „ (dey . i 

^s'^^lRdt + ^diKn)\ - w^ " - [dt) "J- 


Substituting this into Eq. (e), we obtain an equation containing only the variable 
angle 0 . The equation is a complicated one, but it can be greatly simplified if we 
consider only small values of f.c., small deviations of the rear wheel from the vertical 
plane. In such case, we can put 

cos ^ — 1, sin 0 — 0 

and can neglect h sin 0/R in comparison with unity. Then 


and Eq. (e) gives 


d'^Tj _ , 7 d 

dF " R'^ (it 


/ ^ \ II. d'^0 ,. (doy 


d^0 , ^ d /_ g0 _^ 

di^ hit \r) “ X hh 


This equation can be represented in a form more suitable for our further discussion by 
introducing, instead of the radius of curvature R, its expression through the angle a 
between the lines MB and NB, We show first that the perpendicular BO to the line 
NB intersects the perpendicular AO at point 0, which is the center of curvature of 
the trajectory 8 of the point A. For this purpose, we denote, as before, by x and y 
the coordinates of point A. The coordinates of point B we denote by Xi and yi 
and the length by a. Then 
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a:, =a;+a_, 

1 dy (1) 

(xi - xy -h ( 2/1 - y)^ =* a*. t 

Differentiating the last of these equations and using the first two, we obtain, 
dx{dxi — dx) + dy{dyi — _dy) — 0, 

from which 

dx dxi 4- dy dyi = dx^ dy^ = ds* 
or 

^ ^ ^ ^ 1 / X 

ds ds ds ds ^ ^ 

Considering now the trajectory si of the point of contact B of the front wheel and 
denoting by dsi an element of this trajectory, the cosines of the angles that this 
element makes with the x- and y-axcs are 


and we find, for the cosine of the angle a, the following expression: 

dx dxi , dy dyi . , 

ds dsi ds dsi 

Comparing Eqs, (m) and (n), we conclude that 

ds ~ dsicos a. (o) 

Differentiating now the first two of Eqs, (/), sijuaring tliem, and adding together, we 
find 

r //V^-rX 2 / / fl'T-, 


dx\ 

, ds 

dx^ 

dsj 


fdjh 
^ ds 

- 

ds 

dx\ 

1 

dx^ 



^dsi cos or 

(is j 

V ds 1 


Assuming now that the x-axis coincides with the line AM,wg obtain 
dxi dx , dv} . dy 

-r- = cos a, = ], ^ = sm or, -£ = 0, 


dxi 

dsi 

and Eq. (p) gives 




a ^ R tan a. (g) 

The same conclusion can be obtained also from the right triangle ABO in Fig. 196, 
which proves that the intersection point O of the perpendiculars AO and BO is the 
center of curvature of the trajectory s. If we keep the angle a constant, both the 
trajectories s and Si become concentric circles of radii R and 22/cos a, respectively. 
Using Eq. (g), we rewrite now our equation of motion (k) in the following form: 


6 d / vtan a \ 
/id( \ a ) 
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We obtain a very simple solution of this equation by assuming 0, a, and v constant. 
The bicycle is moving with constant velocity, with (constant angle of inclination of 
the plane of the frame to the vertical, and with a constant angle a. Equation (r) 
is then satisfied if we put 


h 





This same conclusion may be reached in a very sinqde manner by equating the 
moments, with respect to the axis ABj of the gravity force and of the centrifugal 
force applied at the center of gravity C. 

We can discuss also sonn^ more coniplicat(‘d eases if we only assume that the angle a 
is small and that the velocity v is approximately constant. Substituting a for tan a 
and the average velocity Va for v in Eq. (r), we obtain 

4. 

dt^'^ha'di h\ (ja) 


It is s(^en that by a proper variation of the angle we can make the bicycle move 
with a constant angle of inclination 0 of the frame. When B is constant, Eq. {t) gives 


and by integration w(‘ obtain, 


di bva \ (Jit )' 


agO 

Q! = - 7y 

1 ) > 


+ Ce 


~h 


(u) 


wIktc C is a constant of integration which can be detcTmimal if the initial value of a 
is known. We see that the term containing C diminisln's witli time and the angle a 
approaches the value satisfying the condition of equilibrium (s) bt'twc^en the gravity 
force and the tarntrifugal force. 

Returning now to Eq. (0, W(; assume that the right-hand side of this equation does 
not vanish; t.e., there is no equilibrium of the gravity force and centrifugal force. If 
at th(? same time a is constant, the term containing da/dl vanishes aiid we can inte¬ 
grate the equation. In this way, we shall obtain for 6 an exponential function wliich 
indicates that the condition is unstable. If tlie right-hand side of the equation is 
positive and dB/di is positive, the angle B will be increasing and the bicycle will be 
falling down. To prevent this, we have to change the sign of dB/dL This can be 
accomplished by utilizing, in Eq. (0, the term containing daldi. By rapidly increas¬ 
ing the angle a, we can make d^B/df^ negative, which will finally change the sign of 
dB/dL By rapidly turning the front wheel in the direction in which the bicycle is 
falling, we can stop the increase of the angle B. We see that the necessary stability 
of the moving bi(;ycle can bo established by proper turning of the front wheel. 

We neglected in our discusSsion the rotation of the wheels with respect to their axes 
and considered only the motion of the center of gravity of the system. This is by far 
the most important factor, and the approximate equation {t) gives a satisfactory 
explanation of the stability of a bicycle. 
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THEORY OF SMALL VIBRATIONS 


33. Free Vibrations of Conservative Systems. —^I^agrangian equations, 
discussed in the preceding chapter, find a broad application in the study 
of vibrations of various mechanical systems. We begin with the case 
of free vibrations and assume that the particles of a system, which was 
initially in a configuration of stable equilibrium, are given some small 
initial displacements and velocities. Then the system will begin to 
perform small vibrations about its configuration of equilibrium. We 
assume also that there is no friction and no external disturbing forces, 
so that vibrations are due only to initial displacements and velocities. 
In this way, we obtain the case of free vibrations without dampmg. Under 
these assumptions, we usually have to consider only such forces as the 
mutual attractions between particles, elasticity forces of springs inserted 
between parts of the system, and gravity forcjes. All these forces have 
potential and the Lagrangian equations (13G) can be written in the 
following form: 


dt dqs dqs dqs 


(a) 


In deriving the expressions for kinetic and potential energy of the system, 
we shall take into consideration that vibrations are assumed small and 
shall simplify the expressions for T and V by retaining only terms con¬ 
taining displacements and velocities in their lowest powers, neglecting 
small quantities of higher order. ^ 

Beginning with the kinetic energy of a system, we have 


T = + i^). 


ib) 


Introducing now generalized coordinates, we limit our consideration to 
those cases in which constraints do not depend explicitly on time, so that 
rectangular coordinates are functions of the generalized coordinates 
Qh ^ 2 , . • • Qn only. Then, for any particle of the system, we have 


^ . . . 9n), ^ 

y = /2(gi,g2, . . . gn), • (c) 

2^ = /8(gi,g2, . . . gn), ^ 

^ Usually, the expressions for T and V will thereby become functions of the second 

degree in displacements and velocities, but this will not always be so. 
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X = 

y = 

z = 


dx . . dx , . dx . 

dqi ^ dq2 ^ dqn 


(d) 


We see that the velocities i, ?/, z are homogeneous linear functions of the 
generalized velocities qi, ^ 2 , . . . . The differential coefficients such as 
dx/dq^, dx/dqoj ... in these expressions are not constant but are func~ 
tions of g'l, (^ 2 , . . . and are obtained from Eqs. (c). Making the sum 
of the scpiares of expressions {d) for the velocity components of each 
particle of the system and substituting in Eq. (6), we obtain, after sum¬ 
mation, a homogeneous function of second degree in ^i, . . . for the 

kinetic energy. This can be written in the form 

T = iianqr + <122(12" + * • * ann^n" + 2 ai 2 gig 2 +•**)> (f 42 ) 

where an, a 22 , . . - will be certain functions of the generalized coordi¬ 
nates q\y q 2 , . . . gn. 

Let us introduce now the limitation of small vibrations and assume 
that the coordinates gi, g^, . . . are measur('d from the position of 
equilibrium about which the system vibrates. Then gi, g2, . . . g„ 
remain always small during vibration, and the coefficients an, < 122 , • • , 

with sufficient accuracy, can be 
treated as constants. To show this, 
we take a specific example and con¬ 
sider torsional vibrations of a circular 
disk attached to an elastic vertical 
shaft and connected to a piston B 
as shown in Fig. 197. This system 
has one degree of freedom; and as 
the generalized coordinate defining 
its configuration, we take the angle 
6 which the radius OA makes with its equilibrium position OAq as shown 
in the figure. Then the kinetic energy of the disk is The kinetic 

energy of the connecting rod and of the piston, as we have seen before 
(page 174), depend not only on the angular velocity 6 of the disk but 
also on the angle a + 0 that OA makes with the fixed axis OB and can 
be expressed in the form ^06^, where 0 is a certain function of the angle 
a + 0- Th^ total kinetic energy of the system then is 

i(/ + 0)^*^. (e) 

Now if 9 is always small, there occur only small \^ariations in the angle 
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a + 6; and with sufficient accuracy, we can take for this angle its mean 
value a corresponding to the equilibrium position of the system. With 
this value, the quantity within the parentheses of expression (c) remains 
constant and our complicated systc^m can be replaced by an equivalent 
disk having a constant moment of inertia 1 + 0o. Vibrations of such a 
system can be readily treated. 

The above conclusion can be reached also analytically. Since a is a 
constant, wq (*an consider the parentheses of expression (c) as a certain 
function of the small angle 0 and denote it by f{6). Then a Taylor^s 
expansion gives 

m - m + r(o) + hoTm + • • •. 

Observing that 0 is small and neglecting in the series all terms except the 
first, we shall use instead of/( 0 ) the constant value/(O), which represents 
the value of the parentheses of expression (c) for ^ == 0 . 

The same manner of reasoning can be applied also in the case of a 

system with several degrees of freedom, and 
we can conclude that in the case of small vi¬ 
brations, the coefficients an, flno, ... in ex¬ 
pression (142) can be considered as constants. 

Let us consider now the expression for po¬ 
tential energy F. Beginning again with sys¬ 
tems ha\ ing one degree of freedom, we can 
i-eadily show that in the case of small dis¬ 
placements measured from the position of 
equilibrium, the potential energy usually is 
a se(*ond-degreo function of the coordinate. 
Considering, for example, a theoretical pendulum (Fig. 198a) and meas¬ 
uring the potential energy from the equilibrium position 0 = 0 , we find, 
for any angle (j), 

V — 11/(1 ~ cos (//). 

In the case of small vibrations, the angle 0 is small and we can take 
cos <t> ^ 1 2 ^ 0 “. Then 

V = 

In the case of a particle on a spring (Fig. 1986), we take, for generalized 
coordinate, the displacement x from the position of equilibrium and the 
potential energy of the system is 

V - 

where k is the spring constant. 

In general, when we have a system with one degree of freedom and q 



(a) (b) 

Fio. 198. 
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is the coordinate measured from the position of equilibrium, we have 

V = f{q) 

and a Taylor’s expansion gives 

V =-m +/'(())</ f kf"(our + • • • . if) 

The first term in this expansion vaiiislies if we agree to measure the 
potential energy of the system from the position of etiuilibriurn, i.e., 
if we take 

- /(()) ----- 0 . 

The second term vanishes also, since q is measui’cd from th(' position of 
equilibrium, and for such position the derivative dV/dq must vanish (see 
page 201). Then, neglecting all teams containing q in powers higher than 
the second, we obtain 

r - irmf 

or, using the notation f" (0) = r, 

- icq\ 

Since, for the position of stable erpiilibrium, the potential energy is a 
minimum, /"(O) > 0 and the constant c is positive. 

In a similar manner, we can consider a system with several degrees 
of freedom and conclude that in the case of small vibrat ions, the potential 
energy usually can be represented with sufficient accura(*y by a homo¬ 
geneous second-degree function of the coordinates. Thus, we write 

y = U<^nqi^ + ^22^2^ + * * • + 2ci2qiq2 (143) 

where the coefficients Cn, C 22 , . • • are constants. 8in(‘e V has a mini¬ 
mum for the equilibrium position, its value (143) for the displaced 
position will always be positive. 

Substituting expressions (142) and (143) into the Lagrangian equa¬ 
tion (a) and taking g, as gi, ^ 2 , . . . qn, in succession, we obtain 

cinqi + 012^2 + U1393 + * • ’ + Cuqi + C1292 + Cnq^ . = Q v 

.{ (144) 

Unl^l + (In2q2 + dnZqZ + Cnl^l + Cn 2<72 + CnSQ'S + * * * ~ 0. J 

We see that keeping in the expressions for V and T only small quantities 
of second order, we obtain a system of linear equations with constant 
coefficients. This linearization of the differential equations of motion 
leads to a great simplification in the treatment of small vibrations. 

The solution of Eqs. (144) for various particular <‘ascs will be the subject of our 
further discussion. First, however, we shall indicate that there are sometimes cxcep- 





248 


ADVANCED DYNAMICS 


[Chap. IV 


tional cases in which the potential energy can no longer be represented with sufficient 
accuracy by a function of the second degree but contains the coordinates q\, q%y . . . 
in higher powers. Lagrangian equations then are not linear, and their solution 
becomes more involved. Some problems of this kind will be discussed at the end of 
the chapter. Here we shall iiKaition only a simple example 
of a parti(‘le C attached to a vertical string and performing 
horizontal vibrations along the x-axis, Fig. 199. We assume 
that there is no initial tension in the string and that the ten¬ 
sion produced by the weight of th(‘ ])article is small and can 
he neglected. Tlam for any horizontal dLsi)lacement a: of tin* 
particle, the elongation of th(‘ string is 




0^- 


zrp 


r- 


/ 


A, 


X >- 



Fio. 199. 


- /) 


and the tensile force will Ix^ 


,S = \E 


The corresponding potential (auM-gy of the system is 


_ 1 vs _ 


ig) 


and the Lagrangian equation (a) gives 

mx -f- — 0. {h) 

We see that in this case, the potential energy is not a second-degree function of the 
coordinate x and the equation of motion is not linear even for small vibrations. In 
our general discussion of the function representing potential energy F, we used 
Taylor’s expansion (/) and concluded that for small displacements, that function 
usually is represented by the terra i/"( 0 ) 7 ^ and is of the second degree; but in our 
present example, the potential energy is given by expression {g). Not only the second 
but also the third derivative in expression (/) vanishes lor a: = 0, and the first term, 
which does not vanish and which represents F, contains the (ioordinate to the fourth 
power. 

If we assume that initially the string is so highly stretched that the additional 
stretching due to the lateral displacement x can be neglected, the tensile force S will 
be approximately (constant and the potential energy of the system becomes 

V ^\S 

The corresponding equation of motion is 

mx + ~ = 0. 

This equation is linear, and the particle will perform simple harmonic vibration. 

From the foregoing example, we see that there can be exceptional 
cases in which the potential energy cannot be considered as a quadratic 
function of the coordinates. As mentioned above, these cases will be 
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discussed at the end of the chapter. We shall now consider several 
examples for which the kinetic and potential energies of a system can be 
expressed in quadratic form and to which Eqs. (144) may therefore be 
applied. 

As a first example, consider the sys¬ 
tem in Fig. 200 where a rigid body 
AC suspended by a string OA per¬ 
forms small oscillations in a vertical 
plane. As generalized coordinates, 
we take the angles <t> and 6 as shown 
in the figure. Then the velocity of 
point A is and the velocity of 
the center of gravity C of the body 
with respect to A is The angle 
between these two velocities is 0 — <#>, 
and the resultant velocity v of point 
C is obtained from the equation 

V" — P<j>^ -f- 2l^(id cos{d — 0) d“ 

Since the middle term in this expression already contains the second-order 
product <l)6y we can take 

cos(^ — 1 

and the kinetic energy of the system is 



T = 


W 


-f~ 2Ia,<j)0 -|- -j- ^ 


(i) 


where I is the moment of inertia of the body with respect to its centroidal 
axis. With reference to the equilibrium position, the potential energy of 
the system is 

V = TF[/(1 - cos (!>)+ a(l - cos 0)]. 

For small oscillations, we put here 


cos ~ 1 — cos 0^1— 

and 

V = + ad'^). (j) 

We see that expressions (j) and (f) are homogeneous quadratic func¬ 
tions of the coordinates and 0 and their derivatives <j> and d. 

Comparing expression (t) with Eq. (142), we conclude that for this 
case, 
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Similarly, by comparing expression (j) with Eq. (143), we find 
Cji = Wlf C22 = Wa, C12 = 0 , 
and the equations of motion (144) become 

(Kt + ,\,+ 'ki + Wa,.A 

\ 9 / 0 f 

The solution of such equations of motion will be discussed later. 

As a second example, we consider a rigid prismatic bar of length 21 
and mass the ends A and B of which are constrained to move along 
mutually perpendicular wires in a vertical plane as shown in Fig. 201. 

During such motion of the bar, its 
center of gravity C describes a cir¬ 
cular path of radius I and with 
center at 0. The equilibrium con¬ 
figuration corresponds to the lowest 
position of the point C on this cir¬ 
cle; and as our generalized coordi¬ 
nate, we take the angle ^ that the 
line OC makes with the vertical. 
We assume that this angle is always 
small. For any position of the bar, the instantaneous center of rotation 
is at Oi, the angular velocity is and the velocity of point C is l4>. Thus 
the total kinetic energy is 

T ~ <i>^ ” (/) 

With reference to the equilibrium i)ositi()n, the pobmtial energy is 

V = 117(1 ~ cos <t>) - 02. (m) 

Comparing these expressions with Eqs. (142) and (143), we conclude that 
<^11 = Cn = Wl = 7 ngly 

and Eq. (144) gives 

+ mgl<j> = 0 , 

which can be written in the form 


O 
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From this equation, we conclude that for small oscillations, the system 
has the same period as a simple pendulum of length 4//3. 

As a third example, we consider the case of a particle B of mass m 
attached to the upper end of a slender vertical wire x 

of length I as shown in Fig. 202. The mass of the I ^ i 

wire will be neglected, and we limit our discussion ^ ' p 

to small lateral vibrations of the particle B. Tak- 1 ^ 

ing coordinate axes, as shown, and denoting by yt [\mg 

the lateral displacement of the particle J9, the / 

kinetic energy of the syst(jm is ^ “*"->7*": 

T = (o) / 

To calculate the potential energy, we have to con- / 

sider, besides the gravity force mg, the strain energy 7 T/777^z vr 7 zhv 7777 y 

of bending of the wire. This strain energy is p ^^3 202 


r Mhl 

Jo 2E1 


{yh - y^dx. 


Regarding the potential energy of the gravity force mg, we observe that 
during vibration, the particle describes a curve BoB as shown. The 
corresponding vertic^al displacement of the particle is 


{ds — dx) 


IM 


Assuming now, for approximate calculation, that the deflection curve 
has the equation 

y = yb(I - 


Eqs. (p) and (q) give, respectively, 
1 4E/ y>> 


Then the total potential energy of the system is 


1 r {mg)H 


2 

wr- 


If this expression is positive, the straight-line form of equilibrium of the 
column is stable and we can have lateral vibrations of the particle B 
with respect to that position of equilibrium. If V is negative, the straight 
configuration of equilibrium will be unstable and the column buckles 
sidewise. The critical value of the weight mg is obtained by equating 
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the expression in the brackets of Eq. (r) to zero. In this way, we get 

{mg)„ = (s) 

which, of course, is the known Euler's load for the column. 

Using the notation 

_ {mg)H _ T^mg , . 

2EI SI ' ^ ’ 

Eqs. (144) give 

We see from this that the compressed column has an effective spring 
constant as given by expression (0, and the particle B vibrates with the 
period t = 27r y/m/k. Taking mg close to the critical value (s), we 
obtain a very small effective spring constant and the period approaches 
infinity. 

As a final example, we consider a prismatic bar AB of length 2c and 

mass m suspended horizontally in a vertical plane by two identical 

^ _ strings of length I symmetrically or- 

I ientated with respect to the vertical 

C / \ ^ CO through the center of gravity C as 

shown in Fig. 203. Let a denote the 

^ angle of inclination of each string when 

yy ^ the system is in its configuration of 

equilibrium, Lc., when AB is hori- 

zontal. During small oscillations of 

^ ^ the system in the plane of the figure, 

— JL string makes a small angle 0 with 

^^ ^^ its equilibrium position, and we take 

^ this angle 0 as generalized coordinate. 

Fig. 203. ,. , -. ,. 

Ihe corresponding angle oi inclination 

of the bar AB we denote by 0. Noting from the figure that 0 is the 

instantaneous center of rotation of the bar when it is in the equilibrium 

position, we see that 


a A" 0 


771 = OB 


(I A" c 


Thus, the velocity of the center of gravity C of the bar is 

a + c 

and the velocities of its ends A and B are 


a A" c 
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a, c 
c 


<j>. 


The kinetic energy of th(' bar then is 


T 


m ( 

2 V T'c/ 


+ 


2 


Ir + g (a + cr 


(u) 


This expression, derived for tho middle position </> = 0, can be used with 
satisfactory accuracy also for small values of <f). 

The potential energy of the system with respect to tlu? equilibrium 
position is 


V ~ —7ng\l sin(a + 0) — e sin xp — //]. {v) 

The relation between </> and xp can be found by making the projections 
of the closed polygon A'B'CDA' on the horizontal and vc'rtical axes. 
Considering then \p and </> as small quantities and expanding the trigo¬ 
nometric functions of expression (v) in series, we shall find 


V = mgh 




3(a + c) 3c — a 


4 X 3 X 2 X 1 


+ 


(w) 


We see that the first term in this series contains the coordinate (p to 
the fourth power. The pendulum wdll oscillate, but not 
the oscillations will be harmonic. We see also that if 
3c = a, the term containing in expression (w) vanishes 
and the first term, different from zero in this case, is 
that containing (p to the sixth power. This indicates 
that the trajectory of the center of gravity C is very 
close to a horizontal straight line and the period of 
oscillation will be very large. 

PROBLEMS 

131. For small oscillations about its vertical configuration of 
equilibrium, write the expressions for kinetic and potential energy 
of the system shown in Fig. 204; and using same, formulate the 
equation of motion using the angle xp as generalized coordinate. 

Neglect the masses of the bars and of the roller C, and assume 
that there is no friction. 

An*. [i^‘ (^)']^=0. Fia. 204. 

132. Formulate the equation of motion for small rotational oscillations of the 

system in Fig. 205 about the vertical axis of symmetry through C and find the 
period r. r — 2ir 
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133. Find the period t of small oscillations of the particle C shown in Fig. 206. 
Neglect friction and the mass of the bar OC. Ans, r « 2ir \^l/g sin ai 




34, Linear Oscillations of Two Coupled Masses. —Before entering 
into a general discussion of the solution of Eqs. (144), we shall consider 

the particular case of small vibrations 
of the system shown in Fig. 207. Two 
masses mi and m 2 can slide without 
friction along the horizontal :c-axis, 
and the connecting springs have the 
spring constants ki and k 2 ^ We take 
as coordinates the displacements Xi 
and X 2 of the masses from their posi¬ 
tions of equilibrium, in which posi¬ 
tions the forces in the springs vanish. For any other positions as shown in 
the figure, the tensile forces in the springs are kiXi and k 2 {x 2 — Xi), The 
expressions for the kinetic and potential energy of the system are 

T = i{mixi^ + m2X2^), 

V - ilkiXi^ + k2{X2 - XiYl 



L 

^/wwww 

- A? 

/VW\Ai\ 


^h'TTTTTTTTTT'y 

77^/77^777777} 

7 ^ V////// 


Fig. 207. 


Substituting in the Lagrangian equation (136), we obtain^ 

mixi = —kiXi + k2{x2 - Xi), 
m 2 X 2 = ‘-k 2 {x 2 — Xi). 

To simplify our further discussion, we introduce now the notations 



^ In this simple case, the differential equations of motion can be written at once, 
but we use Lagrangian equations in order to make a better comparison with the general 
case of a system with two degrees of freedom, wliich will be discussed in the next 
article. 
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ki 1x2 
mi 


- a, 


h 

mi 


= b, 


A'2 
^2 


== c. 


(c) 


Them Eqs. (6) become 

Xi == --axi + bx 2 , 

X2 — CXi — CX2. 

Since we are dealing here with vibrations, it is natural to try, as particular 
solutions of Eqs. (rf), trigonometric expressions of the form 



Xi = A ainipt + a), I . . 

X2 = B m\(pt + «), ) 

which represent harmonic motions of angular frequency p, phase angle a, 
and amplitude's A and B. Substituting expressions (e) into Eeis. {d) 
and canceling sin(p^ + a), we obtain 

-Ap‘^ = -.4rt + Bh, 

— Bp^ = Ac ~ Be 

or 

A{(i - p2) _ Bfj = 0, ] ... 

-Ac + B{c - p^) = 0. I 

One evident solution of these equations is A = B = 0, In this case, 
the displacements (e) vanish and we obtain the equilibrium configura¬ 
tion of the system. Elquations (/) can yield, for A and /i, solutions dif- 
^ ferent from zero only if their determinant vanishes, which gives 

(a — p^){c — p^) — be = 0 (g) 

or 

— (a + c)p^ + ac — 6c = 0. (6) 

This equation gives for p“ two solutions: 


2 CL + C I 

4 


(a + c)-'* , \ 

--- c{a - b), 


, a + c . 

+ 


(a + 


— c(a — b). 


The expression under the radical can be transformed as follows: 


(g + cy 


- M = (g_-z.p).! 


c(a — b) 


+ 6c, 


(i) 


U) 


and we see that this expression is always positive; hence the roots pi® 
and p 2 ^ are always real. From notations (c), we see also that a — 6 is 
always positive, which indicates that the radical in expressions (f) is 
smaller than (a + c)/2. Hence both roots pi^ and p 2 “ are positive, and 
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we get for pi and p 2 real values with ± signs. We need to take only the 
positive signs for these values to obtain the general solution of Eqs. {d) 
as will be discussed later. 

Returning now to Eqs. (/), we see that from them we cannot obtain 
the amplitudes A and B but only their ratio, namely: we find 

A _ h A __ c — 

B ~ a - 7)2 or Ji 

For = pi^ or p^ = P 2 % both these values are equal by virtiu' of Eq. {g). 
Substituting for p' the valiuvs (?), we obtain two different values of the 
amplitude ratio, nam(‘ly: 

Ai__ h c — pi^ 

Bi (I — pi^ c 

h = = 11“ Ji:. 

/?2 (I — pr C 

We see that although the magnitudes of the amplitudes are indefinite, 
their ratio may have only two definite values depending only on the 
constants a,f),c defining the physical properties of the system [see Eqs. 
(c)]. Taking arbitrarily two values ^4] and ^42, we obtain 


b 

Regarding the constant a, defining the phase of vibration, we do not 
get any limitation, so that finally the particular solution (c) may have 
either of the following two forms: 

{xiY = ^isin(7)i< + ai), (xj)' = ^isinCjOi/ + ai), (m) 

(xi)" = il. 2 sin( 7 ) 2 ^ + ai), (Xi)" = .I 2 sin(p 2 < + ai). (n) 

By virtue of Eq. (j), the radical in c^xpressions (i) is larger than 
(a — c)/2; hence 

a - pY = ^ .. ^1 . - c(o - 6) > 0, 

a - pY = - c(o - b) < 0, 

and we conclude that when the system performs vibration, represented 
by the solution (m), the displacements of both masses mi and m 2 always 


(k) 

(l) 
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have the same sign while the solution (h) represents vibrations in which 
the displacements of the masses nii and m 2 always have opposite signs. 
It is advantageous to use a graphical representation for these two types 
of vibration. Taking the amplitudes of the masses mi and m 2 as 
ordinates, we obtain Figs. 208a and 2085 illustrating two possible modes 
of vibration. The first one, having the smaller frequency pi, is the lower 
mode of vibration or fundamental mode of vibration, and the second, with 
the higher frequency p 2 , is the higher mode 
of vibration. These two modes of vibration 
are called principal vibrations. From ex¬ 
pressions (m) and (n), we see that when the 
system performs one of the principal vibra¬ 
tions, the motion is harmonic. After the 
interval of time equal to 27r/pi for the lower 
mode of vibration and to 27r/p2 for the 
higher mode, the system has the same con¬ 
figuration and the same vekxaties as before. 

The system passes twice through the con¬ 
figuration of equilibrium during each com¬ 
plete oscillation. Both particles move in the same phase; they pass 
simultaneously through their equilibrium positions and simultaneously 
reach their extreme positions; and their displacements from the equilib¬ 
rium positions always are in th(^ same ratio. 

Having the two particular solutions (m) and (n), we can obtain now 
the general solution of Eejs. (d) by superposition, which gives 

Xi = Aisin(pi^ + ai) + A2sin(p2^ + 

y -- Aisin(pi^ + ai) + - A2sin{p2t + a'2). 

We obtained the solution with four arbitrary constants Ai, A 2 , ai, ^ 2 , 
which in each particular case must be selected so as to satisfy the initial 
conditions. The number of these conditions is also four, namely: we 
have to specify the initial displacements (a:i)t-.o, (x 2 )t=o and the initial 
velocities {x 2 )t^o of the two particles. Having these four quanti¬ 

ties, we can, in each particular case, calculate the proper values of con¬ 
stants Ai, A 2 , aij a 2 j so that expressions (a) can be adapted to any initial 
conditions and represent the complete solution of the problem. The 
motion is obtained by superposition of the two principal vibrations and can 
be periodic only if the periods of principal vibrations are commensurable. 

Naturally, we can select initial conditions such that one of the 
amplitudes A 1 or A 2 vanishes; then the system will perform one of the 
principal oscillations. If we take, for example, the initial configuration 
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shown in Fig. 208a and release the masses without initial velocities, we 
shall obtain 2 = 0, ai = 7r/2, and Eqs. (o) give 

.Ti = ylicos Pity X 2 — - —.4icos Pity 

which indicates that the system performs, in this case, the lower mode of 
principal vibration. 

Example: Assuming that the weights of the two particles in Fig. 207 are 
Wi — 20 lb., W 2 — 10 lb. and that the spring constants are ki — 200 lb. per in. and 
ki « 100 lb. per in., find the principal frequencies and modes of vibration. 

Solvtion: Substituting the giv(‘n data in notations (r), we obtain 

(1 = 15 fir in.”b h = 5 g in.“b c — 10 ^ in.”i 
Equations (i) tlum givc^ 

p\^ == 5 17 in.“b = 1,030 sec.-^^ = 20 ^ in.“i = 7,720 sec.”^ 

The number of oscillations per second will be 

Substituting pi^ and p^^ into ICqs. (k) and (/), we find 

— =- 1 ^ ^ — 1 

Bi 2 ' 'N 2 

With these values the two modes of principal vibration can be represented graphically 
in a manner similar to that shown in Fig. 208. 


PROBLEMS 

134. Calculate the frequencies and amplitude ratios for the two principal modes 
of torsional vibration of the system showm in Fig. 209 if d = 5 in., Wi = W 2 = 3(X) lb., 
h — h — 36 in., and J) = 36 in. The shafts are of steel for which the modulus of 
elasticity in shear is G = 12(10)^ p.s.i. 

Ans. fi = 39.7 ;/2 = 103.6; A./Bi = 0.616; A 2 /B 2 = -1.616. 



135. Calculate the frequencies and amplitude ratios for the two principal modes 
of oscillation of the double pendulum shown in Fig. 210 if Wi ** W 2 0.386 lb., and 
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Zi =» ^2 “ 10 in. Assume that the oscillations are small and in the vertical plane of 
the figure. Ans. fi » 0.76; /2 « 1.83; Ai/Bi = 0.707, A 2 /B 2 = —0.707. 

36. Free Vibrations of Systems with Two Degrees of Freedom.—In 

the case of a system with two degrees of freedom and with constraints 
independent of time, expressions (143) and (142) for potential and kinetic 
energy become 

V = iicnQi^ + 2ci2^ig2 + ^ 22 ^ 2 ^), ) /i.kn 

T — ^{cLiiqi^ + 2 ai 2 qiq 2 + 022^2^). j 

For small displacements from a configuration of stable equilibrium, the 
coefficients of these quadratic functions usually can be considered as 
constants. Since we agreed to measure the potential energy from the 
configuration of equilibrium, for which F is a minimum, we conclude 
that the first of expressions (145) must be positive for any small values 
of qi and ^2- This requires that the coefficients Cu, Cu, C22 satisfy certain 
conditions. Since qi and q2 are independent coordinates, we can assume 
q 2 = 0. Then, in the expression for F, there remains only the term 
Ciiqi^/2] and since it must be positive, we conclude that Cn > 0. In 
the same manner, we can prove that C 22 > 0. Assuming now that C 22 
does not vanish, we can write the first of expressions (145) in the form 

F = [(ci2gi + ^ 22 ^ 2 )“ + (C 11 C 22 - crr)qrl 

ZC22 

from which we conclude that to have the potential energy always positive, 
the condition 

C11C22 ~ Ci2“ > 0 

must be satisfied. Thus, altogether, we have 

Cii > 0, C 22 > 0, C 11 C 22 — Ci2^ > 0. (a) 

In a similar manner, considering the expression for kinetic energy T, 
which always is positive, we can prove that 

dll > 0, 022 > 0, 011022 — ai2^ > 0. (6) 

Keeping conditions (o) and (5) in mind, we now return to Eqs. (144) 
which, for the case of a system with two degrees of freedom, become 

diiqi + 012^2 + Ciigi + Ci2g2 — 0, 

ai2gi + ^22^2 + 012^1 + C22q2 = 0. 

Proceeding as in Art. 34, we assume a particular solution of these equa¬ 
tions in the following form: 

qi = A sin(pi + a), 

q2 = B sin(p^ + a). 




(c) 
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Then substituting into Eqs. (146), we obtain 

A{cii - aup^) + B(ci 2 - ai2p^) = 0 , ) 

A{ci 2 - a,i2p^) + B{c 22 — a22p‘^) = 0. I 

One evident solution of these equations is yl = J5 = 0, which gives us 
qi — q 2 = 0, defining the configuration of e(iuilil)rium. Values of A and 
B different from zero can be obtained only if the determinant of Eqs. (d) 
vanishes, which gives 


(cii - aup^){c22 — a22p‘^) — (Ci2 - aup^y = 0. (147) 

This quadratic equation in p^ is called the frequency equation, and we 
shall now proceed to show tfiat it has always two positive roots. 

Considering the left-hand side of E(j. (147) and assuming = 0, 
we obtain C 11 C 22 -* Ci 2 ^, which, by the last of conditions (a), is positive. 
Assuming now p^ — +00 and dividing by p^, we obtain Ui 10.22 — 012 ^ 
which is always positive by virtue of the last of conditions {h). Thus 
the left-hand side of Eep (147) is positive for p- -- 0 and for p^ = -f- 00 . 
On the other hand, this expression becomes negative if we take 

P“ = Cii/oii or p“ = C22/022. 


If vve represent graphically the left-hand side of E(j. (147) as a function 
of p^, we obtain a curve that intersects the abscissa axis twice between 
p2 = 0 and p^ = 00 . These two points define two positive roots for 
p2, which we denote by pr and p 2 “. If we assume Cu/(i\ > C‘ 22 /u 22 , 
then one of these roots, say pr will be smaller than Cn/an and the other 
will be larger than C 22 /u 22 - 

Substituting the roots of the frequency equation (147) into either 
of Eqs. {d), we obtain, for the amplitude ratio A/B, the following 
expressions: 

Al = ^12 ~ ^12Pl " ^ C 22 - a22P \ ^ 

Bi ciiipi^ Cii 0 . 12 P 1 ' C 12 ’ (148) 

A 2 __ C 12 — ai 2 P 2 “ C 22 — a 22 P 2 ^ 

_ „ g 2 • 

B 2 UiiP2^ Cii Ul2P2“ ~ C\2 


With these ratios, the particular solution (c) can be represented in either 
of the following forms: 


qi = Aisin(pi/, + ai), 


_ aiiPV 


q^ 

C 12 - ai2Pi 
gi" = A2sin(p2i + ^ 2 ), 


^ Aisin(pii + ai); 


q^ 


auP2^ 


^11 


C 12 — U 12 P 2 


A2sin(p2^ + ^ 2 ). 


(e) 

(/) 
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These solutions represent the two principal modes of vibration of the 
system. Wo see that for each of these modes, the two coordinates of 
the system are represented by harmonic functions of the same period 
and phase and have the amplitudes in a certain constant ratio. The 
magnitudes of the two principal frequencies are defined by thc^ frequency 
equation (147) and are independent of the initial displacements or initial 
velocities given to the system. 

By superposition of the principal vibrations, the general solution of 
Eqs. (146) is obtained. It contains four constants Ai, Ao, cxi, a 2 , which 
can be selected in (uich particular case so as to satisfy the four initial 
conditions regarding the initial displacements {qi)t^oy (^ 2)^-0 and the 
initial velocities (^i)i=.o, {q' 2 )t^ 0 ‘ 

In the preceding discussion, we assumed that the frequency equation 
(147) has two different roots pr and p 2 “, but there is the possibility that 
the two roots will be equal. This happens if 

<^11 _ _ ^12 

Uii 022 a 12 

Representing the left-hand side of Eq. (147) by a curve, as before, we shall 
find in this case that instead of two intersection points with the abscissa 
axis, there will be one point of tangency, the position of which defines the 
double root of the equation 

- 2}2 — ^11 — = ^12 

till (I22 ^'12 

With this value of p^, the expressions in the parentheses of Eqs. (d) 
vanish, and these equations will be satisfied for any values of the con¬ 
stants A and B. We can take as a first mode of vibration the solution 

q/ Aisin(pt + ai), 
q2' = 0 

and for the second mode 

^2" = A 2 ^m{pt + ^2). 

The general solution in this case will be 

gi = ^isin(pi + aj), 
c/2 = .42sin(p^ + ^ 2 ). 

The four constants A 1 , A o, ai, a 2 have to be d(‘t(^rmined in each particular 
case so as to satisfy the initial conditions. 

As an example' of such a system, we mention the vibrations in a hori¬ 
zontal plane of a particle m attached to an elastic vertical bar of cinuilar 
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cross section as shown in Fig. 55, page. 82. As the two principal vibra¬ 
tions of the mass m, we can take the vibrations along the x- and ^/-axes. 
Both these vibrations have the same period, and the resulting motion of 
m will depend on the initial displacements (2/)«-o and on the initial 

velocities and (?/)«^o. 

Let us consider now another particular case for which one of the two 
roots of the frcciuency equation (147) vanishes. This occurs when the 
term independent of vanishes, f.c,, when we have 


C11C22 ~ C] 2 ^ — 0 . 


Comparing this with the last of conditions (a), we see that in this case, 
the configuration of the system, from which the coordinates are measured, 
does not represent a configuration of stable equilibrium and there is a 
possibility of motion without vibration. 

As an example of this kind, let us consider a shaft with two disks as 
shown in Fig. 175, page 220. If we take, for coordinates, the angles 
and (t >2 of rotation of the disks, we obtain 

T = f / 2 M, 

V = {4>2 - 

where k is the torsional spring constant of the shaft. The equations of 
motion are 

/l01 = k{(t>2 0l), 

12^2 = —k{<j>2 — 

Substituting in these equations a particular solution of the form repre¬ 
sented by Eqs. (c), we obtain 

A{k - hp^) - kB = 0, 

-Ak + (k - /2/?2)i9 = 0. 


Then the frequency equation is 


{k - Up^){k - hp^) - k^ = 0, 


the roots of which are 


Pi" = 0, 


_,_Hh + hy 


The root pi^ = 0 corresponds to the possibility for the system as a whole 
to rotate as a rigid body with respect to the axis of the shaft. The second 
root gives the frequency of torsional vibration of the system that can 
be superposed on the rigid body rotation. 

The generalized coordinates qi and ^ 2 , determining the configuration 
of a system with two degrees of freedom, can be chosen in various ways; 
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one particular choice is especially advantageous for analytic discussion. 
Imagine that instead of arbitrary coordinates qi and g 2 , new coordinates 
and </>2 are chosen in such a manner that the terms containing products 
of coordinates and velocities in expressions (145) vanish. Then the 
expressions for potential and kinetic energy are 

V = ^(hn(tti^ + b22(t>2^)j 1 . N 

T = t ^22(^2^), J 

and the equations of motion are of the form 

diiii + ?>ii0i = 0, I 

^22^2 “b b22<t>2 = 0. I 

Each equation now contains only one coordinate and can be integrated 
independently of the other. Coordinates chosen in this manner are 
^^alled principal or normal coordinates. 

Having coordinates qi and q 2 , the determination of the principal 
coordinates <^>i and <t >2 is a purely algebraic problem. We put 

qi = <l>i + <t>2^ 

q2 — 

where fix and ^2 are undetermined constants. Substituting these expres¬ 
sions into Eqs. (145), we determine the values of ffi and P 2 so as to make 
the terms containing the products <l>i<t >2 and <j>]4>2 vanish. With these 
values of ^1 and 132 substituted into Eqs. (f), we obtain the relations 
between the arbitrary coordinates qi, q 2 and the principal coordinates 
<l>i and </) 2 . 

We can arrive at the notion of principal coordinates also in another 
way. From the preceding general discussion of vibrations of systems 
with two degrees of freedom, we know that the general case of vibration is 
obtained by superposition of the two principal vibrations in each of 
which there is a definite ratio between the coordinates qi and q 2 given by 
Eqs. (148). In the example of the preceding article, the two principal 
modes of vibration were illustrated by Fig. 208. Considering the lower 
mode of vibration, we can put 

qi = 4>i, ?2 = (j) 

Ml 

We see that the configuration of the system at any instant is completely 
defined by the quantity <t>i, and we can take </>i as one of the coordinates. 
In the same manner, considering the higher mode of vii)ration, we can 
put 
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and can take <f )2 as the second coordinate. The general case of vibration 
is obtained by superposition of the two principal modes (j) and (A*), and 
we get 

Ql = <t>l <l>2, ^/2 = — + ’ 

Ml M2 

Substituting these expressions in Eqs, (145), we shall find that the terms 
containing products <t>\<t >2 and <j)i<i >2 will vanish and we shall get two inde¬ 
pendent differential ecpiations of the form (g). This is as it should be, 
since the two principal modes of vibration, defiiKai by coordinates <^i 
and </> 2 , are two independent liarmonic motions. From this we conclude 
that <f)i and <t >2 are the two principal coordinates of the system. 

Take, as an example, the problem of two coupled masses (Fig. 207) 
already discussed in the preceding ai’tic.le. The coordinates xi and 0 * 2 , 
used in that discussion, are not principfxl coordinates, and the obtained 
differential equations ( 6 ) were not indc'pendent of (*a(^h othca*. Instead 
of defining the configuration of the system by the displacements and 
X 2 j we can obtain any configuration by superposing the two principal 
modes of vibration, illustrated in Fig. 208, and given by Eqs. {m) and (//). 
Considering the lower mode of vibration (m), we can put 

(xi)' = 4>i, {xiY = - — <i>,. 


In the same manner, for the higher mode of vibration u e obtain 


(x^r = 02, (X2)" = 02. 


By superposition of these principal modes of vibration, we obtain 


Xl = 01 + 02, 

2 


:r2 = 






02. 


( 1 ) 


To prove that the quantities 0 i and 02 are the principal coordinates of 
the system, we substitute expressions {!) into expressions (a) of the 
preceding article for kinetic and potential energy of the system. A 
simple calculation will show that the terms containing the products of 
velocities and the products of coordinates are 
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Using expressions {i) of the preceding article for the two roots of the 
frequency equation, we obtain 

= a + c — (n) 

Substituting this into the first of expressions (m), we obtain 

— [be - {a - - pr)] 


This expression vanishes by virtue of Eq. {g) of the preceding arti{‘le. 
Substituting the value {n) into the second of expressions (m), we can 
show that this expression vanishes also. 

Hence, the expressions for V and T have 
the form of expressions (^ 7 ), and the coordi¬ 
nates (j>i and <t >2 arc the principal coordi¬ 
nates of the system. 

Example: A double torsional pendulum (Fig. 

211) consists of two horizontal bars B and C sus¬ 
pended on a vertical wire A1) with fixc'd ends. Find 
the periods of the two j)rincipal inodes of free vibra¬ 
tion and the general solution for the case wIktc^ the 
bars are initially rotated in horizontal planes by th(' 
angles (0i)o and (<^ 2)0 from their positions of equi¬ 
librium and then released without initial velocities. 

Solution: We denote by /j and 1 2 the moments of inertia of the bars B and C with 
respect to the axis by <i>\ and </>> their angles of rotation, and by /c, and ki the 
torsional spring constants for the portions ABy C7>, and BC of the wire, respectively. 
Then, neglecting the mass of the wire, we obtain 

T = \(U4>r-VI.\ . . 

V — I 

Comparing these expressions with E(|s. (145), we conclude that 

Oil = h, ai2 = 0 , 0-22 — I‘2, 

Cii — k A'l, Cj2 = —k\y r-ji = k k\. 

Substituting these values into th(‘ frc'quency equation (147), we obtain 

(k -h k, - I,p^){k + Aq - l.p'O - = 0 , 

from which the two principal fnapKaicies are 



la; (6) (c) 

Fig. 211. 


„ , (/i + /2)(fr 4- k^) ^ ./(■/i“-f l<i)\k 4- /ci)‘^ Tk'^ 4- 2kk0 

2/1/2 \ 4/12/22 ' l \ l ^ 

The amplitude ratios, from Eqs. (148), are 

A 1 _ Aq \ 

Bi “ /ipi2 - (A* 4-A,)’ I 
y? „_*•! I 

/iP2» - (k + ki) } 


ip) 


(9) 
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The general solution is 

01 = A isin ip it -f ofi) -f -42sm(3»2^ + 02 ), 

Ailhpi^ - (k +ki)]^ 


02 = — 


- sin(pi^ 4- ai) - 


Azlhpi^ — (fc -f ki)] 


ki ki 

Since the initial velocities of the bars vanish, we take ai = ao ~ 7r/2; then 


sin(/) 2 ^ 4 - 02 ). 


01 = Aicos Pit 4 - A2C0S p-it, 

Ailhpi'^ ~ jk + ki) l 
ki 


02 — 


A 2 |/iP 2 ^ 
cos Pit - 


(k 4- A:i)] 


ki 


cos Pit. 


(r) 


Substituting t = 0, we obtain Ai and A 2 from the equations 


(0i)o == Ai 4- A 2 , 

(<#.s)o = - ^ UiPi^ - (k + A:.)| - ^ [hp,^ - (k + fc,)]. 
In the particular case where h = I 2 — /, Etp (p) gives the roots 


2 ^ 

pi^ = y 

Then the amplitude ratios (q) become 

^‘ = 1 

and the general solution (r) reduces to 




k 4- 2ki 


^ = -1 
B, 


01 = AlCos Pit 4- A 2 CO 8 p2ij ) 

02 = AiCOS pit — A 2 COS pit. f 


(P') 


( 5 ') 


(r') 


The corresponding two principal modes of vibration are illustrated in Fig. 2116 and c. 
By taking ki small in comparison with k, the two principal frequencies (p') will 
be very nearly, but not quite, equal and we obtain the phenomenon of heating, as 
discussed in Art. 6 . In such case, as we see from Eqs. (r'), the maximum amplitude 

of 01 corresponds to the minimum of 02 and 
vice versa, so that we obtain a transfer of 
energy from one bar to the other. As the 
oscillations of the bar 1 build up to a maxi¬ 
mum, the oscillations of the bar 2 subside 
and vice versa. 

Example: Investigate the vibrations in 
a vertical plane of a bar AB suspended on 
two springs with constants ki and kz as 
shown in Fig. 212. The position of the 
center of gravity C of the bar is defined by the distances h and I 2 , and we assume that 
horizontal motion of the bar is prevented. 

Solution: For generalized coordinates, we take the vertical displacement z of the 
center of gravity C of the bar from its position of equilibrium and the angle of rota¬ 
tion B with respect to the same position. Denoting by W the weight of the bar and 
by i its radius of gyration with respect to the centroidal axis perpendicular to the 
xz-plane, we obtain 

T = + WiH^), 1 

y = ^ (2 - uey +(« + hey. j 
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Introducing tlic notations 

(A:i + k2)g _ 


( 4 * k2h)g 


im, 4 h^k2)g 
W ■ 


we obtain the following equations of motion: 


The frequency equation is 


t -Y (iz -V he = 0, 

9 + \:: + \e = 0. 

r r 


(" - P'‘) (^2 - /'") - = 0, 


and the two principal frequencies are 


- 2 + “) T V4 (p - “) + 


Assuming that 6 > 0, we find tliat the lower mo(h‘ of vil)rfd ion consists of rotation of 
the bar with respect to a })oint O at the distanc,(‘ m from tl\(‘ center of gravity. This 
distance is obtained from the formula 




The higher mode of vibration consists of rotation witli respect to a point Ox between 
A and B. The position of this point is d(4ined ^ 

by the distance n ^ - _ ^ x 

If 5 = 0, we obtain m = 00 and n — \. _^ 

This indicates that the lower mode of vibra- ^^ 
tion consists of pure translatorv motion of the ^ 
bar while the higher mode consists of rotation 

about the center of gravity. ^ 

If not only h but also (c//^) — a becomes U 

equal to zero, the two principal frequencies _ _J_ I_ ^ 

become equal. ^ 

Example: A horizontal prismatic beam AB ■*— (if) 

carries two masses m\ and r /?2 ns shown in Fig. 

213. Investigate lateral oscillations of these ^ 

masses in the plane of the figure, neglecting I 

the mass of the beam. I - 

/\ —----f- — ^ 

Solution: We take as coordinates in this i 1 t 

case the vertical deflections yi and 2/2 of tlie a-4-- 6 -4-^ ^ 

masses mi and m 2 from their positions of eijui- 

librium. The kinetic energy of the system 213 . 

then is 

T == 4* m2?/2*). (r) 


(c) 

Fig. 213. 


In calculating the potential eruTgy of the system, we refer to Fig. 2136 and use 
the known equation of the deflection curve 


- X*), 
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for X < I ^ d. From this expression, we find for the statical deflections 5i and 52 
under the loads Pi and P 2 in Fig. 213c 


. Pia‘^{h + cp 

= ~'~ziki .. 

+ hP 




5 . == 


SIEI 


, Piac 
f)//i7 ^ 




Solving these equations for Pi and P-i, we obtain 


Pi = «Si + dSj, 1 
Pz = fiii + yiz, / 


{w) 


where a, 7 ar(' constants that can Ix' calculated in any particular case. losing 
expressions (?/’), w(‘ conclude that the strain energy of luaiding, ecpial to the work of 
the applied loads, is 


I ] = •’.(Pi5i + P 252 ) = h{ci8p + 2/:i5i62 + y^P). 


Returning now to the probhun of vibration (Fig. 213u), we conclude from the 
above discussion that the total jM)tential energy of the system with r(‘spect to its 
equilibrium configuration will Vie 

V = \{aiiP Ar 2/fiyi7/2 + yyp)- (x) 

Using exprc'ssions {v) and (j:) for kinetic and potcuitial enerry, we obtain the equations 
of motion 

nhyi + ai/i + = 0 , 1 . 

rn-iy-z + dz/i + yi/i = 0 . J 


and the frecpiency equation (147) becomes 


from which 


(a — m\pD{y — fri2p‘D — iP — 0, 


7 ?/?! -f- ocm-i F otithCP {c'ny ~~ l-P) 

2rriirn2 2 a //1 ax 2 / aa/iaa/2 


(^) 


In the lower mode of vibration, both masses move up and down simultaneously. In 
the liigher mode, one of the masses moves up while the other mov(\s down. 


PROBLEMS 

136 . Two identical simple pendulums of length I an^ connected by a spring of 
constant k as shown in Fig. 214. Neglecting the masses of t he bars and of the spring, 
find the principal frequencies pi and p 2 and the corresponding amplitude ratios for 

small o«dllations. pi = ^lf■ p, = ’ KS). ^ 

137 . Two identical bars of weights W and lengths 2a are supported at their mid¬ 
points by fulcrums A and B and at their ends C and D by springs of constants k and ki 
as shown in Fig. 215. Determine the roots pp and p 2 ^ of the frequeiK^V equation 
(147) and the corresponding amplitude ratios pi and as d(‘fined lyy Eqs. (148) for 
small oscillations in the plane of the figure. Take, as generalized coordinates, the 
angles of rotation <t>i and <f >2 of the bars about the fulcrums. 

Arts. pi,.p = (3.^/2IF) [(A; + 2ki) + Vk^ + ^kP]. 

138 . Referring to Fig. 212 and assuming IF = 966 lb., P = 13 ft.,* Zi = 4 ft., 
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^2 — 5 ft., ki — 1,600 lb. per ft., and k 2 — 2,400 lb. per ft., find the frequencies/i and /2 
of the two principal modes of vibration. Ans, fi » 1.67;/z =* 2.49. 




139. A square plate of mass and dimensions 2c by 2c is attac4ied to the end of a 
thin cantilevfT strip of hui^th / and fl(‘xural ripiidity EJ and vibrat(*s in a liorizontal 
plane as shown in Fig. 216. Taking, as eoordinat(‘s, tlu' displaeenK'nt yi, of point B 
and the angle of rotation </> of th(‘ plat(‘, as shown, write the equations of motion for 
small vibrations and determine the roots pr and pz” of the fn^pieney equation. 

2 ^ 6 ^ _ I _‘__ 

mF 


Ans. 


1 -f 3 ^+ 5 7 ;, 




+ 3; + 5 


?)■ 




140. Referring to Fig. 213a and assuming that a = 6 = <: = //3 while mi == m 2 = 7ti, 
evaluate the constants a, (3, 7 in Eqs. (m) and the roots pF and p 2 “ of the frequency 
equation as given by expressions (z). The flexural rigidity of the beam is El. 

Ans. pF = (a + (3)/tn = ^SQtEI/ibFm, pz* = (a — 13)/rn = AS^EI/Fm. 


36. Forced Vibrations of Systems with Two Degrees of Freedom.— 

In discussing forced vibrations of systems with two degrees of freedom, 
we begin with the example of two 
coupled masses (Fig. 207), the free 
vibrations of which were considered in 
Art. 34. Assume, now, that in addition 
to the elastic forces of the springs, there 
acts on the mass mi a horizontal dis¬ 
turbing force F sin co/ having angular 
frequency co. Using in this case the Lagrangian equation (137) and intro¬ 
ducing the notation F/mi — f in addition to notations (c) on page 255, 
we obtain the following equations of motion: 

f 1 = —axi + hx 2 + / sin o)t, 

±2 — CXi — CX2. 

A particular solution of these equations can be taken in the form 

Xi = C sin cot, X 2 = D sin cot. (b) 

To obtain the amplitudes C and D, we substitute expressions (6) into Eqs. 
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(a), which give 

= -aC + 6D +/, =: cC -cD. 

Solving these equations for C and D, we obtain 

_ _ /(c — _^ _ _/c_ . . 

- 6c (a - - be 

With these values of the constants, expressions (6) represent the particu¬ 
lar solution of Eqs. (a). They represent, as we see, simple harmonic 
motions of the masses mi and Wo. Such motion of the system is called 
forced vibration. Its frequency is the same as the frequency of the dis¬ 
turbing force, and its amplitudes are determined by Eqs. (c). For very 
small values of co, i.e., for a disturbing force of very large period, we can 
neglect 0 )'-^ in comparison with a and c in expressions (c) and take 

f = = 

The amplitudes of forced vibrations are equal to the deflection of the 
mass mi under the statical action of the force F. This shows that dis¬ 
placements produced by a slowly varying disturbing force can be found 
with good accuracy from purely statical considerations of the system. 

Comparing the denominator in expressions (c) wdth the left-hand side 
of the frequency equation {q) on page 255, wo conclude that this denomi¬ 
nator becomes equal to zero when or when This 

indicates that the amplitudes of forced vibration grow indefinitely and 
become very large when the frequency of the disturbing force approaches 
one of the principal frequencies of the system. These are known as 
conditions of resonance. 

The ratio of the amplitudes C and D of forced vibration from expres¬ 
sions (c) is 



When approaches either the value or p 2 ^, this ratio approaches the 
values Ai/Bi and A 2 /B 2 , given by expressions (/r) and (Z) on page 256. 
This indicates that for a condition of resonance, the forced vibration is 
identical with the corresponding mode of free vibration as illustrated in 
Fig. 208. 

To see more clearly how the kind of forced vibration depends on the 
frequency of the disturbing force, let us consider a particular case in 
which ki = A -2 and m i = 2m2. In such case, a == c = 2po^ and 6 = po^, 
where po = \/A'i/mi is the frequency of the mass mi if the mass m 2 in 
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Fig. 207 is removed. Equations (i), page 255, then give 

o.58(>po^ = 3.4U?>o^ 

and using notation (d), the amplitudes (c) become 



where a and P are factors depending only on the ratio oj/po. In Fig. 
217, these factors are represented by curves. It is seen that when co 



Fig. 217. 

approaches zero, a and 0 approach unity and the amplitudes of the 
masses mi and m 2 approach the value \t. As a> increases, both ampli¬ 
tudes increase also and grow to infinity as a? approaches the lower principal 
frequency pi. The signs of both amplitudes are positive, which indi¬ 
cates that the motions of both masses are in phase with the disturbing 
force. When the frequency of the disturbing force becomes slightly 
larger than pi, both amplitudes are large and have negative signs, which 
indicates that between the disturbing force and the motion of the masses 
there is a phase difference equal to tt. The masses have their maximum 
displacements to the left when the disturbing force reaches its maximum 
value in the direction to the right and vice versa. With further increase 
of w, both amplitudes are diminishing; and when o) = \/c = y/2 po, the 
amplitude C vanishes. When o> becomes largc^r than a/2 po, the ampli¬ 
tude C becomes positive while D continues to be negative, which indi- 
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cates that motion of the mass mi again comes into phase with the 
disturbing force while m 2 is moving with a phase difference tt. Finally, as 
0 ) approaches the value of the higher principal frequency p 2 , both ampli¬ 
tudes grow indefinitely. Beyond that frequency, the mass is moving 
in phase with the disturbing force, while mi is moving with a phase 
difference tt, and the amplitudes diminish and approach zero as 03 con¬ 
tinues to increase. 

The fact that under certain conditions, the amplitude of the mass mi 
vanishes is of great practical importance. Often in practical applica¬ 
tions, we encounter the case of a mass attached to a solid foundation by 
flexible members and acted upon by a periodic disturbing force, which 
may produce undesirable forced vibrations. The preceding discussion 
indicates that these undesirable vibrations can be eliminated by incor¬ 
porating in the system an additional mass suspended on a properly 
selected spring. Take, for example the case of a rotor supported by a 

beam as shown in Fig. 218. Due to 
unavoidable lack of balance, a centrif¬ 
ugal b)rce F will be set up as shown. 
Considering only the vertical component 
of this force^ and measuring the angle of 
rotation as shown, we obtain a system 
with one degree of freedom (a mass m i 
supported by an elastic beam which can 
be considered as a spring with constant 
Aq) and acted upon by a vertical pulsating force' F sin If the rotor 
always has the same angular velocity w, we can eliminate forced vibrations 
of the principal mass mi by attaching to the beam an auxiliary mass m 2 
and using a spring with constant Aq of such magnitude that 

= 2po^ = 2 -^ = co=. {h) 

m2 mi 

This follows from the fact that by attaching the mass we obtain a 
system with two degrees of freedom to which our above discussion is 
applicable, and we conclude that the amplitude C of vertical vibrations 
of the rotor vanishes in virtue of Eqs. (/) and Qi). At the same time, 
as we see from Fig. 217, P and D become negative. The mass m 2 moves 
with the phase difference tt with respect to the disturbing for(;e F sin and 
produces its maximum downward force on the beam when the centrifugal 
force F is directed upward. In this way, it counteracts the centrifugal 
force and eliminates vertical vibrations of the rotor. This device is 

1 The horizontal component F cos ut will produce vibration of the beam with an 
inflection point at the middle, which will not affect vertical vibrations of the rotor. 



Tig. 218 . 
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called a dynamical damper. For simplification, friction was omitted in 
our discussion. In actual cases, it must be taken into consideration, 
which complicates the problem. The effect of friction will be considered 
later (see Art. 38). 

In the previous discussion, we assumed the disturbing force propor¬ 
tional to sin The same conclusions will be reacdied in the more 
general case where the force isF sin(a)i + e). We again find that there are 
two specific values o) = pi and co = p 2 of the impressed frequency at 
which the amplitudes of forced vibration become very large. For the 
system in Fig. 218, the angular velocities a? = pi and w == p 2 of the rotor 
are called critical speeds. At these speeds, we obtain a resonance condi¬ 
tion and the amplitudes of forced vibration become large. 

In the case of a reciprocating engine, the disturbing force, due to 
unbalance, is of a moi-e complicated nature and can be represented by a 
series 

F isin(co/ 4“ €i) T* F2sin(2a)/ T ^ 2 ) 4- ■ * ■ . {%) 

We obtain then a resonance condition each time the angular frequency 
fo) of any term of the series (?‘) coincides with one of the principal fre- 
qiumcies pi or p 2 of the system. 

In the preceding discussion, we considered only a particular solution 
of E(is. (a). To get the complete solution, the free vibrations of the 
system, represented by Ecjs. (m) and (n) on page 250, must be super¬ 
imposed on the forced vibrations. The constants Ai, A 2 , ai, and 0 : 2 , 
appearing in the expressions for free vibrations, must then be sele(*ted so 
as to satisfy the initial conditions of the system. 

As another example, let us consider the system shown in Fig. 219, 
consisting of a mass on a spring with 
constant ki and sliding without friction 
along a smooth horizontal plane. Attached 
to the mass mi is a simple pendulum of mass 
m 2 and length I as shown. If a horizontal 
disturbing force F sin o)t acts on the mass 
mi, forced vibrations of the system will be 
produced. In investigating the nature of 
these vibrations, we take, as coordinates, 
the displacement x of the mass mi from its position of equilibrium and the 
angle 6 that the pendulum makes with the vertical. Then, for small 
vibrations, the kinetic and potential energies of the system are 

T = •5^[mii:^ 4~ m2{x 4“ l^)^]y 
V = ikix^ 4“ 

and we obtain the following equations of motion: 
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or 


(mi + m 2 )ij + Zmo^ + kix — F sin 
m 2 {x + IS) + m. 2 gd — 0, 

miX + kix ~ m 2 g 6 = F sin 
X + IS + gO = 0. 


Using notations 


we obtain 


h 

nil 


nhi 


- ^ 


F 


= L 


nil mi 

X + ax — hgO ~ f sin co^, x + 16 + gd = 0. 
Taking a particular solution of these ecpiations in the form 
X — C sin cotj 6 = D sin cot 
and substituting back, we find 
fig ~ 


C = 


D = 




O') 


{a — (o'^)ig — ioi“) — bgu^' {a ~ co'^){g — Ico'^) — bgco^ 

Criti(;al values of the angular frequency a? are given by the equation 
(a — 03^) (g Icjo^) ~ bgo)'^ = 0. 

From the first of expressions (J), we see that the pendulum works as 
a damper and vibrations of the mass mi vanish when 



which gives 


g - Ico^ - 0, 




’ T7T777 7 Zr///A 

Fig. 220. 


2 . 6 ., the pendulum must have, for its natural 
frequency of vibration, the frequency of the 
pulsating force. 

Naturally, the use of a simple pendulum as a damper is impractical, 
but we can take, instead of a pendulum, a roller moving on a cylindrical 
concave surface inside the mass mi as shown in Fig. 220. 

As a next example, consider the system shown in Fig. 221a. This 
consists of a rigid bedplate supported by flexible columns and carrying, 
in bearings A and 5, a shaft on which a disk is mounted with small 
eccentricity e. Let us investigate now the forced vibrations of this system 
due to rotation of the unbalanced disk with constant angular velocity w. 
We assume that the middle plane xy of the disk is a plane of symmetry of 
the structure and consider only motion of the system in this plane. 
Referring to Fig. 221c, where 0 represents the equilibrium position of the 
axis AB, we denote by { the horizontal displacement of the bedplate due 
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to bending of the columns and by p the deflection of the shaft during 
vibration. Thus point E represents the point of intersection of the 
deflected axis of the shaft with the rjy-plane, and C represents an instan¬ 
taneous position of the (tenter of gravity of the disk. In this way, the 
configuration of the vsystem is defined by the deflection ^ of the bedplate, 





(c) 


the coordinates x and y of the center of gravity C of the disk, and the 
angle of rotation 0 = co^ of the disk. Demoting by m and by rrii the 
masses of the bedplate and of the disk, respectively, and by I the moment 
of inertia of the disk about the axis of the shaft, we obtain 

T = + r) + 

In calculating the potential energy of the system, we denote by k and ki 
the spring constants (corresponding to deflections f of the columns and 
deflection p of the shaft, respectively. Then^ 

V = -Hke + kjp^), 

where, from Fig. 221c, 

p‘^ — (x — ^ — e cos cot)- + (^ — c sin cot)^^. 

The Lagrangian ecpiations give now^ 

+ {k + ki)^ — kix = —kic cos w/, \ 

'mix + ki{x — f) = kiC cos oit, > (/r) 

+ kiy = kiC sin cot, ] 

The third of these equations contains only the coordinate y, which indi¬ 
cates that vertical vibrations of the disk are of the same kind as for a 
system with one degree of freedom; the angular frequency of these vibra¬ 
tions is Pi = y/ki/mi^ and the resonance condition occurs when co = pi. 
The first two of Eqs. {k) define vibrations in the horizontal direction 


^ The potential energy of the gravity force is neglected in this discussion. 

* The fourth equation, corresponding to the coordinate <f> = oit is omitted here. 
It gives only the magnitude of the torque that must be applied to the shaft to produce 
the assumed uniform angular velocity co. 
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and can be treated as those of a system with two degrees of freedom. 
Taking a particular solution of these equations in the form 

x — A cos (Jit, — B cos oit 

and substituting into the ecpiations of motion {k), we obtain 

(— 7n\(ji^ -f~ k\)A — f:iB — ck\, 

— A’]/1 + {--fncji^ + A* 4" ki)B = —eki. 

The frequency equation is 

(— 7n\(ji“ -f- A'i)( — Wa)“ -T k T" A*i) — k^ = D. (1) 

Denoting the left-hand side of this eciuation l)y A, the amplitudes of 
forced vibrations will be 

A - [cA-i(-ma)^ + A* + A-i) - ckk^]:A, 

B — [ — eA‘i( — - w lO)^ + A’l) + cAq^-^- 

The resonance conditions are obtained when co (joimndes with one of the 
two roots p 2 and pz of Eq. (/). When the rigidity of the columns is 
very largo, we put k — oo and obtain from the first of Eqs. {k) ^ == 0. 
Then the second equation gives 

miX + kix — A'lC cos at. 

This equation then gives, for the critical speed, the value a = pi that 
we already obtained from the third of Eqs. (A*). 
This is the so-call(‘d whirling speed of the shaft. 

As a last example, we shall discuss briefly the 
forced vibrations of the double pendulum in Fig. 
222 if a pulsating couple acts on the body AB. 
We take as generalized coordinates, in this case, 
the angles <i>i and 4>2 and denote by W i and Wo the 
weights of the upper and the lower bodies, re¬ 
spectively. Points Cl and C 2 are the centers of 
gravity of the two bodies, and we assume that 
Cl lies on the line AP. The distances hi, /? 2 , and I 
are as shown in the figure. Let Ii denote the 
moment of inertia of the upper body with respect to its axis of rotation 
through A and / 2 , the moment of inertia of the lower body about its gravity 
axis normal to the plane of the figure. With these notations, the kinetic 
(energy of the upper body is Ii4>i^/2. The kinetic energy of the lower body 
consists of the two parts: ( 1 ) the kinetic energy due to the velocity v of 
the center of gravity C 2 and (2) the kinetic energy of rotation with respect 
to the center of gravity. In this way we obtain W2V^/2g + l 2 $ 2 ^/ 2 . 
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Observing that 

?;2 = + 2 /; 2 /<j^>l(^ 2 eOS{<^l “ 0 ^) 

and taking for small oseillations (•os(0i — 02 ) ~ 1, wo obtain 

T = \ [(/i + + (/= + —<^ 2 ^ + 2//./ y M 2 . 

The potential energy is due to gravity forccvs and foi’ small oscillation is 
V - iKW.Jn + + b"2//202“]. 

Comparing these values of V and T with exprcissions (145) (see page 259), 
we conclude that 

cii = Wih, + nv, C22 = iro//2, C12 = 0, 


^^11 — /i 


a 22 — 1 2 + 


a ,2 = h2l 


Then the frequency equation (147) giv(\s 


V\X = 


ffll^22 + Ciia2 2 - f V ( n]iC22 - Ci ia2-d‘^ + •hil2Vl lC22 

2 (aiia .22 - ni 2 “) 


Considering the fundamental mode of vibration with frequen(*-y pi, we 
tind from licjs. (148) that the ratio of amplitudes of the angles of oscilla¬ 
tion 01 and 02 is 

^ ^_ni 2 ?:>i^_ ^ C 22 - 022 V\‘\ . . 

02 Cii - uiipi- ei2?>i“ 

The same ratio can also be put in the following form 

01 _ ^22^12 

02 ^11^22 ~ (^11<?22 “ ni2“)/>l“ 

Substituting for its value from expression (m), we obtain 

01 _ _2^12^22___ _ 

0 , 11(122 - ^11^22 + V(^11^22 “ ^*11^22? + 4~ni2‘^CnC22 

Of some practical interest is the case in which 

^11^22 ^^11^22 = 9. (p) 

Then, for the fundamental mode of vibration, we obtain 


If, in addition, we have 


01 _ {O 22 

02 \Cii 

Cii = C 22 , 
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the angles <t>\ and <t >2 remain equal during the lower mode of vibration. 
A bell and its clapper can be considered as a double pendulum; and if 
conditions (p) and (q) arc satisfied, the clapper cannot strike the bell if 
the system performs the fundamental mode of vibration. If a pulsating 

force in resonance with the fundamental mode 
of vibration is applied to the bell, the amplitude 
ratio of forced vibration is the same as that 
of the fundamental mode and the bell will not 
ring. 

To see the physical significance of this phe¬ 
nomenon of a “silent bell,^^ let us consider the 
case shown in Fig. 223 where, for simplicity, we 
treat the clapper as a simple pendulum of weight 
W 2 and length ho. Then following the notations for Fig. 222, we have 
I 2 — 0 and conditions (p) and (q) become 

{WJn + WJ) h,- - (/, + —^ /'A WJi, = 0, 

Wihi + Wd = Wdh. 

By virtue of the second of these conditions, the first reduces to 

Wo W^ 

^ (h2^ - n == = y 

where ii is the radius of gyration of the bell about its gravity axis normal 
to the plane of the figure. Using this equation together with the second 
of Eqs. {q')j we obtain 

I + fh = Ai + (r) 

We see that the left-hand side of this equation represents the position of 
the center of gravity C 2 of the clapper below point A while the right- 
hand side represents the position of the center of oscillation^ of the bell 
below A. Thus the bell is silent if the center of gravity of the clapper and 
the center of oscillation of the bell coincide. 

PROBLEMS 

141 . Referring to the system in Hg. 207, page 254, and using the numerical data 
given in the example on page 258, calculate the amplitudes of forced vibration pro¬ 
duced by a horizontal disturbing force 10 sin(107r0 lb. applied to the mass mi. 

Ans. C = 0.087 in.;/; =0.117 in. 

142 . Solve the preceding problem assuming that the disturbing force acts on the 

mass m 2 . Ans. C — 0.015 in.; D = 0.037 in. 

^ See the authors’ “Engineering Mechanics,” 2d ed., p. 401. 
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37. Vibrations with Viscous Damping. —In discussing vibrations up 
to now, friction forces were neglected. As a result of this, we found that 
amplitudes of free vibration remain constant while amplitudes of forced 
vibration grow ind(‘finitely in conditions of resonance. In actual cases, 
we always have some friction forces; and owing to their action, the energy 
of a vibrating system will be dissipated; the amplitudes of free vibration 
will be gradually damped out, and the amplitudes of forced vibration 
will not grow indefinitely but will approach certain limiting values 
depending on the amount of friction. In discussing systems with one 
degree of freedom, we already have seen that the problem can be greatly 
simplified if the friction forc.es are proportional to the velocities of the 
moving parts of the system. The same conclusion holds also for systems 
with several degrees of freedom. 

The Lagrangian equations can be g(meralized so as to take care of 
viscous friction. For this purpose, it is advantageous to introduce the 
notion of the rate at which enc^rgy is dissipated. Considering first a 
single particle moving along the .r-axis, we may take the resisting force 
due to viscous damping equal to — c.r, wIku’c the minus sign indicates 
that the force always opposes motion and the constant coefficient c 
represents the magnitude of the friction force when the velocity is unity. 
The work done by the friction force during a small displacement 8 x is 
— cx 8Xy and the amount of energy dissipated is 

cx dx = cx^dly 

so that the time rate at which energy is dissipated in this case is cx^. 
Now we introduce the dissipation function F, d(ifincd by the equation 

F = icx- (a) 

and representing half the rate at which energy is dissipated. The friction 
force is then obtained by differentiation, namely: 

dF 

— cx = — -rr- 
dx 

In the general case of motion of a particle, the velocity can be resolved 
into three orthogonal components and the dissipation function is 

F = (6) 

where the factors Ci, C 2 , Cz define the viscous friction in the x-, and 
2 ;-directions, respectively. 

In the case of a system of particles, the dissipation function is obtained 
by a summation of expressions (6) for all particles of the system and we 
have 




(c) 
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If we arc using generalized coordinates gi, g 2 , . . . , the friction force 
Ri corresponding to any coordinate qi is obtained by giving to the system 
a virtual displacement and writing the expression for virtual work. 
Thus 


Observing from page 213 that 


dXt __ dJCi 

dqi dq- 


\V(' obtain 


hi - / 1 -:p- + C'nyi - 7 ^. -h ( ‘MZi -r-r ) 

\ r)g, dq, dqj 


It is seen that to calculate; generalized fri(*tion forces, we; need only te> 
represent the dissipation fuiie;tiem (c) in generalizeel coorelinates and make 
the derivatives (d). Substituting for .i\-, ?/£, in expression (c), their 
expressions tlirough the generalizeel coordinates (see page 212), we shall 
obtain for the dissipatieni function a homogeneous function of second 
degree in gi, go, . . . ; f.c., 

R = i(^>liqR + 2hyyqiq2 + ^22g2^ +*’*)• (^) 


The coefficients hn, ^ 12 , . . . generally depend on the configuration of 
the system; but for the case of small vibrations in the neighborhood of a 
configuration of stable equilibrium, these coefficients can be treated with 
good accuracy as being constants, as already discussed in Art. 33. 

We assumed above that the fricTion forces were proportional to the 
absolute velocities of the particles, but similar conclusions are obtained 
also if the friction forces are proportional to the relative velocities of 
the particles. If we have, for example, the friction force —Ci(xi — ± 2 ) 
acting on a particle 1 and proportional to its velocity relative to a particle 
2 , there will be an ecpial and opposite force —Ci(x 2 — Xi) a(;ting on the 
particle 2. The corresponding generalized friction force Ri is then 
obtained fi-om the expression for virtual work. Thus 
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d(xi - X2y 
^gi 


If we substitute for the veloeities ji, i *2 their expressions through gen¬ 
eralized veloeities (ji, ^ 2 , . . . , we shall find again that Ri is obtained as 
the partial derivative with respect to qi of tlio dissipation function which 
is a homogeneous second-degree function of the velocities (ji, r/o, . . . 
similar to the function (c). 

As soon as we hav(‘ the expression for the dissipation function, 
Lagrangian ecpiations can be wi-itten in the form 


(it dqi dqi dqi dfR 


(149) 


The generalized force corn^sponding to any coordinate qi consists, as we 
see, of three parts: ( 1 ) the part —dV/dqi^ due to f()r(a.\s having potential, 
such as gravity forces and forces in elastic springs, ( 2 ) the part —dF/dqi 
due to viscous friction, and (3) the part Qi, in which are iiududed other 
forces acting on the system, such as a pulsating disturbing force producing 
forced vibrations. 

In studying free vibrations with damping, Qi vanishes and Ecp (149) 
reduces to 


dt dqi dqi dqi dqi 


(150) 


Let us now consider the application of Eq. (150) to th(‘ case of a 
system with two degrees of fnHKlom, assuming that the coordinates qi 
and q 2 are principal coordinates (see page 263). Then for small vibra¬ 
tions, the quadratic Lmetions for kinetic energy, potential energy, and 
dissipation energy are 


T = Uaugi^ + ^ 22 ^ 2 ^), 1 

V = Uciigr + Cr2q2^), [ (/) 

F = + 25i2^1^/2 + 522^2“). j 

Using these expressions in the Lagrangian equation (150), we obtain 

nii^i + ^ 11^1 + 5ii<7i + 5i2^72 = 0, 1 

n22(12 “h C22^2 4“ bl2(jl “t“ ^2272 == 0, J 

which are linear eejuations with constant coefficients. A solution of 
Eqs. (g) can be taken in the form 

qi = Uc"', q2 = (h) 

where C, Z), and s are undetermined constants. Substituting back into 
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Eqs. (g), we obtain 

C(anS^ + biiS + Cii) + DhuS == 0, | 

Cbi2S 4“ D{a22S^ ”h b22S 4“ C 22 ) = 0. j 

These equations may give, for (7 and D, solutions different from zero only 
if their determinant vanishes, i.e.y when we have 

4- buS 4- Cn){a22s^ 4- 4" C 22 ) — f>i2V = 0. O') 

This is an equation of the fourth degree in s and will have four roots, 
which we denote by Si, S 2 , S 3 , S 4 . When damping is not excessive, so 
that we actually get vibrations, all four roots are complex with negative 
real parts and we have 

51 = -7ii + ipi, 

52 = —ni — /pi, 

53 = — ^2 4- 

54 = —712 — ip2y 

where ni and n 2 arc positive numbers* and i — \/ — 1. Substituting 
each of these roots into Eqs. (?’), the corresponding ratio C/D will be 
obtained. Denoting these ratios by . . . /Z 4 , we can write the general 
solution of Eqs, (g) in the following form: 

4- (72C«^^ 4- 4“ 

q2 = 4 - M 2 C 26 '* 2 ' + 4- 

This solution contains four constants of integration Ti . . . (^ 4 , which 
can be selected in each particular case so as to satisfy known conditions 
regarding the initial values of the coordinates qi and q 2 and velocities 
gi and g 2 - 

It will be advantageous to introduce now trigonometric, instead of 
exponential, functions. Taking the first two terms in the expression for 
gi, we have 

= i(Ci + C2){e^^^ + + UCi - C2){e‘^^ - 

= ((7i 4- C2)c“^''cos Pit — i(Ci — C2)c""^'^sin piL 

Similarly we can transform the last two terms in the expression for qi 
and also the terms in the expression for g 2 . Then introducing new nota¬ 
tions for the constants, we can write 

gi = e“^'*(i4iCos pit 4- i42sin pit) + p2t 4- -44sin p2t)y ] . . 

q2 = e''^'^{BiCOBpit 4- i52sinpi0 4“ e^^^^{BzQOBp2t 4- -B4sinp20- J 

^ The proof of this can be found in Riemann-Weber’s “ Differential-gleichungen der 
Physik,” vol. 1, p. 125, 1925. 
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Due to the fact that Ai , . , are all expressed through Ci . . . C4, 
there will be only four independent constants in the solutions (m) which 
have to be determined from four initial conditions. We see from Eqs. 
(m) that the coordinates qi and g2 are obtained by superposition of two 
damped vibrations having the angular frccjiiencies pi and p2. When 
viscous friction is small, we find that these frequencies differ from those 
found in the absence of damping only by small quantities of second order 
and that we can usually neglect the effect of damping on natural fre¬ 
quencies of vibration. This conclusion was already discussed in the case 
of systems with one degree of freedom (see page 38). 

If we have a system with very large damping, it is possible that two 
roots or even all four of the roots (A) will bt^come real and negative. 
Assuming, for example, that the last two roots are real, we shall find, as 
in the case of systems with one degree of freedom (see page 35), that the 
corresponding motion is aperiodic and that the complete expression for 
the motion will consist of damped vibrations superimposed on an 
aperiodic motion. 

In discussing forced vibrations with damping, we must use Eq. (149). 
As an example, let us consider the system shown in Fig. 207 and assume 
that a device with viscous fri(*tion is incorporated between the masses 
mi and such that the friction forces acting on these masses are c{x 2 — 
and c{xi — ^2), respectively. Then using the notations of Art. 34 and 
assuming that a pulsating force P cos o)t acts on the mass mi, Eq. (149) 
gives the following equations of motion: 

miXi + hiXi — k 2 {x 2 — a:i) — c{x 2 — Xi) + P cos co/, 

m 2 X 2 + k 2 {x 2 — Xi) = c(xi — ± 2 ). 

The complete solution of these equations consists of two parts: (1) free 
vibrations with damping and (2) forced vibrations. Free vibrations, as 
we have just seen, are gradually damped out, and we have, practically, 
to deal with the steady forced vibrations sustained by the pulsating 
force P cos cot. These forced vibrations are obtained as a particular 
solution of Eqs. (n). Observing that owing to damping, there must be 
a phase difference between the pulsating force and the motion that it 
induces, we take this solution in the form 

Xi = Cicos cot + eVin oty 

X 2 = Cscos cot + (74sin cot. 

Substituting these expressions into Eqs. (n) and equating to zero the 
coefficients before cos cot and sin cotj we obtain four linear equations for 
calculating the constants Ci . . , Ca- Solving these equations and 
substituting the solutions into Eqs. (0), we shall obtain the required forced 
vibrations of the system. 
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In practical applications, we need very often to reduce forced vibra¬ 
tions of the mass rn-i on whi(di the pulsating force is acting, and for this 
purpose, the mass m 2 is attached simply as a vibration absorber. To see 
the effect of such an absorber on the motion of the mass mi, let us con¬ 
sider the amplitude Xi of this vibration, which is obtained from the 
equation 

Xi^ = (:ri)2_ = Ci^ + Csl 

We shall omit the intermediate (*alcula,tion of the constants Ci and C 2 
mentioned above and giv(^ only th(^ final results’ in which the following 
notations are used: 

Kt — ~ static deflection of mass mi pi‘o(luc(‘d by force 

p = \/A'i/m-i = angular frequeiKy of mass mj (main systcmi) in absence 
of mass m2, 

Pi — \/k 2 /m 2 ~ angular frequency of mass mo if attached to a fixed 
point, 

/3 = m 2 /m.i = ratio of mass of absorbc^r to tluit of main system, 

5 = pi/p = ratio of natural fre(iuen(*ies of absorber and of main 
system, 

M = c/ 2 m 2 p = viscous damping factor, 

y = 0)1 p — ratio of frequency of disturbing force' to that of natural 
vibration of main system. 

The amplitude Xi of forced vibration is then given by the^ eepiation 

W _ _ + (7^ - _ 

— 1 + fiy'^P + [itf b'^y' - ( 7 ^ — 1)(7^ - 5“)]^ 

From this expression, the amplitude Xi of forced vibration can be calcu¬ 
lated for any value of 7 = w/p, provided the quantities b and /?, defining 
the frequency and the mass of the absorber, and also the quantity 
defining viscous friction, are known. 

Let us begin with a discussion of some extreme cases in which the 
problem is simplified. If we put p = 0, Lc., if friction is neglected, we 
obtain from expression (p) 

^ ^ f . 

\st /3 5 V - ( 7 " - 1)(7' - b'^) ' 

This expression can be brought into coincidence with the expression for 
C/\gt obtained for forced vibration without damping [see Eq. (/), page 
271], In Fig. 224, the absolute values of the ratio Xi/X«« are plotted 
against co/p = 7 and are given by the dotted lines (p = 0 ) for a particular 
case in which /? = - 5 ^ and 5 = 1 . The ratio (q) changes sign for 
^ For a more detailed discussion of the problem, see paper by J. Ormondroyd and 
J. P. Den Hartog, Trans. Am. Soc. Mech. Eng.^ vol. 50, p. 7, 1028. 
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7 = 0.895 and for 7 = 1.12 at which values the system is in a condition of 
resonance. 

Another extreme case is obtained by taking /x — oc. In this case, 
there is no relativci motion bc'tween the masses mi and m 2 and we obtain 





Fig. 224. 


a system with one degree of freedom having the mass equal to mi + ???2 
and the spring constant ki. In this case, expression (c) gives 

=_L_. (,) 

x.r- ( 7 ^ - 1 + ^ 

The resonance condition occurs when 


72 — 1 + = 0 , 

which gives 

"" V m' 

The absolute values of Xi/X,( for our numerical example are given in 
Fig. 224 by the dotted line marked n = <». 

For any intermediate value of ft, the absolute values of Xi/X,( have to 
be calculated from expression (p). In Fig. 224, the corresponding curves 
for g = 0.10 and ft = 0.32 are shown. The curves for various values of 
ft all pass through the points S and T where the curves ft = 0 and ft = <x> 
intersect. The abscissas of these points are obtained by equating the 
absolute values of Xi/X.« obtained from expressions (q) and (r), which 
give 

_ 1 

0 5^7“ - (y^- 1)(t" - «') “ 7^ - 1 + /97*' 


(t) 
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The same equation is also obtained from expression (p), which can be 
written in the form 

+ N 
+ Q' 

where M, N, P, and Q are expressions that do not contain n. This 
expression will be independent of tx^ if 

M :^N 
P Q' 


and this brings us again to Eq. (/), which gives 

( 7 ^ - 5 '^)( 7 ^ - 1 + ^ 7 “) = / 36 ‘^ 7 ^ - ( 7 ^ - 1 )( 7 " ~ 5 ^) 


or 


, ^ , 1 + 52 + ^62 , 252 

yi _ 272--h 


2 + ^ 


2 + (3 


0. 


(u) 


From this quadratic equation in y'\ two roots 71^ and 72^, which give 
abscissas of the points S and Ty can be readily calculated in each particu¬ 
lar case. The ordinates of the same points are now obtained by sub¬ 
stituting the roots and 72^ into Eq. (r). Assuming that yi^ is the 
smaller root, we obtain the following positive values for the ordinates 

71^ - 1 + ^7i2 1 + /^72^ 

The magnitudes of these ordinates will depend on the quantities P and 5 
defining the mass m2 and the spring constant k2 of the absorber. In 
practical applications, it is advantageous to select these constants so as 
to make the ordinates equal. ^ This gives 


1 


1 


and we obtain 


71^ ~ 1 -f fiy^^ ^ 2 “ — 1 + /372^ 


7i^ + 72^ = 


{w) 


1 +/? 


At the same time, the sum of the two roots of the quadratic equation {u) 
must be equal to the coefficient of the middle term with opposite sign. 
Hence 

2 _ 


and we obtain 


1 + i3 




b = 


1 


1 

' See paper by E, Hahnkamm. Z. angew. Math. Mech.j vol. 13, p. 183, 1933. 


ix) 
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This simple formula gives the proper “tuning” of the absorber. When 
the mass of the absorber has been selected, ^ is known and from Eq. (x) 
we find b, which defines the spring constant of the absorber. Sub¬ 
stituting expression (x) for 5 into Ecj. (?i), we find 


Y = 


1 + /3 




and the ordinates (a) become 


X, _ 

X., V ^ ' 


(y) 


Jt remains now to select the proper value of /x, which defines the 
intensity of damping. The damping in the absorber must be such as to 
make forced vibrations of the main system as small as possible for all 
possible frequencies of the pulsating force. Calculations show that 
very satisfactory conditions are realized by taking g such that the cor¬ 
responding full line curve in Fig. 224 has a maximum at point S or at 
point T, In such case, the maximum value of \i/\t differs but little 
from the ordinate of the points S and T and expression (y) gives that 
maximum with a fair accuracy.^ 

38. Systems with Several Degrees of Freedom. —The problem of 
small free vibrations of a system with several degrees of freedom about a 
configuration of stable equilibrium requires the solution of Eqs. ( 144 ), 
which we repeat here. 

dllQl + Ctl2q2 + «13^3 + • • . -f CiiQi + Ci2^2 + + * • * == 0, \ 

(^niqi + Cln2q2 + «n3^3 + * ’ * + CnlQl + Cn2</2 + CnZQs + * * * = 0. / 

In solving these equations, we proceed in the same manner as in the case 
of systems with two degrees of freedom and take a particular solution in 
the form 


qi = Xisin(p^ + a), q2 = X2sin(p< + «),*** = X„sin(p^ + a), (b) 

Substituting in Eqs. (a), we obtain the following system of homogeneous 
linear equations for calculating the amplitudes Xi, X2, . . . Xni 


Xi(aiip2 — cii) + X2(ai2p^ — C 12 ) + • • • + K{ainP^ - Cin) = 0, 


(c) 


Xn(anlp^ - Cnl) + ^2{an2V^ “ <^n2) + * * * + Xn(annP^ — Cnn) = 0. / 

^ See paper by Hahnkamm, Schiffbautechnische Gesellschaft, Versarnlung^ Berlin, 
November, 1935, 
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These equations can give, for Xi . . . Xn, solutions different from zero 
only if their determinant vanishes. In this way we obtain the frequency 
equation 

A(p^) = 0, {(i) 

where the symbol A(7)^) indicates the determinant of Eqs. (c). This 
equation is of the nth degree in and has n roots. In the case of 
vibrations about a position of stable equilibrium, all these roots are real 
and positive. Let p/ be any one of these roots. Substituting it into 
Eqs. (c), we can calculate the (n — \) ratios X1/X2, X1/X3, . . . Xi/X„ 
which define the mode of vibration corresponding to the frequency pa. 
The corresponding motion will be 

qi = \is,m(pst + as)y 
q2 = \2^m{pat + aa)y 


qn = XnSin(ps^ + 6v«), 

All coordinates perform simple harmonic motions of the same frequency 
Pt and of the same phase They simultaneously pass through their 
zero values, corresponding to the equilibrium configuration of the system, 
and simultaneously reach their extreme values. Since the ratios of the 
amplitudes Xi, X2, • * * Xn are already calculated from Ecis. (c), there 
remain only two arbitrary constants in the soluflon (e); namely: as and 

one of the amplitudes, say Xi. The so¬ 
lution (e) represents one of the principal 
or natural vibrations of the system. We 
shall have as many such vibrations as the 
number of roots of Eq. (d), z.c., as the 
number n of the degrees of freedom of the 
system. 

The general solution of Eqs. (a) is ob¬ 
tained by superposition of the principal 
vibrations; and since to each vibration 
there correspond two arbitrary constants, 
we shall have altogether 2 n constants, 
which always can be selected so as to satisfy 2 n initial conditions concern¬ 
ing the n initial values of the coordinates and the n corresponding initial 
velocities. 

After this general discussion, let us consider an example. Assume 
that a particle of mass m is fixed in space by three helical springs the 
axes of which do not lie in one plane (Fig. 225 ). It is required to inves¬ 
tigate vibrations of the particle if disturbed from its position of equi¬ 
librium. In this case, we have a system with three degrees of freedom, 
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and we take, as coordinates of the system, the rectangular coordinates 
x^y^z of the particle, measured from the position of ecjuilibrium. Con¬ 
sidering them small in comparison with the lengths of the springs, W(^ 
can readily find the elongations of the springs during vibration. Denot¬ 
ing by ai, ^1, 7i the direction cosines of the axis of the spring OA, the 
elongation of this spring \vill b<i -(aj.r + fixy + 71^) and the correspond¬ 
ing strain energy^ is -f + yiz)-. Similar expressions, with 

the necessary changes of subs(a-ii)ts, will be ol)taiiied for the two other 
springs, and the total strain energy of the system becomes 

V = Ih'iiaiX + ^ly + yi^y + \l' 2 {a 2 X + fity + 722 )“ 

+ ^h'Aa-iX -f ^zy + 732)^, 

which can be rewritten in tlu‘ following form: 

V = + C222/“ + + 2cx2xy + 2cizxz + 2c2zyz), if) 

where 

Cii = 

C 12 = “f" I^'20i2^2 


The kinetic energy of the system is 

T = im{x^ -b y -f ^2). 

The equations of free vibrations of the particle them are 

mx -b CnX + C 12 ?/ + CizZ = 0, | 

mij + CnX + C 22 y + C 2 sz = 0, \ (g) 

mz + CnX + C 2 zy + CzzZ = 0. j 

Taking the solution of these equations in the form (6), we obtain 

(cii - mp 2 )Xi -b C12X2 + C13X3 = ] 

C12X1 + (c22 “ 7 np“)X 2 + C23X3 = 0, / {h) 

<^ 13 X 1 + C 23 X 2 + (C 33 — rnp-)^^ = 0. j 

These equations may give, for Xj, X2, X3, solutions different from zero only 
if their determinant vanishes. Putting this determinant equal to zero, 
we obtain in this case a cubic equation in that gives three positive 
roots pri, p2^r and ps^ Taking one of these roots, say pri, and substi¬ 
tuting it into Eqs. (/?), we obtain the ratios Xi'/X2' and Xi'/Xs', which 

define the mode of vibration having the frequency pi. The correspond¬ 
ing motion is 

X = Xi'sin(pi^ + Oil), y = X2'sin(pif + ai), 2 = X3'sin(pi; + ai). (f) 

1 The initial tensions in the spring balancing the weight of the particle will not 
enter in our consideration and can be disregarded. 
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We see that during vibration, the coordinates of the particle always are 
in the same ratio, which indicates that the particle oscillates along a 
certain straight line passing through the. origin 0 of the coordinates. If 
a\ /?', 7' are the direction cosines of this line of motion and C" is the 
amplitude of the vibration, we have 


and 


X/ = a'C', X2' = P'C, Xs' - t'C' 

{cy = (Xi')“ + (X2')^ + 


As we have already seen, Eqs. (/?) give only the frequencies of principal 
vibrations and the corresponding amplitude ratios. The absolute values 
of the amplitudes remain indefinite as long as we do not take into con¬ 
sideration the initial conditions of vibration. We can take 


Then 

and 


X/ = a', Xo' - W = 7 '. 

(XiO^ + (X/)^ + (X/)^ = 


(i) 


X = a'sin(pi^ + ai), y == /(?'sin(pif 4* ai), z = 7 'sin(pi< + ai). 

Similarly, for the frequency p2, we shall obtain 

X = a"sin(p2^ + y = /?"sin(p2^ + a2), 2 = 7 "«in(^ 2 / + ot^). 

Substituting the amplitudes (a', jS', 7') and (a", 7") of the two normal 

modes of vibration into Eqs. (/i), we obtain the following two systems of 
equations: 

= Ciia' + Ci 2 ^' + C137', ] 

= Cl20t + 022^' + C237^ / (A*) 

mpi^y' = Ciza' + C 2 sff' + C 337 ^ J 

and 

= Cua" + Ci 2 / 3 " + C137", ] 

inp 2 ^ 0 ^^ = Cj2a" + C22P'' + C 237 ^^ [ ( 1 ) 

mp2W = Cisa" + C23/5" + C337". j 

If the first of Eqs. (k) is multiplied by a", the second by /S", and the third 
by 7" and then they are added together, we shall obtain, on the right- 
hand side, the same summation as we will get by multiplying, respec¬ 
tively, by a', /?', 7' and adding together Eqs. ( 1 ). This proves that 

+ 7 V') = mp 2 \ci^ct^^ + + 7 ' 7 "); 

and, since pi^ and p2^ are two different roots^ of the frequency equation, 

* We omit here the exceptional case where the frequency equation has two equal 
roots, which is of no practical importance. 
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a'a" + + t't" - 0. 


(?n) 


This shows that in the two principal vibrations, the particle is moving 
along two perpendicular straight lines. Similar conclusions will be 
obtained if we consider principal vibrations with the frecpiencies pi and 
'Pz or p2 and ps, and we may conclude that the three principal modes of 
vibration of the particle in Fig. 225 are three harmonic motions along 
three mutually perpendicular straight lines. The direction cosines of 
these lines are determined from such equations as (k) and (/). If, from 
the very beginning, we had taken the coordinate axes in the directions of 
the principal vibrations, each ecpiation of motion would have contained 
only one coordinate and these coordinates would be the principal coordi¬ 
nates of the system. 

The above conclusion can be reached also in a different way. Giving 
to the particle m in Fig. 225 some displacement from the position of 
equilibrium and then releasing it without initial velocity, we usually 
shall get a complicated motion of the particle consisting of a combina¬ 
tion of the three principal modes of vibration. This results from the 
fact that for an arbitrary displacement of the particle, the resultant R 
of the forces in the three springs has a direction different from the direc;- 
tion of the displacement. But the motion is much simplified if we select 
the initial displacement of the particle in such a way that its direction 
coincides with the direction of the resultant force of the springs. If this 
condition is fulfilled, the released particle will move along thc^ line 
coinciding with the initial displacement and wo shall obtain a simple 
harmonic vibration along this line. To find the proper directions, assume 
that the above condition is fulfilled and that x, y, z are the three com¬ 
ponents of the displacement s. Then from expression (/), for the 
potential energy we find, for the three components of the resultant force 
R acting on the particle, 


X = ~ 


dx 


Y = 
Z = 


dy 

dz 


-CiiX — Cny - CnZ, 
C 12 X C22y C2Z2y 
— CnX — 0232 / — ^^ 332 . 


(n) 


Since the line of action of the resultant R coincides with the displace¬ 
ment 5, we have 

X = -R-, Y = -R^, Z = -R-- 

s s s 


Substituting into Eqs. (n), we obtain 
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3.T + C23/y + - ^ Z — 0. 


C12X + 


X + Cny + 6 * 13 ;: — 0 , 
y + ^* 23 - 2 ^ — 0 , 


(^>) 


Comparing these (equations with E(is. (/?), we conclude that the com¬ 
ponents of the displacement 8 will be in the same ratio as the ampli¬ 
tudes Xi, X 2 , X 3 of a principal mode of vibration. Hence, the directions 
of the displacements, for which the line of action of the resultant R 
coincides with the displacement, are the directions of tlu^ principal 
coordinate axes that we found before. 

Several additional examples of free vibrations of systems with more 
than two degrees of freedom will now be considcu'ed. 




(d) 


Example: The system shown in Fig. 226 a consists of three (^cjiial masses m attached 
to the quarter points of a tightly stretched vertical string fixed at its ends. Neglect¬ 
ing the mass of the string and assuming that its initial tension S is very large and can 
be considered constant during lateral vibrations of the particles, find the funda¬ 
mental frequencies and the corresponding modes of vibration. 

Solution: The potential energy of the system is obtained by multiplying the tensile 
force S by the elongation of the string during vibration, which gives 

V = + (2/2 - 2/1)^ + (2/3 2/2)^ + 2/3^] = (2/1^ + 2/2^ d- 2 / 3 ^ - 2/12/2 - 2/22/3). 

The kinetic energy of the system is 

r = ~ (J/I* + y2'‘ + 


Substituting into Lagrangian equations ( 136 ), we obtain the eijuations of motion 

S 

miji -f - {2yi - 1 / 2 ) = 0, 

S 

myi -f - (22/2 - 2/1 - 2/3) = 0 , 

S 

niyz "b - (22/3 - ^ 2 )* = 0. 
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Then assuming a particular solution 

yi ~ Xisin(p< -f- «), 2/2 = X2sin(p« -f a), 2/3 - X 8 sin(p^ + a) 

and using the notation ^ = S/rna^ wo obtain 

X,(y>2 ~ 2i3) -h X 2 ^ = 0, 

Xi^ + X 2 (p 2 - 2 ^) + X3/5 = 0 , 

X2/3 -f X 3 (p 2 - 2 iS) - 0 . 

Equating to zero the determinant of these equations, we get the following frequency 
equation: 

(p2 _ 2 / 3 ) (p 4 _ 4 ^ 2/3 4- 2j82) = 0, 

the three roots of which are 

vi ‘ = (2 - V2)/3, = 20, Pa* = (2 + ^2)0. 

The corresponding modes of vibration are shown in Fig. 226 ^,c,r/. 

Example: A vertical shaft with thr(‘(‘ identical and equidistant disks is fixed at 
the upper end and performs torsional vibrations (Fig. 227 ). Find the fre(]uencies of 
the principal vibrations if the torsional rigidity of the shaft is C, the moment of inertia 
of each disk is 1 ^ and the length of the shaft is 3 /. 



Fig. 227. Fig. 228. 


Example: A vertical prismatic bar with hinged ends carries three equidistant 
particles of masses m, 2 w, and rn, as shown in Fig. 228 . Find the principal frequencies 
of lateral vibrations of these particles in the plane of the figure, neglecting the mass of 
the bar. 

Solution: To write equations of motion, we use here D’Alembert’s principle. If 
lateral loads Pi, Pi, Pz are applied to the particles, the lateral deflections will be 

(iiPi + 16P2 + iiF,), 
yt = 7 ^ (7P. + 11 P 2 + 9P,). 


When the bar is vibrating, we have to substitute the inertia forces — mj/i, — 2my2, 
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— my 2 for Pi, P 2 , P 3 . Assuming that 

yi = Xisin(/^^ + «'), 2/2 == \ism(pt + a'), 2/3 = XasinCp^ + a') 

and using the notation 

_i! _ = 

768A7 


we then obtain from the above equations of statics 

X, = 4 - 22X2 + 7X3), 

X2 ” o:?a/)”(llXi -}- 32X2 "b 11X3), 
X3 = cx 7 flf)^{ 7 \\ b 22X2 "b 9X3). 

Letting 1 /amp^ — 2 , we obtain the frequency equation 

23 - 502* + I2I2 - 56 - 0, 

the roots of which are 

21 = 47.41, 

The corresponding frequencies are 

Vi = V— ■ = 

^amzi ^ rni'^ 


Z 2 = 2.00, 23 = 0.59. 

= 10.60 VS, ?>, = 37 . 3 VS 


Example: Investigate vertical vibrations of the syst(un shown in P’ig. 229a, 
consisting of a rotor mounted on a Ilexible shaft tliat, in turn, is supported by a frame 
resting on a heavy foundation slab. 



(a) 

Fi(i. 221 ). 



Solution: Taking into account flexibility of the shaft, flexibility of the frame, and 
also elasticity of the soil supporting the slab, we imagine an idealized system with 
three degrees of freedom as shown in P'ig. 2295. P>om the known dimensions of the 
installation and from its elastic properties, the masses mi, m 2 , m 3 and the spring 
constants of tlie idealized system can be calculated in any particular case. For 
coordinates, we take the deflections X\j x^y x^ of the springs from their equilibrium 
configurations. Then the kinetic and potential energies of the system are 

T - -b m2(ii -b ;r2)* -b m^ixi + ±2 -b 

V - -b k2X2'^ + hxs^)^ 

and we obtain the following system of equations of motion: 

(mi + m 2 + ma)^! -b (m 2 + 77i2)x2 -b fn^x-s -j- kiXi = 0, 

(m 2 -b m3)xi -b (m 2 -b 7nn)x2 T m^Xs -b k2X2 « 0 , 
m 3 .f 1 -b m^Xi + mafa + kiX^ 0 , 

Proceeding as before, we obtain the frequency equation which, for known numerical 
values of the massec and spring constants, represents a cubic equation in p® with 
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numerical coefficients. When that equation is solved, the three principal modes of 
vibration will be obtained. 

PROBLEMS 



-"777777 


the equations of motion, and d(‘riv(‘ tin' frecpu'ncy equation for small 
lateral vi))rations of the (wo masses ?Hi and m 2 shown in Fig. 230. 
Assume that the tensile force .S' in tlu' vertical string is large. 

^ ^ mimd - M m,777-2^2 

144. Three circular disks of moments of inertia /i, /a, h are 
mounted on a horizontal shaft that e.aii turn freely in its bearings as 
shown in Fig. 231. The torsional spring constants for the two portions 



Fio. 230. 


Fio. 231. 


of the shaft are hy and k 2 as shown. Set up the equations of motion, and derive the 
frequency equation for torsional oscillations of tlu^ 
disks. 

Arts. {hhh)v^ - [k^ihh -f IJ.) -f 
k2{Ij2 + + kikMi + /. 4 - = 0 . 

146. A bifilar pendulum of mass M and lengt h 
a hangs in a vertical plane and has attached to it 
two identical single pendulums each of mass m and 
length h as shown in Fig. 232. Determine the 
roots of th(i frequency equation for small oscilla¬ 
tions of the system in the plane of the figure. 


Atis. 


pr = P2y = 


a A- M 4- 2m 


2ab 


M 


9 ± 


^/(g 4 ~ by / 

ia^b'^ V 


M 4-2wY 

M ) 


r “ 


M -i- 2m g 2 

jlf 



39. Approximate Methods of Calculating Principal Frequencies.— 

We have seen in the preceding article that the calculation of frequencies 
of principal vibrations of a system requires the solution of the frequency 
equation that is obtained by equating to zero the determinant of a certain 
system of homogeneous linear equations. The evaluation of the coef¬ 
ficients of the frequency equation and the numerical solution of the 
equation itself become more and more involved as the number of degrees 
of freedom of the system increases. In the case of three degrees of 
freedom, we had to deal with a cubic equation. For systems with four 
degrees of freedom, we obtain a frequency equation of fourth degree, 
etc. In practical applications, we often have systems with many degrees 
of freedom, and the amount of work required to evaluate the coefficients 
and solve the frequency equation becomes prohibitive. In such cases, 
recourse must be made to some approximate method of calculating fre- 
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quencies without deriving the frequency equation.^ In the following 
discussion we shall illustrate some of these methods in connection with 



the calculation of frequencies of lateral vibrations of a shaft 
with several masses (Fig. 233 ). 

In many cases, we need only the lowest freciuency pi. 
This frequency can be calculated with good accuracy by 
using the Rayleigh method already discussed in Art. 20 
(see page 170 ). In applying this method, we assume that 
the deflection curve of the shaft in the extreme positions of 
the lowest mode of vibration is of the same form as a stat¬ 
ical deflection curve under the action of gravity forces m\g, 
. . . acting ptu’pendicularly to the axis of the shaft. 
Demoting b}^ Xi, X2, . . . the statical deflections under 
the loads, W(' (conclude that the strain energy of bending, 


when the vibrating shaft is in an extnune position, is 


(miXi + 7/72X2 + 


+ WnXn). 


Then assuming the motions of the masses to be given by the expressions 

2/1 = Xisin(pi^ + a), 2/2 = X2sin(pi^ + a), . . . 

yn = XnSin(pii{ + a), (//) 

the kinetic energy of the system, in any configuration, is 

T = i(7/li7/i2 -f m27/2‘^ + • * • + rtlnyn^). 

Substituting expressions {b) for 7/1,2/2, . . . 2 /n, we find that the maximum 
kinetic energy is 

Tmax = Ypl^(7/7lXi" + 7 / 72 X 2 ^ + * ■ ■ + 777nXn“). (c) 

This Tmax occurs when the vibrating shaft passes through its unstrained 
middle position. Since we neglect dissipation of energy, expressions (c) 
and (a) must be equal and we obtain 

2 == g (7/71X1 + 771 2X2 + • • • + mnX n) 

m{K{^ + 77/2X2^ + • • * + rtiyXr ^ 


We see that the fundamental frequency pi is easily calculated if we know 
the statical deflections Xi, X2, • • • Xn, which can be readily obtained by 
analytical or graphical methods. 

^ The various methods of solving this problem are extensively discussed in the 
book by F. van den Dungen, ^‘Cours de technique des vibrations,” Bruxelles, 192G. 
See also K. Hohenemser, “Die Methoden zur angenaherten Losung von Eigenwert- 
problemen,” Berlin, 1932. 
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For calculating the same frequency pi, a method of successive approxi¬ 
mations can be applied.^ ("onsidering again statical deflections under 
the action of lateral forces mig, m2g, . . . we can write the expres¬ 
sion for the deflection yi at the point of application of the load rriig in the 
following form: 


Vi = g{oLiim,i + ai 2 m 2 + • • • + afnmn), {d) 

where aij is the deflection at i produced by a unit load acting at j. The 
quantities aij are called injluetice numbers. All these numbers are 
obtained from one deflection curve produced by a unit load applied at 
point From Maxwell’s reciprocal theorem,^ it follows that aij = a^ 
and the ordinates of this curve at points 1 , 2 , ... n give us ati, at2, 
. . . atn, respectively. The statical equation (d) can be used also in the 
case of vibration of the shaft. We have only to substitute the inertia 
forces —miyi, ~m2y2j . . • —'fnn'yn for gravity forces. This gives 
equations of motion in the form 

yi = —{a^imiiji + ai2m2y2 + * * * + ainmnUn)^ (e) 

We shall have as many ecpiations of this kind as the number of masses on 
the shaft in Fig. 233 . Assuming that the shaft performs the fundamental 
mode of vibration and substituting expressions (h) for yi, 2/2, • 2 /n, we 

obtain the following system of linear homogeneous equations: 

Xi = p{\aunh\i + ai 2 m 2\2 + * * * + air,mnX„), \ 

X2 = PViaoimiXi + a22^fi2X2 -[-•••+ Q^2«^0tXn), / 

(/) 


Xn = prianim iXi + an2ni2X2 + • • • -f ann^nXn). / 

By equating the determinant of these equations to zero, we obtain the 
equation for a rigorous calculation of the principal frequencies. For an 
approximate calculation of these frequencies, we do not derive the fre¬ 
quency equation but work directly with Eqs. (/). We usually know 
approximately the deflection curve corresponding to the fundamental 
mode of vibration of the shaft and can select reasonably well the series 
Xoi, X 02 , . . . Xon of approximate values for the amplitudes Xi, X 2 , . . . Xn. 
Substituting these values into the right-hand sides of Eqs. (/), we 

^ The method originated with L. Viaiiello, Z. Vcr. deni. Ing., vol. 42, p. 1436, 1898. 
It was used for calculating buckling loads for struts. Its application for calculating 
principal frequencies of shafts is discussed with many details in the book by C. B. 
Biezeno and R. Grammf‘1, “Technische Dynamik,^’ pp. 155-163, 829-836, Berlin, 
1939. 

^ See the authors’ “Thciory of Structurt^s,” p. 250. 
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obtain first approximations Xn, X 12 , . . . Xin for the amplitudes from 
equations of the form 


Xit == 1X01 + 0^12^2X02 + * * * “f* O^tn^nXon), { q ) 

while the first approximation for pi will be of the form 




X 07 

'Ija.fTrijXnj 


(h) 


This first approximation for as obtained from each of Eqs. (/), in 
turn, will have* somewhat vai-yinj^ values, but we can get a better 
approximation by avau’aging them. For this purpose, we multiply both 
numerator and denominator of Eep (h) by Xu and use, as the first 
approximation, the value 


^ ^SXotXit 

=---- 

2)Xi, Sai,m,Xo? 


(152) 


Calculations show that if the initial form of the curve is well chosen, this 
formula gives pi'^ with an accuracy sufficient for yjractical application. 

If a better approximation is required, we use, for the amplitudes in the 
right-hand sides of Eqs. (/), the first approximations Xn, X 12 , » . . Xin 
from Eqs. (g). In this way, we obtain 

Xat = Pi^(e!ti^iXu + at2^i2Xi2 + • • • + ainfrinXin) (i) 

and 

9 Xii 

p ^ «-- 

'^aijfrijXi^ 


Then averaging the values of pi'\ as before, we find for the second approxi¬ 
mation 


PV 


ZXuX2 


•^X^i OLijTKtjX \ j 


(153) 


The calculation of further approximations can be continued in the same 
manner, and we can draw some conclusion about the convergence of 
the process by whether or not the values of as calculated from various 
equations of the system (/), are approaching the same limiting value. 
In this manner, the calculation of the fundamental frequency of vibration 
can be accomplished with any desired degree of accuracy. 

Before we consider the calculation of higher frequencies of the shaft, 
let us prove a certain general property of the amplitudes Xi, X 2 , . . . Xn 
if they are related to two different principal modes of vibration. For 
this purpose, we shall use equations of motion in Lagrangian form instead 
of Eqs. {e) derived from Alembert^s principle. Equation (d), giving 
the deflection at point i produced by any forces Pi, P 2 , . . . Pn applied 
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at points 1, 2, ... n, can be expressed in the form 

Vi = OtiiP I + Cti 2 P 2 + * * * + ainPn- 

Writing this equation for each of the points 1, 2, ... n and solving for 
Pi, P 2 , . . . Pn, wc obtain, for any force P», 

P t = Ciiyi + Ci2y2 + ' • • + Cinyn, (j) 

where Cii, Ci 2 , . ^ • (kny are new constants, l^cpiations (j) give the 
forces that must be applied to the shaft, at points 1,2, . . . /q to produce 
deflections yi, 2 / 2 , .. . 2/n- 'f'he forces that the shaft exerts on the 
masses mi, m 2 , . . . during vibration have opposite sign, and the equa¬ 
tions of motion of these masses are 

mi^i = —(cuyi + C 122/2 + • • • + Cmyn), 
m 2^2 = —{Cniyi + C222/2 + * • • + C 2 nyn)y 


T^niin — ~ {Cniyi "i“ On2y2 “f“ ‘ * ’ “l~ Cnnyn)* 

Taking the solution of these equations in the form (6), we obtain 

miP“Xi = CiiXi + C12X2 + * • * + CinXn, \ 
m 2 P^X 2 = C2lXi + C22X2 + • * * + C 2 nXn, / 

.w 


mnp^Xn = CnlXi + Cn2^2 + ' * ' + Cnn^n- I 

These equations have the same determinant as Eqs. (/) and will give 
the same frequency equation. Assume now that and p/ are any two 
different roots of that equation and that Xir, X 2 r, . . . X„r; X^, X2fl, . . . 
\na are the amplitudes defining the corresponding modes of vibration. 
Then proceeding as in the case of a system with three degrees of freedom 
(see page 291), we obtain 

t = n 

miX,rXtg 0. (/) 

t = 1 

This equation expresses the so-called condition of orthogonality of the 
principal modes of vibration.^ Using Eq. (/), we can readily represent 
any shape of the vibrating shaft by superposition of the curves repre¬ 
senting the principal modes of vibration. Let X/, X2', . . . Xn'; X/', 
X2", . . . Xn"; Xi'", X2'", . . . Xn"'; etc., represent sets of amplitudes 
corresponding to the first, second, third, etc., modes of vibration. Take 

^ In the case of the system in Fig. 225, it states that the three principal modes of 
vibration take place along three mutually pcrpendi(;ular straight lines as already 
noted on p. 291. 
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now any arbitrary deflection curve of the shaft defined by deflections 
Xoi, Xo 2 , . . . , Xon and assume that it is obtained by superposition of the 
curves corresponding to principal modes of vibration. Then 


Xoi — CiXi' + C2X1" + C3X1"' + 
X02 = C1X2' + C2X2'' + C3X2"' + 


Xon = ClXn' + C'iXrt" + C^'kn" + 


(m) 


The constants ci, C 2 , . . . indicate what portions of the ordinates of 
the curves, representing principal modes of vibration, must be taken in 
order to form the arbitrarily taken curve with ordinates Xoi, X 02 , . . . Xon. 
These constants will now be determined by using the; orthogonality condi¬ 
tion (Z). To calculate, for example, thc' constant ci, we multiply the 
first of Eqs. (m) by miXi', the second by W 2 X 2 ', etc. Now adding th(‘ 
equations and observing condition (/), we obtain 


Hence 


»««« 

^ Xo,X/wi, 


t = n 

Cl V 

I<«1 


Cl 


t 

^ X(i,X/ot^. 

i= 1 __ 

i = n 

^ X/2m< 


1 


(v) 


In a similar manner, the other constants C 2 , Cs, . . . can be calculated. 

Returning now to the method of successive approximations used in 
solving Eqs. (/), it is important to note that the process of calculation 
described there converges and gives, at the limit, the lowest frequency pi. 
If we wish to calculate in the same manner the second frequency p 2 , we 
must select the initial amplitudes Xoi, X02, . . . Xon in such a way that 
the initial curve of the shaft will not only be suitable for representation 
of the second mode of vibration^ but will not contain, as a component, 
the curve corresponding to the first mode of vibration. Only under this 
condition will the above-described method of successive approximations 
give us the desired second frequency p 2 . To accomplish the proper 
selection of the initial curve with which the calculation should be started, 
we take first any curve suitable for representation of the second mode of 
vibration. Let Xoi, X02, . . . Xon be the ordinates of this curve. They 
can be considered as obtained by superposition of the curves represent- 

^ We usually know approximately how the s(M*ond mode of vibration will look. 






Art. 39] 


THEORY OF SMALL VIBRATIONS 


301 


ing principal modes of vibration [sec Efjs, (m)]: The first mode of vibra¬ 
tion is already known from the previous calculation of pi (see page 298 ), 
and we have the set of values X/, X2', . . . Xr/ with good accuracy. 
Using these values, we calculate the constant ci by using Eq. (n). This 
constant defines in what proportion the assumed ordinates Xoi, X02; 
. . . Xon contain the ordinates f)f the fundamental mode of vibration. 
Cleaning the assumed curve of the portion belonging to the first mode of 
vibration, we obtain a new set of amplitudes 

Xoi = Xoi CiX/, Xn2 = X()2 ^1X2^, . . . , Xo 7 i ~ Xon Ci\n y (o) 

with which the calculation of p2 can be started. Substituting these 
values into Ec^s. (g) and cluinging pr to p^/, wc obtain, as first approxima¬ 
tions for the amplitudes of the second mode of vibration, 

Xli I'WI 1X01 ~j~ 0^12^^2X02 ~f” * * * “b 0{nr/? riX()n). 


Before going into a calculation of s(‘cond approximations, we again clean 
the obtained set of amplitudes Xn, X12, . . . Xin of the first mode of 
vibration as was done above [see Eqs. (e)] and use, as first approxima¬ 
tions, the cleaned values Xn, X12, . . . Xi„. The second approximations 
then will be 


X21 


P2"(oii7?liXii + 012^2X12 + • • ' + Oin^^nXin) 


and approximately 


P2' 


Xit 


(P) 


A better accurac^y for the second frequency is obtained by averaging, as 
before, the values (p), which gives 


P 2 ^ 


2X27X11 


^X2i 1 


(154) 


It is seen that in calculating the second frequency, we have, at each step, 
to clean the assumed curve of the component of the first mode of vibra¬ 
tion. Only in this way can convergence of the process be realized. If 
we wish to calculate the third frequency by the same process of successive 
approximations, we have, before starting with calculations, to clean the 
assumed set of amplitudes Xoi, X02, . . . Xon of the components of the 
first and of the second modes of vibration, as explained above, and work 
with quantities Xoi, X02, . . . Xon. 

It is seen that the amount of work in frequency calculations increases 
with the order of the frequency; and to save time, it is advantageous, 
beyond a certain order, to proceed not from the lowest but from the high¬ 
est frequency of the system. For this purpose, instead of Eqs. (/), we 
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Instead of we have now the factor 1/p- on the right-hand side of the 
equations, and the calculations that previously were used for the lowest 
mode of vibration will now he convergent for the highest mode of vibra¬ 
tion, since for this mode the factor 1 /p- becomes the smallest. 

To show the application of the method of successive approximations, 
let us consider the case of three masses as shown in Fig. 228, page 293. 
Equations (/) in this case are 


Xi = amp 2 ( 9 Xi + 22X2 + 7X3), ] 

X2 = amp 2 (llXi + 32X2 + 11X3), \ (r) 

X3 = a?/ip^( 7 Xi + 22X2 + 9X3), j 

where a = 1^/7 (jSEL As a rough approximation for the first mode of 
vibration, we take 

Xoi = 1, X 02 — 2, X ()3 = 1. 

Substituting into the right-hand sides of Eqs. (r), we obtain 

Xii = GOamp^j Xi 2 = 86 cywp 2 , — (iOamp-. (.9) 

With these values again substituted in Ecjs. (r), Ave find, as second 
approximations for the amplitudes, 

X 21 = (amp2)2(9.G0 + 22-86 + 7-60), ] 

X 22 = (amp2)2(ll.60 + 32-86 + 11-60), [ ( t ) 

X 23 = (amp2)2(7-60 + 22-86 + 9-f)0). J 

To obtain the frequency of the fundamental mode of vibration, we sub¬ 
stitute the values (s) instead of X21, X22, X23 into Eqs. (0, which gives 

60 _ 1 

am(9-00 + 22-86 + 7-60) 47.53am' 

86 _ 1 

am(ll-60 + 32-86 + ll-CK)) 47.35am' 

60 _ 1 

am(7-60 + 22-86 + 9-60) 47.53am' 


Pi® = 
Pi® = 
Pi® = 
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These values are scattered very little, which indicates that the values (/) 
for the amplitudes are accurate enough. Averaging the values {u) by 
Eq. (153), we obtain 

2 = 1 
47.45am’ 

which differs from the solution of the frequency equation, given on page 
294, only by about oinvtenth of 1 per cent. 

To get the second frecpiency by successive approximations, we observe 
that the second mode of vibration has an inflection point and assume 

Xoi = 1, X()2 = 0, Xo3 = — 1. 

Proceeding as explained before, we have to clean the assumed deflection 
curve of the component corresponding to the first mode of vibration. 
For this purpose, we use Eq. (n). Substituting the values {t) 
for \i in this eqiiation, we find that ci vanishes, which indicates that the 
assumed deflection curve does not contain a component corresponding 
to the fundamental mode of vibration. In such a case, we substitute the 
assumed values Xoi, X 02 , X 03 into the right-hand sides of Eqs. (r) and 
obtain the first approximations 

Xu = 2p-am, X 12 = 0, Xi3 = —2p^am, (y) 

The amplitude ratios n^main the same as we assumed initially and con¬ 
tinue to remain unchanged as we calculate further approximations. This 
indicates that the initially assumed deflection curve is the true one for 
the second mode of vibration of the shaft. Th() corresponding frequency 
is obtained from the first of Eqs. (v) by substituting Xoi = 1 for Xu, 
which gives 

2am 

This result coincides with tlu^ rigorous solution given on page 294. 

To obtain the third friniuency we observe that the third mode of 
vibration has two inflection points and assume 

Xoi = 1, X 02 = ”“1, X 03 = 1- 

Before substituting these values into Eqs. (r), we have to clean the 
assumed curve of the components of both the first and second modes of 
vibration. Using, for this purpose, Eq. (n) and taking the values 
X/ = 1, X 2 ' = 1.428, and X 3 ' == 1, which are in the same ratios as the 
values ( 0 , we obtain 

Cl = -0.141. 

TfSPIndicates that to clean the assumed curve of the component cor¬ 
responding to the first mode of vibration, we have to subtract from 
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Xoi, Xo 2 , and Xos the quantities —1(0.141), 
respectively, which gives 

Xoi — 1.141, Xo2 — —0.800, 


[Chap. IV 
-1.428(0.141), -1(0.141), 

Xo3 = 1.141. 


To clean the assumed curve of the component corresponding to the second 
mode of vibration, we have to use, in Eq. (n), the amplitudes X^" instead 
of X<', which are given by Eqs. (y). The summation in the numerator 
vanishes in this case, indicating that the assumed curve does not contain 
the component corresponding to the second mode of vibration. Hence, 
the quantities Xoi, X 02 , and X 03 can be used for calculating the frequency 
P 3 . Substituting them into the right-hand sides of Eqs. (r), we obtain 

Xn = amp2(9 x 1.141 - 22 X 0.800 + 7 X 1.141) = O.GOamp^ 

X 12 = otmj)\\\ X 1.141 - 32 X 0.800 + 11 X 1.141) = -0.50«mp^ 
Xi3 = amv\l X 1.141 - 22 X 0.800 + 9 X 1.141) = O.GGampl 


Substituting Xoi, X02, X03 for Xn, X 12 , X13, we obtain approximate values for 
the third frequency as follows: 

2 == hUl __ 1.73 o ^ == 2 1-73 

O.GGam am ^ 0JA)am am ^ am 


T 

i 




Averaging these values by E(|. (153), we obtain 

1 .()9 




am 


which coincides with the previously obtained value on page 
294. 

Example: Using the method of successive approximations, calcu¬ 
late the natural frequencies of torsional vibration of the system in Fig. 
234. Each of the three disks has the same moment of inertia /, and 
the three portions of the shaft have the same tortional rigidity GJ. 
Solution: Denoting by </>!, 02 , 03 the angles of rotation of the disks from their 
positions of equilibrium, we find the following expressions for kinetic, and potential 
energy: 


T 

/ 

-Li 


Fig. 234. 




V — [01® -f- (02 — 0l)® -f- (03 — 02)^1. 


The equations of motion, then, are 


—/0i = — (201 — 02 ), 

C T 

— == -7- (”01 + 202 — 03), 


-/03 


GJ 


(—02 03), 
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Substituting 

(t>] — \\sm{pt — a), (t>i = X2sin(p< — a), <t>:i ~ \t8m{pt — a), 

we obtain 

(. - ’£!) X, - X. - 0, 

-X, + (2 - ’^ j ) X, - X. - 0 . 

— X2 -l- 




(■ - 'ff) 


X3 — 0. 


The frequency equation is obtained from the determinant 

IpH 


GJ 

-1 2 - 


1 0 
IpH 


- 1 


Ip^i 

gT 


= 0 . 


GJ 

jo -1 1 

This gives us a cubic equation from whicli 

p,=0A4:6\j^jy = 1.247 

To get the frequencies by succes.sive approximation.s, \v(‘ write Kqs. (?/?) in the 
following form: 

Xi = —5 (2Xi X 2 ), 

ap^ 

1 


X 2 


ap‘ 

1 


(-Xi + 2 X 2 - Xa), 


ix) 




where a = Il/GJ. These equations have the same form as Eqs. (q) and are suitable 
for calculating the highest frequency p^. For this mode, we assume alternate signs 
for the angles of rotation and take*. 

Xoi ~ X 02 = — 1, X {|3 = 1. 

Substituting in the right-hand sides of Eqs. (x), we obtain 


Xu — 2 * 

ap^ 


X,2 = “ • 0, 


Xk; 


ap2 


Substituting again in Eqs. (x), we find 


X 21 — 


{cep^Y 

The next calculation gives 
1 




17, 


X 32 ~ 


1 




X2a ~ 


X 33 


(ap’^Y (oep^Y 

Substituting X 21 , X 22 , X 23 for X 31 , X 32 , X 33 , we find 

1 17 . 1 18 .17 


• 2 . 

1 

{oev^Y 

1 

' (ap2)3 


2 . 


•7. 
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Averaging these values by Eq. (153), we obtain 


which gives 


- - + 7.7 _ 1 

« 0.17 +57f8+2,7 

p, = v''33i = 1.79 yM- 


This result already is in good agreement with the rigorous solution given above. 

To obtain the lowest frequency, we have to use equations of the form (/). For 
this purpose, the equations of motion can be obtained by using D’Alembert’s princi¬ 
ple. Considering the inertia torques —/<Ai, —/^ 2 , applied to the disks, we 

obtain the following angles of rotation 

4>i = — gj: (^1 4- <^2 + ii), 

<f>2 = — Qj iii 4 2^2 4 2<ji3), 

~ ^ 4 2(^2 4 3 ^ 3 ), 

and the equations to be solved are 

Xi == ap^(Xi 4 X2 4 X3), 

X2 = ap^iXi 4 2X2 4 2 Xj), 

X3 = ap^(Xi 4 2X2 4 3X3). 

Assuming, for the fundamental mode of vibration, 


successive approximations give 

Xii = ap^ • 7, 

X 21 — {otp^y • 37, 

7 


X 12 - .13, 

X 22 == {ap^y • 67, 
« 13 


- ap2- 17, 
= il 

84a' 


Averaging the p-squares by Eq. (153), we get 

^ /l 7-37 4 13-67 4 17-84 /oT981 

= V- 37-+6V + 84« = V-- = 0.445 

which agrees with the above rigorous solution. 

The calculation of p 2 is left to the student. 

40 . Systems with Infinite Number of Degrees of Freedom.—As an 

^ ^ example of such systems, let us consider 

/r ^ lateral vibrations of a prismatic bar 

-- 1 -^ simply supported ends (Fig. 235 ). 

^ The deflection of the vibrating bar from 

its position of equilibrium can be repre¬ 
sented by the trigonometric series (see page 204 ) 

y = qism -y + (? 2 sm -y + • * * , (a) 
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and the quantities qi^ ^ 2 , . . . , defining at any instant the shape of the 
vibrating bar, can be taken as the generalized coordinates in this case. 
The potential energy of bending, from page 108, is 


V = 




{h) 


and the kinetic energy, during vibration, is 


T 


tA 

2^ 



y-dx, 


where yA is the weight per unit length of the bar. Substituting for y its 
expression (a) and performing the indicated integration, we obtain 





We see that the expressions for both kinetic and potential energy contain 
only squares of coordinates and corresponding velocities, respectively, 
which indicates that the selected coordinates are tlie principal coordinates 
of the system. Then for free vibrations, the Lagrangian equation (136) 
gives 


yAl 


+ --27r- 


= 0 . 


id) 


Introducing the notation 


Kig 

'^Ay 




we write the general solution of Eq. (d) in the form 


Qi 


. iVat 

^tCOS —^ 


4 - Bisin 


nr' 


The corresponding principal vibrations are 



pT^at 

nr 


+ J5<sin 


nr) 


. iwx 


(/) 


During any one of these principal modes of vibration, the bar is divided 
in i equal portions, the division points being the inflection points of the 
axis of the bar. The angular frequencies of these principal vibrations 
are 


___ jEIg 

Pi ji jr yj'A^’ 


(S) 
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and the corresponding periods are 


= I Ax 

Pi Pw-yjElg' 


{!>) 


The general case of vibration of the bar is obtained by superposition of 
the principal vibrations (/), which gives 


y = 


CO 

I 


(AiCos Pit + Bisin pi^sin -y* 


(^*) 


The constants of integration Ai, Bi can be calculated in each particular 
case if the initial deflection curve of the bar and the initial velocity of 
each point of the bar are given. Assume, for example, that the initial 
deflection curve and the initial velocities are given by the equations 

{y)t^o Kx), {y)t^o = fi(x). 

Substituting for y its expression (0, we obtain 


^ ^iSin ~ = fix), 

i = 1 


00 

X 


• j2 ~ BiSm y- fiix)- 


The coefficients Ai and Bi are now obtained by multiplying these equa¬ 
tions by sm(i7rx/l)dx and integrating both sides from x = 0 to x = 1. 
This gives 


A, = 

Bi = 


zi / 

iVa Jo 


(j) 


Assume, for example, that the bar initially is in equilibrium and that by a 
blow a uniformly distributed vertical velocity v is communicated to the 
bar.^ In such case,/(x) = 0,/i(a:) = v. Substituting into Eqs. (jf), we 
obtain 

0 
i 

expression (^) gives 


Ai = 0 , Bi = 


21^ 


cos - 


tTX\ 


4Pv ( , irx , . , 1 . Stto: . . , 

y = ^ Ism y sin pj + ^ sin -y sin pzt + • • • 

^ This condition is obtained also if the bar has a uniform vertical velocity v and 
then, at the instant t = 0, its ends are suddenly stopped. 
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It is seen that in this case, only the principal vibrations with uneven 
numbers of half waves will be produced, and the amplitudes of these 
vibrations rapidly diminish with increasing; order i of the vibration. 

In the case of forced vibration, there will be, in addition to elastic 
forces, some external forces depending on time. If Qi is the external 
force corresponding to the coordinate g*, the equation of motion is 


yAl .. , EIirH^ 


= Qi 


and its general solution will be [see Eq. (31), page 50] 


Qi = Aicos Pit + Bisin pit + ^ Qtsin pi{t — 


(k) 


The first two terms on the right-hand side i-eprc‘seiit free vibrations 
depending on initial conditions, while the last 
represents the vibrations produced by the ^ ^ 

force Qi. _ 

Consider, for example, vibrations produced 
in a bar by a pulsating force P = Posin wi/ 
applied at a distance c from the left end (Fig. 236). To find the 
generalized force corresponding to the coordinate cp, we give to this coor¬ 
dinate an increment 8qi. The corresponding defieiJtion of the bar is 
8qism{tvx/l)j and the work produced on this displacement by the force P is 


Fig. 230. 


P 5gisin 


tire 

T' 


Hence 


^ .. . lire . lire 

Qi = P sm -y- = Posm co//sin -j-- 


Substituting into Eq. (A*) and considering only the last term on the right- 
hand side, we obtain 


q. — _L Posin ^ / sin oi/'sin pi{t — t')dt' 

PiAyl I Jo 

2g ^ . iTTC r 1 . 0 ) • 

= Posm -y- —y- 5 sin o)t - —5 -^ sin pd 

Ayl I Ipd “ co2 pi{pd - co^) ^ J 


(/) 


It is seen that by applying the pulsating force P, we produce not only 
forced vibrations having the same frequency as the disturbing force but 
also free vibrations. In practical applications, various kinds of resist¬ 
ance always are present due to which free vibrations will be gradually 
damped out and only the forced vibrations finally remain. This latter 
vibration is also affected by friction; but in the case of small friction and 
if we are not very close to a resonance condition, this influence can be 
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neglected and we can put 


2gl\) .lire . . 

Qi = sin - 7 - sin (at 

Substituting in expression (a), we obtain forced vibrations of the bar 
as follows: 


y 


2gl\ Y 1 

Ayl pi^ — 0)^ 

i = 1 


. tirC , lirx . 
sin sin -j- sin <at. 


(m) 


It is seen that the pulsating force P produces a complicated vibration 
obtained by superposition of principal vibrations of various modes. The 
modes for which sinCiVc*//) = 0 vanish fi*om th(‘ summation (m). This 
indicates that the force P does not producer those vibrations for which the 
point of application of the force coincides with an inflection point. Each 
time when ca is approaching pi^ the corresponding term in the series (m) 
becomes predominate and we are approaching a condition of resonance. 
Since we have an infinite number of natural frequencies p,, there will be 
an infinite number of critical frequencies a> of the pulsating force. When 
the frequency co of the pulsating force is small in comparison with the 
fundamental frequency pi of the bar, we can neglect in comparison 
with pi^ in expression (???) and obtain 


= V -I- 

^ Ayl Z/ Vi^ 


lire , iTTX . 
sin "j-- sin -y- sm (at 


= V1 


ITTC . VKX 

Z/ T T' 

1 


which represents the statical deflection of the bar (see page 205). 

If there are several pulsating forces acting on the bar, the resulting 
vibration will be obtained by superimposing the vibrations produced by 
the individual fon^es. 

The case of a continuously distributed pulsating force can be solved 
in the same manner; the summation only has to be replaced by integra¬ 
tion along the length of the beam. Assume, for example, that the beam 
carries a uniformly distributed pulsating load^ of intensity w = 'U?osin (at. 
Substituting W(dc for Pq in expression (m), we obtain vibrations produced 
by one element of the pulsating load. Then integrating this expression 
with respect to c within the limits c = 0 and c = /, we obtain the required 
vibration 


4£^ V 

^ Ay-x L( 


1 . iiex . 

Hvf - J) ™ X *“■ 


(.) 


‘ Such case we have, for example, in analyzing vibrations of the side rod of a 
locomotive. 
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We see that in this case, only vibrations with odd numbers of half waves 
are produced. If co is smaller than pi, the series (n) converges rapidly 
and the first term alone gives the deflection curves with good accuracy. 
The maximum deflection at the middle then is 


__ 4:gwo 1 _ 4^gwol'^ I ^ 8st , ^ 

Ayw pi^ — AyT^a^ . i ^ ' 

Again, as in the case of a system with one degree of freedom, the ampli¬ 
tude of vibration is obtained by multiplying the statical deflection of the 
beam by the magnification facitor. 

If a constant vertical force P is traveling with constant velocity v 
along the beam, we count tiriK' from the instant wluai the force enters 
the span and take c — vt' (Fig. 23(>). The generalized force in such a 
case is^ 

Qi — r sin -j- = F sin ojii • 

Substituting this into the last term of Eq. (A ), we obtain and the vibra¬ 
tions produced by the traveling force can be expressed in the form 


2gP Y 

" = 17/Z/ 


sin o)it -sm Pit ' 

_ 'Bi _ , 

V pr ~ ) 


sin 


7.7r.r 


(p) 


If the time l/v — ir/oii occupied by the force in crossing the beam is sev¬ 
eral times larger than the half-period ri/2 = 7r/pi of the fundamental mode 
of vibration, we can neglect all except the first terms under the summa¬ 
tion sign in expression (p) and write 


2gP 

Ayl 


’ . COi . 

sin wiA — — sm pit 

_ Pi _ 

^ pr — a)i 2 


sm 


TTX 


Then, assuming that, in the most unfavorable case, the amplitudes of 
forced and free vibrations add together, we obtain 

. =2£P/ 

Ayl 

Using the notation 

£A _ COi _ 
aw Pi 

we represent this maximum deflection in the form 

2gP I + a _ 

Aylpi^ 1 - 7 ~ 1 - «■ 

^ We introduce the notation a>t = iirv/l for simplicity of writing. 
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This formula can be used for an approximate calculation of the maximum 
deflection of a beam or bridge under the action of a moving load.^ 

In a similar manner vibrations of a beam produced by a pulsating 
traveling load can be investigated. Such an effect is produced on a 
bridge by the counterweights of a locomotive. 

^PROBLEMS 

146. Investigate free vibrations of a highly stretched uniform string (Fig. 237). 
assuming that the tensile force S does not cliangt^ during vil^ration. 


f ^ 


1 

} s 


/ 

I 


y 


r~ 2 



Fio. 2‘M. 


Hint: Use for deflections the series 

y = Xr/,.sin(?7rx//), 

and for potential energy the expression 

147. Find free vibrations of the string in the preceding problem if initially the 
middle of the string is displaced vertically by an amount 5 and then released without 
initial velocity. 

148. Calculate the natural frequencies of a prismatic bar simply supported at 
the ends if its maximum deflection under the action of its own weight is 5. 

/Ins. pi = "v/5^/3845. 

149. The deflection at the middle of a prismatic beam under its own weight is 1 in. 
Find the maximum deflection produced by a load eciual to the weight of the beam 
and passing over it with uniform speed in 1 sec. 

A Ki ^ • 1 1 H /384 

Ans. 5max = -“x in., where a ~ ~ ~ 

6(1 — a) Pi TT ^ bg 

160. Prove that in the case of geometrically similar bridges, the periods of their 
natural vibrations are in the same ratio as their spans if the material is the same. 

41. Vibrations about a Steady State of Motion. —Lagrangian equa¬ 
tions used in the analysis of vibrations about a position of stable equi¬ 
librium can be applied also in studying vibrations of a system about a 
steady state of motion. We begin our discussion with an example hav¬ 
ing considerable practical importance. A circular disk rotates about its 
vertical geometric axis through 0 as shown in Fig. 238. At point A 
on the disk, distant r from the axis of rotation, a pendulum of length I 
and mass m is attached as shown. We assume that the pendulum is 

^ See paper by S. Timoshenko, BxilL Pohjtech. Inst. Kiev^ 1908. See also, ^‘Vibra¬ 
tion Problems in Engineering,” 2d ed., p. 358, Van Nostrand. 
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supported by a smooth horizontal surface so that motion of the system is 
confined to the horizontal plane of the disk; thus gravity forces and 
friction do not need to be considered. Assume first a steady motion of 
the system in which the pendulum takes a radial direction while the disk 
rotates with constant angular velocity co. Naturally this steady motion 
is stable. Now, if by some slight disturbance, a small displacement of 
the pendulum from its radial position is pro¬ 
duced, small vibrations of the pendulum and 
small fluctuations in the? angular velocity of 
the disk will ensue. To study these vibra¬ 
tions, LagTange\s ecpiations will be used. We 
denote by </> the small angle of inclination of 
the oscillating pendulum to the radius OA 
and by 6 the small fluctuations in the angular 
velocity of the disk. Then the kinetic energy 
of the disk alone is 

iI(o) + 

The total velocity v of the particle m is ob¬ 
tained as the geometric sum of the velocity 
s(a) + 0), which it has in its motion together with the disk, and its velocity 
14> with respect to the disk. Then, as may be seen from Fig. 238, 



A 

r'lG. 238. 


1) 


2 ~ 


+ 0)2 + 2l(l>s{o) + 0)cos(</> - iP). 


(a) 


For a small angle <p, wo can assume 
^ = pp-’ <1 

We have also 

3^ — (/ + r)2 — 3 ~ (Z + r) 




(f>r 


I + r 


_ 1 -_^ 

2^ (/ + r)2j 


Substituting into expression (a) and then making the (expression for 
kinetic energy of the system, we obtain 


T = I /(to + + I + [{I + ry - lr,l>^]{w + 6y 


+ 2l{l + r) 1 


1 


1 ,2 _^ 

2^ (/ + r) 


2 4>{o) + 6) ] 


1 et>'¥^ 


2{l + ryj 


(b) 


Using this expression in Lagrangian equations and omitting, after dif¬ 
ferentiation, all terms containing powers or products of the small quan¬ 
tities 4>, 4>, we obtain the following system of two linear equations 

with constant coefficients: 
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[/ + in{l + ry]B + 'rnl{l + r)^ ~ 0 , | 


w 


Eliminating B from these equations and using the notation 


we obtain 


h = 1 + m{l + r) 2 , 


This shows that the rotating pendulum oscillates harmonically with the 
frequency 


V 



id) 


which is proportional to the angular velocity of the steady rotation of 
the disk. This fact is of considerable practical interest as will be shown 
in the next article. 

After this example, we now proceed to a consideration of the general 
case of small vibrations of a system about a steady state of motion. 
Defining the configuration of the system by coordinates gi, g 2 , . . . gn, 
we assume that the steady state of motion is defined by the equations 

= /l(0, 52 = • • • <Zn = fn{t). (e) 

Now let us give to these coordinates, defining the steady state, some small 
disturbances si, 6 ’ 2 , . . . so that 


gi ~ /l(0 + ^2 — /2(0 + S2j ’ • • gn = fn{t) + Sn- (/) 

In the case of the example discussed above, we had fi{t) = f 2 (t) =0, 

Si = 0, and S 2 = </>, so that expressions (/) were 


gi = + Oy g 2 = 0. 

Since, in general, /i(0; / 2 ( 0 ? • • • known to us, the motion of the 
system after disturbance is completely defined by the quantities Si, § 2 , 
. . . and we can take these quantities as now coordinates. Then, in the 
case of forces having potential, the Lagrangian equations are 


dt dSi dSi dsi 


(155) 


in which T and V are the kinetic and potential energies calculated by 
using expressions (/). In calculating these energy functions, we treat 
Sly 52 , . . . ‘^ 1 , ^‘ 2 , ... as small quantities and omit all terms containing 
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them in higher order than the second. Under such conditions, Eqs. 
(155) will become linear second-order equations; and if the initial motion 
was a steady motion, they will have constant coefficients^ like Eqs. 
(c) above. Taking Si, 52, . . . 5i, ,S 2 , . . . equal to zero in these equa¬ 
tions, we obtain the equations for steady motion. Then eliminating 
the corresponding terms from Eqs. (155), we obtain equations defining 
motion of the disturbed system with respect to the steady motion. 

We assumed in the above discussion that the forces have potential. 
If, in addition to such forces, there are viscous friction forces, the addi¬ 
tional terms, proportional to 5i, 5 * 2 , . . - , will appear on the right- 
hand sides of Eqs. (155) but the equations will remain second-order 
differential equations with constant coefficients similar to those previously 
obtained for free vibration about a configuration of eciuilibrium. In 
the solution of these equations, we proceed in the usual way and assume 

Si = 52 = UoC"', • • • 5n = Cn€^^. (q) 

Substituting into the differential equations, we obtain a system of homo¬ 
geneous linear equations which may yield, for Ci, C 2 , . . . , solutions 
different from zero only if their determinant vanishes. In this way, 
we obtain for r an algebraic equation similar to a frequency equation 
and called the characteristic equation.. The character of the motion of the 
system will depend on the roots of this eciuation. If all of its roots are 
real and negative, avc conclude from expressions (^ 7 ) that the assumed 
disturbances diminish with time and the initial steady motion is stable. 
If there are positive real roots, the assumed disturbances {g) arc increas¬ 
ing with time and the initial steady motion is unstable. In the case of 
complex roots, r = n ± pf, we can combine the corresponding solutions 
(g) and represent them in the form 

Ce^^sinipt + a). (h) 

It is seen that the character of motion in this case depends on the sign 
of the real part n of the roots. If n is negative, expression (h) represents 
oscillations about the steady motion with gradually decreasing amplitude, 
which indicates that the steady motion is stable. If n is positive, the 
assumed disturbances are increasing with time and the initial steady 
motion is unstable. There are definite rules by which we can decide 
about the roots of the characteristic equation without solving it. For 
example, in the case of a cubic characteristic equation 

aor^ + air^ + a2r + as = 0, (i) 

^ This is the definition of steady motion. The physical significance of this is that 
in the case of steady motion, a given disturbance always produces the same deviation 
from the initial motion independently of the instant at which that disturbance is 
produced. 
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the roots will be negative or will have a negative real part if all the coef¬ 
ficients are positive and if 

aiO,2 — aotta > 0. (i) 

These conditions must be satisfied for stability of the corresponding 
steady motion. 

In the case of a characteristic equation of the fourth degree 

aor'^ + ttir® + a2r'^ + a^r + 04 = 0, (/r) 

it is necessary, for stability of steady motion, to have all the coefficients 
positive and, in addition, to have 

U3(«ia2 — ^oUs) — > 0. (/) 

We shall now apply the general considerations regarding stability 
of a steady motion to the particular problem of oscillation of a steam- 
engine governor (Fig. 239). During rotation of the system about its 
vertical axis, the centrifugal forces of the flyballs produce compression of 

the spring and vertical motion of the 
sleeve B connected with the steam-sup- 
ply throttle valve. If, for some reason, 
the speed of the engine increases, the fly- 
balls rise higher and thereby lift the 
sleeve so that the opening of the steam 
valve C is reduced and the engine is 
throttled down. On the other hand, 
any downward movement of the flyballs 
increases the opening of the valve and 
consequently the amount of steam ad¬ 
mitted to the engine. We denote by 
\m 2 the mass of each fly ball considered 
as a particle and by mi the mass of 
the sleeve. The masses of the inclined 
bars and of the spring are neglected. As generalized coordinates, we 
take the angle of rotation of the governor about its vertical axis and 
the angle 6 between the bars of the governor and the vertical axis as 
shown in the figure. The velocity of the center of each flyball has two 
components: (1) the velocity of rotation <j>(a + I sin 6) and (2) the 
velocity of lateral motion 16. The vertical displacement of the sleeve 
from its lowest position is 2/(1 — cos 6), and its vertical velocity is 
216 sin 6, The kinetic energy of the system is 

T = im 2 [(a + I sin + P6^] + \miAPmi^6^ + (m) 

where I is the reduced moment of inertia of the engine (see page 175). 
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The potential energy of the system consists of two parts: (1) the 
energy due to gravity forces 

mig2l(] — cos 6) + m 2 gJ(l — cos 6) 

and (2) the strain energy of the spring 

- cos 0)2 
2 

where k is the spring constant.^ Then 

V = gl{] — cos 0)(2//?i + m 2 ) + 2 / 72(1 — cos 0)2. (n) 

We assume also that lliere is viscous friction in th(‘ sl(M‘Ve and that the 
dissipation function (see page 279) is 

F = |c(2/0 sin 0)2. {()) 

Substituting expressions (w), (^>) laigrangian ecpiations 

(150), page 281, wo obtain 

P{in 2 + 4misin20)0 — m 2 l cos 0(a + I sin 0)7>2 — 47 ^? 72 sin 0 cos 002 \ 

= —gl sin 0(2mi + m 2 ) — 4A72sin 0(1 — cos 0) — 4672sin20d, > (p) 

[/ + nioia + I sin 6)'^]^ = 4i, j 

where M is the reduced torque acting on the engine shaft. 

In the solution of Eqs. (p), let us begin with steady motion of the 
engine and substitute 

<^ = w, <^ = 0, 0 = a, d = ^ = 0, M = 0. 

Then the first equation gives 

m 2 l cos a(a + Z sin a)oj^ = gl sin a(2mi + m 2 ) + 4kFsm a(l — cos a), (q) 

which defines the configuration of the system in its steady motion. 

To consider small oscillations about the steady motion, we assume 

<^ = 0 ; + ^, 0 = a + 77, 

where yp denotes a small fluctuation in the angular velocity of rotation 
and rj a small fluctuation in the angle of inclination 0. Then 

<^2 aj2 + 2aj^, sin 6 ^ sm a + rj cos a, 

cos(q: + v) — cos a — t; sin a. 

Substituting into Eqs. (p) and using Eq. {q)y we obtain, after omitting all 
terms containing squares or products of small quantities, the following 
system of equations: 

‘ It is assumed that the spring force vanishes when 0 = 0. 
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+ hi) + d-n — e4^ = 0, I . , 

W - -A, I 

in which —fri denotes the decrease in torque acting on the shaft of the 
engine due to angular change rj and the other symbols have the following 
meanings: 


h = P{m2 + 4misin2a), 

Jo = / + m 2 {a + I sin a)^, 
b = 4 clhm^ a, 

d = m 2 co‘^[l sin a(a + / sin a) — Z^eos^a] + gl cos a(2mi + m 2 ) 

+ a — cos^a + sin^o:), 


e = 2 o)lm 2 {a + I sin a)^ 


The oscillations of the governor with respect to its steady motion are 
defined by Eqs. (r). Substituting tj = and J/ — into these 
equations, we obtain 

Ciihr^ + hr + d) - eC 2 - 0, 

Cl/ + /orC2 - 0, 

and the corresponding characteristic equation is 


Jor(7ir2 + hr + d)+€f = 0. 

This is a cubic equation with all coefficients positive. The condition of 
stability (j) of the steady motion is 

bdlo^ - efloh > 0. 


This condition imposes on the quantity 6, depending on viscous friction, 
the following requirement: 



If this condition is not satisfied, the assumed stciady motion of the 
governor is unstable. A sudden change in load on the engine will produce 
oscillations of the governor that will not be damped out gradually, and 
the known phenomenon of hunting of the governor will occur. 

In the case where the engine is rigidly coupled to an electric generator, 
an additional term proportional to ^ in the second of Eqs. (r) will appear 
and the stability investigation will bring us to a characteristic equation 
of the fourth degree. For stability, all coefficients of this equation must 
be positive and condition (Z) must be satisfied.^ 

^ A very complete bibliography on governors is given in '^Encyklop&die der 
Mathematischen Wissenschaften,^’ vol. 4 2 . See article by R. von Mises, Dynamische 
Probleme der Maschinenlehre. See also Tolle, Die Regelung der Kraftmaschinen. 
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Example: Investigate the stability of motion of a pendulum of length I and mass rn 
(Fig. 240) rotating with constant angular velocity o) about its 
vertical axis. Neglect the mass of the rod. 

Solution: Assume that during tlu^ steady state of rotation 
about the vertical axis, a small angle of inclination $ is given to 
the pendulum as shown and let denote the corresponding vari- 
ation in the uniform angular velocity to. Then the square of the Yd 

total velocity of point C is 

Y <i>)^ + 

and within the limits of small qijantities of sec^ond order, the ex¬ 
pressions for kinetic and potential energy are 

T == + ^2)^ 

V — \mgW. 

Substituting in the Lagrangian equation (155), we obtain the 
equation of motion 

« + (f - U,=’) 6 = 0. 

This equation represents sipiple harmonic oscillations of the pendulum if 


o 

CsOco 


'O 

Fig. 240 . 


(«) 


(0 


Thus, when condition (<) is satisfied, thi^ stc'ady state of rotation is stable. It becomes 
unstable when 

If we assume that there is viscous damping proportional to the equation of 
motion becomes 

6 + 2n6 + (j- a>’>) 0=0. 

(g/l) and assuming d = we obtain the characteris- 


Using the notation p* = 
tic equation 

the roots of which are 


-j- 2nr — = 0, 

r ~ —n ± \/+ p\ 


We see that if p* is positive, one of the roots is positive, indicating that the steady 
motion is unstable if 



< 0 . 


The introduction of friction does not change the condition of 
instability. 

Example: Investigate the stability of steady rotation of 
a flywheel carrying tw'o equal masses attached to the hub by 
springs and free to slide along two spokes as shown in Fig. 
241. Assume that the wheel is in a horizontal plane. 
Solution: Let I be the moment of inertia of the flywheel, w its angular velocity in 
steady motion, s the corresponding radial distance of each mass m, a the radial distance 
of each mass when the springs are unstressed, and k the spring constants. Defining 
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email changes in the radial distances s by a; and the corresponding variation in the 
angular velocity o) by the expressions for kinetic and potential energy are 

T = + <i>y + ml(s + 

V = k{s — a 4- xy — k(s — a)^. 

The equations of motion, after omitting terms of higher order than the first in the small 
quantities and x, are 

(/ + 2ms^)<i> + 4w.9coi = b, ) 

mx — ?/?a)^(s -f- x) — 2mo}S<j> -V k{s — a x) — 0. { ^ 

Substituting in these ('(iiiations x == i = = 0, we obtain 

= kin — a). (v) 

This equation states tliat the ccmtrifugal forces of the masses rn balance the spring 
forces in steady motion. Substituting <j> — x = Cac’’' into Eqs. (u), and using 

Eq. (v), we oV)taiti 

(/ + 2ms^)rCi + 4wsa)rC2 = 0, 

— 2mo9sCi + (nir^ — k)C 2 ~ 0. 


The characteristic equation is 

(/ 4- 2nis^)r{7nr^ — mo)^ 4" "b — 0. 

This equation will have a positive root and th(^ stf^ady motion becomes unstable if 


or 


— mw* -V k -V -j 




] 4- 


< 0 


0 - 


Sms^ \ 
FT 2 ms V 


> k. 


(w) 


42. Variable-speed Dampers. —We have already seen in Art. 36 
how forced vibrations of a system produced by a pulsating force can be 
eliminated by a pendulum tuned to the frequency of the disturbing force. 
However, such a device was seen to work satisfactorily only if the 
impressed frequency remains constant, and its practical application is 
thereby limited to synchronous machines. In the case of an internal- 
combustion engine, we may have forced torsional vibrations produced by 
a pulsating torque the frequency of which will be proportional to the 
variable speed of rotation of the engine. In such case, a pendulum like 
that shown in Fig. 238 of the preceding article can be made to act as a 
dynamical damper that will work for all speeds of rotation of the engine. 

To illustrate, let us assume that a pulsating torque A sin nwt having 
a frequency proportional to co acts on the rotating disk in Fig. 238. Then, 
instead of Eqs. (c), on page 314, the equations of motion for the system 
become 

loS + ml(l + r)<j5 = A sin nw^. 
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A particular solution of these equations, representing forced vibrations, 
has the form 

6 ^ C sin nwt, ({> = B sin ricot. 

Substituting into Ecps. (a), we obtain the arnplitiules B and C, and the 
forced vibrations are 



For comparison we consider also the disk alone, without any pendulum, 
under the action of the same pulsating torque. In such case, the equa¬ 
tion of motion is 

Id = A sin 


and we obtain 


0 = - 


A 

InW 


sin riayt 


(c) 


Comparing this with the first of E(is. (/>) above, we conclude that the 
action of the pendulum is ecpiivalent to increasing the moment of inertia 
of the disk by the amount 


m(l + r)2 + 

It is seen that by taking 


7n{l 4- r)^ w(l A- rY 



we obtain a perfectly tuned pendulum, the action of which is equivalent 
to that of a flywheel of infinite moment of inertia. In this case, the 
steady motion of the disk will not be affected by the pulsating torque 
while the pendulum will perform the forced vibrations 

_ A sin 710)1 
mnWlil A- r) 

We see that this vibration has the phase angle tt with respect to the pul¬ 
sating torque and counteracts it. 

In the case of a multicylinder engine, the angular frequency no? of 
the pulsating torque is usually several times larger than w and the length 
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of the pendulum, as obtained from Eq. (e), bc^comes small. Practically, 
such a pendulum can be built in the form of a cylinder rolling inside a 

circular hole^ as shown in Fig. 242. From 
(/) see that if the mass of the roller 
is too small, its amplitude of vibration be¬ 
comes too large and the theory developed on 
the assumption of small vibrations is not 
sufficiently accurate. The influence of fric¬ 
tion and the possibility of slipping of the 
roller must also be considered in practical applications.^ 

By proper design, the spring-suspended masses m on the flywheel in 
Fig. 241, page 319, can also be made to serve as a dynamical damper. 
Assume, for example, that a pulsating torque M sin noit acts on the fly¬ 
wheel. Then, instead of Eqs. (?/) on page 320, we have 

(/ + 2m,s*^)<^ -f- 4m,sajx = M sin nojtj 
mx — x) — 2mo)s4> + k{s — a -f .r) = 0. 

Let us investigate now under what condition the pulsating torque will 
not produce fluctuations in the angular v(4ocity of the flywheel. Sub¬ 
stituting <]& = 0, we obtain 

Amso)X = M sin nco/, 
mx + (/r — mo}-)x = 0. 

If (k — is positive, the second equation represents simple harmonic 
vibrations of the angular frequency 






Selecting the spring constant so as to make 


and taking 


I- 

\m 


or 


+ 1)^2 
m 


X = — 


M 

- - 5 COS ncot, 

Amsno)^ 


(^) 


we satisfy both of Eqs. {h)y which indicates that the sliding masses 
counteract the pulsating torque and work as a damper if the spring con¬ 
stant satisfies condition (f). 

^ See papers by B. Salomon in Proc, Fourth Intern, Cong. Applied Mech., Cam¬ 
bridge, England, 1934, and by E. S. Taylor, Trans. Soc. Automotive Eng., p. 81, 1936. 

* These questions are discussed by J. P. Den Hartog, “S. Timoshenko 60th Anni¬ 
versary Volume,^’ p. 17, Macmillan, 1938. See also paper by A. H. Shieh, J. Aerormui. 
Sci., vol. 9, p. 337, 1942. 
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To make the device work efficiently at various speeds, we have to 
use springs the stiffness of which varies with the extension.^ In such 
case, the spring force will no longer be proportional to the elongation 
s — a but will be some other function /(.s) and Eq. (v) on page 320 will 
be replaced by the following equation: 

== f(s). {j) 

Instead of a spring constant k, we now have a variable stiffness defined 
by the magnitude of the derivative df(s)/dsy and condition (i) above will 
be replaced by 


Eliminating from Eqs. (j) and (k), we obtain 


ds s 

and by integration 

f{s) = (/) 

Assuming that for a certain prescribed angular velocity coo, the radial 
distance of each mass m is equal to 6, we find 

f(h) = mm^) = z 

C = 

c. 

Substituting into Eq. (/), we obtain the fol- „ 
lowing equation defining the force in the 
spring: 

• (w) ^ 

In this theoretical discussion, the frictional 3 / - 
resistance to sliding of the masses along 
the spokes of the wheel was neglected. 

Practically, such resistance is always pres¬ 
ent and it is difficult to eliminate it, since 
due to Coriolis forces, there must exist a ^ 
considerable lateral pressure between the 
masses m and the spokes during oscillations. 

As a last example, let us consider the system shown in Fig. 243. A 
plane curvilinear tube MN attached to a vertical shaft rotates with 
constant angular velocity co as shown. Inside the tube is a particle of 
mass m which can slide freely along its axis. Under proper conditions, 

^ The feasibility of using such springs and their application in damper devices is 
discussed by R. Grammel, Ing. Arch., vol. I, p. 3, 1930. 
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this system can be made to function as a damper, as we shall now show. 
Let I be the moment of inertia, about the 2 :-axis, of the shaft and tube 
together, s the displacement of the particle m measured along the axis of 
the tube, and Xj z its rectangular coordinates as shown. For a given 
shape of the tube and a given angular velocity co, the position of the 
particle m in steady motion can be readily obtained from the equilibrium 
condition 


cos 7 = mgf sin 7 . (n) 

Observing that 

cos 7 = ^ = x' and sin 7 =^ = 2 ' 

(U (is 


and using the subscript zero for quantities referred to the equilibrium 
position of the particle, Eq. (ri) becomes 


oj'^XoXo' == gzo' = <7 Vl “ Xo'K ( 0 ) 

Assume now a small displacement rj from the ecpiilibrium position of 
the particle and a small fluctuation 4> in the angular velocity of the shaft. 
Then when s — so + tj, the angular velocity is co + <^ and the expressions 
for kinetic and potential energy of the system become 

T = i(/ + mx^){co + 

V = m.gz = mg(zo + Zi/v)^ 


Substituting these expressions in Lagraiigian ecpiations (155), page 314, 
and observing that 


X = Xo + r;Xo', x/ = xV + xV'rj, 

Z = Zo + Zq't], z' = Z^ + 2 : o " 77 , 


dx _ dx ds 
dt (is dt 


= :ro'T7, 


we obtain, after omitting powers and products of small quantities, 

(/ + mxo^)^ + 2m(j^xoXo'r) = 0, ) / x 

V + v[g^o'' — + XoXo")] — 2o)Xoxd<j> = 0. j 

Since Xo, Xo\ Xo", Zo" are defined by the known shape of the axis of the 
tube, Eqs. (p) represent two linear equations with constant coefficients 
and the stability of motion can be investigated in the usual way (see Art. 

41). 

To investigate the work of the device as a damper, we assume that a 
pulsating torque M sin ncot is acting on the shaft. This pulsating torque 
will appear on the right-hand side of the first of Eqs. (p). Then putting 
<^ = 0 , we obtain 

2mo)XoXo'ri — M sin n(x)i, 

V + vlgzo"' - O3^(xo'^ + XoXo'')] = 0. 




Art. 42] 


THEORY OF SMALL VIBRATIONS 


325 


These equations are similar to Eqs. Qi) of the preceding example and we 
conclude that for tuning the damper, we must fulfill the condition 

gza" — + 0 : 0 ^ 0 ") = nW, 

Observing that 

0' = 2" = - -^£$1==, 

Vl - x'^ 

the condition for tuning becomes 

+ co^ixr- + x^o”) + = 0. (r) 

Eliminating from Eqs. (r) and ( 0 ), we obtain the equation of the center 
line of the tube tor which the tuning condition is satisfied for all values of 
0 )'. 

xx" + (1 — + n^) = 0. (s) 

To minimize friction, liquid oscillating in a rotating tube can be utilized 
for damping undesirable vibrations.^ 

1 This type of damper was suggested by E. Meissner, see Proc. Third Intern, 
Congr. Applied Mech., vol. 3, p. 199, Stockholm, 1930. It represents the first 
variable speed damper. 



CHAPTER V 

ROTATION OF A RIGID BODY ABOUT A FIXED POINT 


43. Kanematics of Rotation about a Fixed Point. —The rotation of a 
rigid body about a fixed axis represents a V(Ty simple problem in dynam¬ 
ics; blit when the axis of rotation is also in motion, the pi'oblem becomes 
much more complicated. The special case where the axis of rotation 
always passes through a fixed point is of particular practical interest in 
connection with the theory of the gyroscope^ which has many important 





technical applications. To make a body rotate about a fixed point, 
such arrangements as those shown in Fig. 244 can be used. In Fig. 244a, 
a body of revolution is supported so that the pivot point 0 remains 
practically immovable. This, of course, is the type of support encoun¬ 
tered in the case of a spinning top. In Fig. 2446, a circular disk M can 
rotate freely about its geometric axis 00 supported by bearings in the 
frame NN. This frame, in turn, can rotate about the axis OiOi pivoted 
in the frame PP which is free to rotate about the fixed axis O 2 O 2 . All 

1 In 1852, Leon Foucault presented a device to prove rotation of the earth and 
named it the gyroscope, derived from the Greek and meaning indicator of rotation. 
In this chapter, we shall give only brief discussions of some of the technical applica¬ 
tions of gyroscopes. For further details, special books on gyroscopes can be con¬ 
sulted. See (1) F. Klein und A. Sommerfcld, ‘^Theorie des kreisels,” 1897-1910; 
(2) Andrew Gray, “A Treatise on Gyrostatics and Rotational Motion,’’ 1918; (3) 
R. Grammel, “Der Kreiscl,” 1920; (4) A. N. Krylov and U. A. Krutkov, ^‘Theory of 
Gyroscopes and Some of Th(4r Tecdinical Applications,” 1932 (Russian). (5) Oscar 
Martienssen, Kreis(4bewegung and Teohnische Anwendung des Kreiscls, in *^Hand- 
buch der physikalischen und technisclien Mechanik,” vol, 2, pp. 405, 444, 1930. 
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three axes intersect in one point, and the corresponding point of the disk 
M remains fixed in space. ^ This type of support is the one most com¬ 
monly encountered in gyroscopic applications. 

To define the position of a rigid body rotating about a fixed point, 
we need three coordinates. In general, we shall find it most convenient to 
take the three angles 0 , and </>, as shown in Fig. 245. The origin of 


X 



coordinates 0 is the fixed point about which the body rotates, and the 
orthogonal axes z through this point are fixed in space, while the 
axes rj, f through the same point rotate with the body. To show that 
the three angles mentioned above completely define the position of the 
rotating body, assume that the moving axes 77 , f initially coincide with 
the fixed axes x, y, z. Then rotating the body about the ^-axis through 
the angle we bring it to the position A^BiC. Next, wc rotate the body 
about the so-called nodal axis OBi, through the angle 6 and bring it into 
the position A 2 B 1 C 2 . Finally, we make rotation of the body with respect 
to the f-axis through the angle 0 and bring the moving system of coordi¬ 
nate axes into the final position as shown. This shows that the three 
angles </> completely define the position of a body rotating about a 
fixed point 0 and can be taken as coordinates. In defining the signs of 
rotation, we use the right-hand screw rule so that the angles 0 , and <^, 
as shown in Fig. 245, represent positive rotations with respect to Oz, OBu 
and Of, respectively. 

Sometimes, instead of the angles 6, </> shown in Fig. 245, a slightly 
different system of coordinates may be taken. Instead of the angle 
we may take its complement = (7r/2) — 0, representing the angle of 

^ Strictly speaking, we have in this case a system of several moving bodies; but 
in many practical cases, the masses of the rotating frames can be neglected and we can 
consider the motion of the disk M alone. 
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inclination of the moving f-axis to the fixed a:?/-plane. Likewise, instead 
of <#>, we may take a = </> — (7r/2), which is the angle that the moving 
{-axis makes with the nodal axis OBi. Regarding the nodal axis, it 
should be noted that it is defined by the linc^ of intersection of the moving 
{r;-plane with the fixed xi/-plane. Thus during motion of a body about 
a fixed point O, the nodal axis remains always in the fixed a;^-plane and 
rotates about the 2 -axis with angular velocity i/'. 

After selecting the coordinates, let us consider displacements, veloci¬ 
ties, and accelerations of an}^ point of a body rotating about a fixed 
point O. Any displacc^ment of such a body can be 
visualized as a rotation about ii properly selected 
axis. To show this, consider a sphere having its 
(tenter at the fixed point O and moving with the 
body (Fig. 246). Th(‘ displacement of this sphere 
is completely definc^d if we know the displace¬ 
ments of any two of its points, say A and R, pro¬ 
vided the straight line AB does not pass through 
0. Assume that the displacement is such that 
point A moves to At while point B moves to Ri. 
Taking two planes COK and DOK passing through 0 and bisecting the cir¬ 
cular arcs A A i and RRi, we obtain, as their line of intersection, the axis OK, 
Rotation with respect to this axis will accomplish the assumed displace¬ 
ments. This follows from the fact that the spherical triangles ABK and 
AiBiK are equal. Hence if, by rotation about OK, the sidci BK is brought 
into the position BiK, the side AK will coincide with A^K. 

Any continuous motion of a body about a fixed point 0 can be accom¬ 
plished by dividing the time into infinitesimal elements and considering 
motion of the body during each element 
of time as rotation about the corre¬ 
sponding instantaneous axis of rotation 
such as OK in Fig. 246. During mo¬ 
tion, the position of the instantaneous 
axis both in the body and in space is 
gradually changing. To show this, we 
take the case of a cone rolling on a plane 
and rotating about its fixed vertex 0 
(Fig. 247). At any instant, the motion of the cone consists of rotation 
about the line of tangency OA, which is the instantaneous axis in this case. 
As the cone rolls, various lines of its surface come into contact with the 
plane, and we see that consecutive positions of the instantaneous axis 
in the moving cone form its lateral surface. At the same time, con¬ 
sidering consecutive positions of the instantaneous axis in space, we see 
that they form the plane on which the cone is rolling. 
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The above example can be generalized. Instead of a circular cone 
rolling on a plane, we can take a cone of arbitrary shape and can make it 
roll on the surface of another cone as shown in Fig. 248. We can assume 
also that the rolling cone AOB is not a phys¬ 
ical body but a geometrical surbuie formed 
by (jonsecutive positions of the instantaneous 
axis in the moving body of any shape as 
indicated by dotted lines. Likewise, the 
stationary cone is formed by successive po¬ 
sitions of the instantaneous axis in space, 
and the motion of the body is visualized by 
rolling the cone connected with the body on 
the cone fixed in space. These cones are 
sometimes called body cone and s'pacc cone^ respectively. By varying the 
shapes of both (;ones, we can obtain all possible motions of a rigid body 
about a fixed point. ^ 

Referring now to Fig. 249a, assume that OA is the direction of the 
instantaneous axis at any instant t and that during the time from i to 
^ ^ + A^, the body rotates by an angle 

Aa. Then the angular velocity a> of 
the body at the instant t is 




Aa 

0 ) = Iim — • 
A/->0 L _ 




We will represent this angular velocity 
by a vector directed along the instan¬ 
taneous axis in accordance with the 
right-hand screw rule. 

During motion, both the direction 
and magnitude of the angular velocity 
of a body may change. In Fig. 2496, 
let 0 ) be the angular velocity of the body 
at any instant t and wi its angular veloc¬ 
ity at the instant t + A^. Then the 
geometrical difference Ao? of the two 
vectors represents the change in angular velocity during the interval of 
time My and we define the angular acceleration of the body by the 
quantity 

€ = lim [“]• 

Ai-.0 IM] 

We ascribe to this quantity the direction coinciding with the direction ot 

1 This manner of visualizing the motion of a body about a fixed point is due to 
L. Poinsot, J. math.^ vol. 16, 1851. 
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Ao; in Fig. 249&, so that the angular acceleration of a body is represented 
by the velocity of the end of the vector representing its angular velocity 
0 ). The magnitude and direction of the angular acceleration depend on 
the rate of change in magnitude and direction of the angular velocity. 
If the direction of the angular velocity is constant and the body rotates 
about a fixed axis, the vector representing angular acceleration has the 
same direction as the angular velocity when this velocity is increasing 
and the opposite direction when the angular velocity is decreasing. If 
the angular velocity has constant magnitude but its direction is changing, 
as in the case of the cone, rolling with constant speed around point 0 

in Fig. 2-47, the angular acceleration will 
be represented by a vector perpendicular 
to the vector a?. 

Referring again to Fig. 249a, where OA 
is the instantaneous axis of rotation of a 
body at any instant we see that the veloc¬ 
ity of any point B at the distance a from the 
instantaneous axis is v = m. This velocity 
will be perpendicular to the plane ^405 and 
directed so that between it and the angular 
velocity w there will be the same relation 
as between rotation and translation of a 
right-hand screw. We see that the velocity 
vector V can be considered as representing the moment of the angular 
velocity vector w with respect to point B, This relation will be useful in 
our further discussion when it will be necessary to calculate projections 
on the coordinate axes of the rotational velocity v. 

Sometimes we have to consider tAvo simultaneous rotations of a body. 
This happens, for example, if we Avish to discuss the influence of rotation 
of the earth on the motion of a body. Referring to Fig. 250, assume that 
a body placed at A on the surface of the earth rotates about the axis OA 
with angular velocity wi. At the same time, it rotates with the earth 
about the 0 -axis with angular velocity co 2 . The rotational velocities of 
any point of the body due to these two angular velocities will be obtained 
as the moments of the vectors cui and co 2 about that point. But we know 
that the sum of these tAvo moments is equal to the moment of the geo¬ 
metrical sum 03 of the tAvo vectors wi and W 2 , and we conclude accordingly 
that the resultant motion of the body is a rotation about the axis OB 
with angular velocity co equal to the geometrical sum of the vectors 
and a> 2 . Thus, if we have several simultaneous angular velocities, we 
can sum them up geometrically as we sum up forces. We can also 
resolve the angular velocity w of a body into components and consider. 
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separately, rotation corresponding to each component. Sometimes we 
take, for these components, the projections oixj co* of the resultant 
angular velocity on the fixed coordinate axes x, z and sometimes the 
projections co^, co,,, ojf on the moving axes 7 ;, 

Using such resolution of the angular velocity 0 ; into its rectangular 
components, Ave can readily write expressions for the o'-, 2:“proje(;tions 
of the rotational velocity v of any point B of a body rotating about a 
fixed point 0 (Fig. 219). Since the rotational velocity v can be con¬ 
sidered as the moment of the vector to about point B, its projection on any 
axis will be e(pial to the momtnit of o) al)out a parallel axis passing through 
B. Thus, treating the components of o) as components of a force, we 
obtain the following expressions for tln^ projections of the rotational 
velocity v on the immovable coordinate axes: 

= 0)yZ — OizVj I 

— o)xZ, ? (15G) 

Vg; — ^xl/ 0)yX. J 

Tn a similar manner, the proj(*ci:ions of the vi'locity v on moving axes 
ri, f, (not shown in Fig. 249) will be 


I (157) 

In these eejuations, 77 , f are the coordinates of the point B with respect 
to the moving axes and wf are the projections of the angular 

velocity w on these axes. 


PROBLEMS 

161. Find the resultant angular velocity of the driving axle of a locomotive round¬ 
ing a curve at 50 m.p.h. if the diameter of the driving wheels is 6 ft. and the radius of 
the curve is 1,000 ft. 

162. Taking into consideration rotation of the earth, find the absolute angular 
velocity of a rotor making 1,800 r.p.m. if the latitude of the place is 45 deg. and the 
axis of the rotor is in the direction (a) of a tangent to the meridian, (b) of a perpendic¬ 
ular to the meridian. 

163. The cone in Fig. 247 has an apex angle of 20 d(;g. and rolls uniformly on the 
horizontal plane, making 10 r.p.m. about point O. Find the magnitude and direction 
of the resultant angular velocity w of the cone and also the angular velocity about its 
own geometric axis. 

44. Equations of Motion about a Fixed Point. —To derive the equa¬ 
tions of motion for a body rotating about a fixed point, we shall use the 
principle of angular momentum (see page 121). Flaving Eqs. (156) and 
(157) representing projections of the velocity v of any point of the body 
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on the immovable axes z and also on the moving axes 77 , there 
will be no difficulty in calculating the angular momentum of the body 
with respect to any of these axes. For our further discussion, we shall 
now calculate the angular momenta with respect to the moving axes 
17, Taking an element of the body of mass dm and having coordi¬ 
nates rj, f, we find that its moment of momentum with respect to the 
f-axis is 

dm{v^rj - 

Substituting for and their expressions from Eqs. (157) and extending 
the summation over the entire volume of the body, we obtain the follow¬ 
ing expression for the angular momentum of tlu^ body about the f-axis: 

— 0)r]0v dm — dm 

= + r^)dm - dm - dm. 

Similar expressions can be written for the angular momenta with respect 
to the 77 - and f-axes. The integrals entering in these expressions repre¬ 
sent the moments of inertia and the products of inertia of the body with 
respect to the axes 77 , f, moving with the body. Using for these quanti¬ 
ties the notations 

h = ly, = /(f2 ^ ^-)dm, = J(^2 

hv = Iiv dm, = /77f dm, 7^^ = dm, 

we express the angular momenta of the body with respect to the moving 
axes in the following form: 

= 7^0)^ — — 7{va)f, I 

77„ = l„0)r, - 7,fa)f - > (158) 

77f = 7fa)f - - Irji^COr,. ) 

In our further dwcussion, we usually shall select for 77 , the principal 
axes of the body at point O. The products of 
inertia then vanish, and we obtain 

77^ = 1^0)^, Hr, = 7„co„ 77f = 7fcof. (159) 

Having the angular momenta of the body with 
respect to the moving axes, we obtain the resultant 
angular momentum 77 with respect to the fixed 
point 0 as the geometric sum of 77^, H,,, H^. In 
Fig. 251, this resultant angular momentum is rep¬ 
resented by the vector OA. The principle of an¬ 
gular momentum now states that the rate of 
change of angular momentum of the body rotating 
about a fixed point 0 is equal to the moment of all forces acting on the body 
with respect to the same point. This rate of change of angular momen- 


S 
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turn is represented by the velocity of the end A of the vector OA. This 
velocity can be considered as the geometric sum of two velocities: (1) 
the velocity of point A with respect to the coordinate axes tj, f and (2) 
the velocity of the point A moving together with the coordinate system. 

Since the coordinates of A with respect to the moving axes are //f, Hr,, 
respectively, the components of the velocity of point A with respect 
to these axes are 

dH^ dHy, dH^ . 

nr nr nr' 

To get the components of the velocity of point A due to its motion 
together with the ^7?^ coordinate system, we use Eqs. (157). Substitut¬ 
ing into these equations the (coordinates H^y //„, of the point A instead 
of f, Vy f; ^'0 obtain 

— 0)^Hr,y — OirjH^, ( 6 ) 

Adding together the corresponding components (a) and (5), we obtain 
the projections on the f-axes of the total V(^lo(city of point A . From 
the principle of angular momentum, these projections must be equal 
to the moments, with respect to the same axes, of all external forces acting 
on the body. In this way, we obtain the following equations of motion of 
a body rotating about a fixed point: 

^ - cofi/, = A/f. \ 

^ + 0>,H, - ccill, = A/„ I (160) 

^ = A/f. I 

Assuming that 77 , f are principal axes of the body and using Eqs. (159), 
we represent the above equations of motion in the following form: 

+ C 6 I) 

I{^+ (Iv- = 

Here 7f, Ir,, If are the moments of inertia of the body with respect to 
principal axes through the fixed point 0, co^, aj„, cof are the projections of 
its angular velocity on the 77 -, f-axes; and Af,,, are the moments 
of external forces with respect to the same axes. Equations (161) were 
first derived by Euler and are called Euler ’s equations. 
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In the derivation of Eqs. (160), we assumed that the rj-, f-axes 
are rigidly connected with the moving body, but it is sometimes advan¬ 
tageous to select other coordinates 77 ', f', such that the trihedron 
rotates about 0 with some angular velocity oj' different from the 
angular velocity co of the ])ody. Denoting then by /// the 

angular momenta of the body with respect to these new axes and by 
cu$', coy,', a>f', the corresponding components of the angular velocity w', 
we obtain, instead of Eqs. (160), the following equations: 

ATJ ' \ 

^ - COf'/// = 

+ co//// - - A//, ( (102) 

+ CO,'II/ - < 0 / 11 / - M/. I 

In this case, the selected axes are moving with respect to the body, 
and the moments of inertia and the products of inertia may not be 
constant, as in Eqs, (161), but may vary with time. Equations (162) 
will be called modified Eulerequations. 

Since the position of a body, rotating about a fixed point 0 is defined 
by the three angles \py dy <^, as shown in Fig. 245, the variable quantities 
in Eqs. (161) and (162) must also be represented in terms of these three 
angles and their derivatives with respect to time. Thus we obtain a 
system of three simultaneous differential equations, which represent the 
required equations of motion for a body rotating about a fixed point 0. 
In subsequent articles, we shall consider the solution of these equations 
for various cases of gyroscopic motion, but first we may find it of interest 
to mention two very simple particular cases. 

As a first case, we see at once that Eqs. (161) will be satisfied if we take 
= 0, M^ = Myf — 0 and select cof so as to satisfy the equation 

(c) 

From this equation, we conclude that if a body free to rotate about a 
fixed point 0 is acted upon by a couple the plane of which is normal to a 
principal axis through that point and any initial angular velocity is 
about this axis, then the motion is the same as rotation about a fixed 
axis.^ 

In another particular case where /^ ==/„== /j-, = /, Eqs. (161) 
reduce to 

M 

^ See the authors^ ^‘Engineering Mechanics,” 2d ed., p. 382. 
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In this case, the three equations of motion are independent and rotation 
about any principal axis depends only on the initial angular velocity and 
the moment of external forces al)out that axis. Thus, for example, if 
the earth be considered as a homogeneous sphere, we conclude that the 
effect of an external moment about an equatorial diameter would be 
independent of the initial rotation of the 
earth about its polar axis. 

46. Free Motion of a Gyroscope.— 

Let us consider no\/ the motion of a 
symmetrical gyroscope having the form 
of a body of revolution as shown in Fig. 

244a. The axis of revolution is called 
the axis of the gyroscope or the axis of 
spin, and the corresponding moment of 
inertia I is called the axial jnomcnt of 
inertia. With the point of support 0 
as origin, we take again the system of 
coordinate axes f, rj, f, moving together 
with the gyroscope as shown in Fig. 252. 

The f-axis coincides with the axis of the gyroscope so that I^ = I. From 
symmetry,^ we conclude that /^ = /,, = /i, and in our further discussion 
this will be called the equatorial niomcnt of inertia. 

We shall now consider the motion of this symmetrical gyroscope, 
assuming that no external forces act upon it. The body shown in Fig. 
244a represents such an example if the point of support 0 coincides with 
the center of gravity of the body. In this case, the gravity force is 
always balanced by the reaction at the point of support; and if some 
initial impulse be given to tlie body, it moves as if no forces were acting 
on it. In such case, Euler^s eciuations (IGl) become 

= 0, j 

Ii)(jo^o)^ — 0, / (163) 

at I 

Referring to Fig. 252, we shall now show that the motion satisfying 
these equations can be described in the following way: The gyroscope, 

^ The characteristic properties of a symmetrical gyroscope depend only on the fact 
that If =* Iff. If this condition is satisfied, we call the gyroscope symmetrical 
although its f-axis may not be an axis of geometrical symmetry. A three-bladt; 
propeller can be considered as a symmetrical gyroscope although it is not a body of 
revolution. 



n 



Fig. 252 . 
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rigidly connected with the moving system of coordinates r], f, rotates 
with constant angular velocity co about its axis Of, making a constant 
angle d with the immovable vertical z-axm. At the same time, the plane 
a:Of, containing the axis of the gyroscope, rotates with constant angular 
velocity cx)i about the 2 :-axis. Assuming that the moving ff-plane 
initially coincides with the fixed a: 2 -planc, we conclude that while 
the angle 6 remains constant, the other two angles yp and 0, defining the 
position of the gyroscope, will vary with time as represented by the 
equations 

yp = 0 ) 1 ^, 0 = (Jit. (a) 

The gyroscope has two angular velocities, namely: co, about its own f-axis 
and 0)1 about the 2:-axis. Projecting these velocities on the moving axes 
t), f, in Fig. 252, wc obtain 

o)f = — coisin 6 cos 0 = — o)isin 6 cos o)/, \ 

(jijf = o)]Sin 6 sin 0 = o)isin B sin o)^, [ (5) 

0)f = o) + 0)iCOS 8 . ) 

Substituting these expressions into Eqs. (103), we sec that the third 
equation is satisfied, since it was assumed that o;, co], and 6 are constants. 
Also, adding together the first two equations, we obtain 

/o) + (7 — 7i)o)icos ^ = 0, 

which requires that 

_ 

- (/, - /)cos d 

We see that by assuming the angle 6 constant and taking expressions (a) 
for yp and 0, we can satisfy all three of the equations of motion (163), 
provided condition (104) is satisfied. This indicates that the assumed 
motion represents the required solution for the motion of a symmetrical 
gyroscope, free from the action of external forces. This motion of the 
gyroscope is called regular precession^ and the angular velocity wi is 
called the velocity of precession. 

Let us consider now the angular momentum of the gyroscope during 
regular precession. The resultant angular velocity, which we shall 
denote by 12, can be resolved into two components: a> + coicos B along 
the f-axis and — a)isin B along the axis OM as shown in Fig. 252. In the 
case of a symmetrical gyroscope, both OM and Of are principal axes, 
and hence the corresponding components of the angular momentum are 

= 7(w + coicos B)y Hm — —/iwisin B. 

Observing, from Eq. (164), that 

/(w + a>iC08 B) = Ziwicos By 


(164) 

(165) 
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we may write these components of angular momentum as follows: 

Hnt = -/lOJisin 1 
//f = /iwicos 6 . ) 

From these expressions, Ave (•onclude that the resultant angular momen¬ 
tum H has the same direction as oji and that its magnitude is 

H = (166) 

Thus, during regular precession of a symmetrical gyroscope, the resultant 
angular momentum vector H remains constant both in magnitude and 
direction as it should, since there are no external forces acting. It 
should be noted that during such motion, the four vectors representing, 
respectively, the resultant angular momentum //, the resultant angular 
velocity Q, the velocity of precession o)], and the angular velocity o) of 
rotation of the gyroscope about its own axis, all remain in the rotating 
2;0f-plane as shown in Fig. 252. 

Regarding the angle a between the vectors H and Q, an important 
conclusion can be made by using Eq. (114), page 159, for the kinetic 
energy of a moving body, from which we obtain 


2T = 

Using Eqs. (159) of the preceding article, we have then 

2T = d” -f" II= Hil (*os a. (Ib7) 

Since T, 77, and 0 are all positive (quantities, designating the kinetic 
energy, the angular momentum, and ^ ^ 

the resultant angular velocity of the i 

gyroscope, respectivel}^ cos a must be 

positive. Hence a is an acute angle. ^ \ ”TT/ 

To visualize regular precession of a \ / \ I / 

gyroscope, we shall use the notion of a ^ / W \ I / 

body cone rolling on a space cone (see \ / f/ \ I// 

page 329). We shall agree also to n ' // \\\\ 

take the immoA^able z-axis in the direc- 
tion of the vector oji, representing the ^ 

velocity of precession, and the movable 

f-axis of the gyroscope in the direction i/ 

of the vector w. One case of regular 

precession is shown in Fig. 253a. The |/ 

body cone touches the space cone from 
the outside, and the regular precession 

is visualized by rolling of the cone AOB on the immovable cone AOC, 
The instantaneous axis of the gyroscope coincides at any instant with 
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the line of tangency OA, and the resultant angular velocity 0 is directed 
along that line. The case of the body cone rolling inside the space cone 
(Fig. 2536) is dynamically impossible, since the condition of an acute angle 

a between coi and 0 is not satisfied in this case. 

Another possible case of regular precession is 
shown in Fig. 254. Here again the body cone 
AOB touches the s})a.ce cone AOC from the out¬ 
side. The line of tangency OA is the instan¬ 
taneous axis of rotation, and the resultant 
angular velocity il is directed along this axis. 
The angular velocity coi coincides with the z- 
axis so that the direction of oj and the f-axis 
will be as shown. Comparing Figs. 253a and 
254, we see that in the first case, the angle 6 is 
acute while, in (he second case, it is obtuse. 
For an observer looking from z toward 0 in Fig. 
253a, both rotations are counterclockwise, while 
in Fig. 254 the rotation corresponding to coi is 
counterclockwise, and the rotation corresponding to co is clockwise. The 
first kind of motion is called direct or 'progressive precession^ and the second 
is called retrograde precession. 

To decide what kind of motion we shall have in a given case, we have 
to consider Eq. (1(35). Assume first that the gyroscope has a form 
elongatcid in the direction of its axis. Then the axial moment of inertia 

I is smaller than the equatorial moment of inertia li, and the quantity 

II — I is positive. The angular velocities o)i and co, always having the 
directions of the z- and f-axes, are also positive, and we conclude from 
Eq. (105) that cos 6 is positive; hence 6 is an acute angle. Thus a gyro¬ 
scope of elongated form will perform direct precession. If the gyro¬ 
scope has a flattened form like those shown in Fig. 244, the cpiantity 
Il — I will be negative and we conclude from Eq. (1(35) that B is an 
obtuse angle. Such a gyroscope will perform retrograde precession. 

From the above discussion of the solution of Eqs. (1(33), we conclude 
that in the absence of external forces, the motion of a symmetrical gyro¬ 
scope is always a regular precession. To bring a gyroscope to such 
motion, we can apply an impulse. Since the center of gravity of the 
gyroscope is fixed, any impulsive force will produce an equal and opposite 
reaction and we have, in effect, an impulsive couple applied to the body. 
If a gyroscope performing regular precession suffers an infinitesimal 
impulse by a couple the plane of which is perpendicular to the angular 
momentum H, such an impulse will produce only an infinitesimal change 
in the magnitude of the angular momentum without changing its direc- 
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tion. The direction of the instantaneous axis will also remain unchanged, 
but the angular velocity 0 about this axis and both of its components co 
and <oi will obtain certain increments. If A// is the infinitesimal incre¬ 
ment of the angular momentum, equal to the produced impulse AM', we 
find, from Eq. (166), 


AoJi = 


AH 

h 


AM' 

h ■ 


(d) 


Then from Eq. (165), we obtain 


Aw = Awi 


(/i — /)cos d 


AM 


, (7i — I)cos 6 

Th 


(e) 


If a couple M acts continuously in the plane perpendicular to the 
vector Hj we can divide the time into infinitesimal intervals and assume 
that during each of those intervals, an infinitesimal impulse dM' = M dt 
is communicated to the gyroscope. Equations (d) and (e) then give 

dcio \ M 

nr ^ T/ 

do) _ M{Ii — /)cos 6 
It ~ TTi 


(108) 


If M is known as a function of time, these e(iuations can be readily 
integrated and we shall find the angular velocities w and coi. The angle 
d remains constant during this motion and equal to its initial value. 

Let us consider now the effect produced on the regular prec(\ssion of a 
gyroscope by an impulsive couple the plane of w hich 
passes through the vector representing the angu¬ 
lar momentum of the gyroscope. Assume first that 
the gyroscope rotates about its axis of symmetry, as 
about a fixed axis, and that the vector H — lo) repre¬ 
sents its angular momentum (Fig. 255). If an im¬ 
pulsive force acts on the gyroscope^s axis in the plane 
perpendicular to the plane of the figure, this force, to¬ 
gether with the reaction at the fixed point 0, forms an 
impulsive couple M, the impulse M M of which 
is shown in the figure by the vector This 

vector is equal to the change that the impulse produces in the 
magnitude of the angular momentum of the gyroscope, so that this 
momentum, after impact, will be represented by the vector Hi, The 
gyroscope, after impact, will perform regular precession, the vector Hi 
will remain immovable in space, and the axis of the gyroscope will 
describe the 'precession cone about that vector. This precession is visual¬ 
ized in Fig. 255 by a body cone AOB rolling on a space cone AOC, It is 
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seen that at the instant of impact, the impulsive force, acting perpendicu¬ 
larly to the plane of the figure, produces a displacement of the axis of 
rotation from the position OH to the position OA. This displacement 
takes place in the direction perpendicular to the direction of the impulsive 
force. At the same time, the axis of the gyroscope begins to describe 
the precession cone with the apex angh^ 26. The angle 0 between the axis 
of the gyroscope and the vector Hi is determined from the equation 

AH 

6 = arctan • (/) 


We see that if a high angular velocit^^ is initially communicated to the 
gyroscope so that // is a large (juanijly, the angle 6 will be very small. 
Thus a high-spcied gyroscope has the tendency to preserve the direction 
of its axis and resists the actions of (external impulses. This property of 
the gyros(^ope is utilized in many t(‘chnical applications, some of which 
will be discussed later. 

Knowing the effect prodiua^d on the motion of a gyroscope by an 
impulsive coupl(‘, we can discuss now the action of a continuously 
applied couple M which c^an be treated as a series of 
infinitesimal impulses A[ AL each of which produces an 
effect similar to that shown in Fig. 255. The most 
important case of this kind is tlie action of the gravity 
force when the center of gravity C of the gyroscope 
does not coincide with the point of support 0 as shown 
in Fig, 256. We assume that the gyroscope is rotating 
with high speed about its own axis, so that with good 
accuracy we can take the angular momentum H 
coincident with the axis of the gyroscope which has an 
angle of inclination 8 to the vertical ^-axis. For a 
constant angle 5, the gravity force TF, together with 
the reaction at 0, forms a couple M of constant magnitude acting 
in the plane DOH. From the principle of angular momentum, we con¬ 
clude that during motion, the vector representing this couple is equal to 
the velocity v of point //, the end of the vector representing the angular 
momentum. This velocity will be perpendicular to DH, and point H 
will describe a circle of radius DH = H sin 8. Denoting by coi the angu¬ 
lar velocity with which the plane DOH rotates about the z-axm and 
equating the velocity v to the moment M of external forces, we obtain 



from which 


AT sin 5 • 0)1 = M, 

H sin 8 /o) 


(169) 
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We see that owing to the action of the gravity force, the axis of the 
gyroscope describes a cone with constant angular velocity a?i, and we have 
a motion similar to the regular precession discussed bc'fore. However, 
there is one important difference between the two mol ions. The axis 
of the gyroscope in this case does not coincide exactly with the vector 7/; 
and owing to this fact, the motion is much more complicated than it 
looks. There is a secondary precession of the axis of the gyroscope 
around the vector // like that visualized in 
Fig. 255. To represent this complicate^d mo¬ 
tion, we can imagine a spherical surface de- 
scrib(^d around the fixed point 0. Then the* 
end F of the axis of the gyroscope will de¬ 
scribe a complicated (uirvc on this splu're, one 
example of which is shown in Fig. 257. In 
this figure, d denotes the angle between the 
vector H and the immovable 2'-axis and 0 de¬ 
notes the small angle of tlu^ secondary pr(H‘(‘s- 
sion. It can be seen that owing to this 
secondary precession, the moment of tlu' grav¬ 
ity force does not remain constant and the mo¬ 
tion is not so simple as it was assumed at the beginning. 4'his kind of 
motion is called pscudoreguUir precession and will be discussed in mori^, 
detail at the end of the next article. 

46. Stability of Free Motion of a Gyroscope. —Lei us now considiT motion of a. 
symmetrical gyroscope of the type shown in Fig. 244/>. Jn writing equations of 
motion for this case, we shall use the inodifi(*d Euhir’s equations (162) and tnke for 

OMj ONj and O^, respectively, as shown in Fig. 252. The axes 
Of and ON we take to coincide with 00 and OiOi in Fig. 2445 and rejm'senting, 
respectively, the axis of tlui gyroscopic and the axis of rotation of the inner frame NN. 
Let T/m, Hn, //f he the (components of th(‘ .angular momentum H and w,,/, oj^/, cof' the 
components of the angular velocity of the trilnalron OMN^ in Fig. 252. In calculating 
these components of the angular velocity, we ohs(Tve that the position of the trihedron 
OMN^ is (jompletely defined by the angles \}/ and 6. The corresponding components 
of the angular velocity in the directions of Oz and ON are 4/ and respectividy. 
Projecting these components on the moving axes OM, ON, 0^, we obtain 

03m' — — l/' sin 6, 03n' =6, 031;' = 4^ COS 0. (u) 

The components 03m., con, 03^ of the angular v(‘locity of the l)ody of the gyroscope are 
obtained by considering, in addition to the components (a), the angular velocity 
that the gyroscope has with respect to the trihedron OMNU This gives 

COm = —7 sin e, 03n — = 0 -f 7 COS 0. (b) 

Using these values of the components of the angular v(4ocity of the gyroscope and 
observing that for a symmetrical gyroscope, ON and OM are alw ays primdpal axes, 
we obtain^ 

^ We neglect the masses of the frames and consider only the mass of the gyroscope. 
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seen that at the instant of impart, the impulsive force, acting perpendicu¬ 
larly to the plane of the figure, produces a displacement of the axis of 
rotation from the position OH to the position OA. This displacement 
takes place in the direction perpendicular to the direction of the impulsive 
force. At the same time, the axis of tlie gyroscope^ Ix^gins to describe 
the precession cone with the apex aright 26. The angle 6 between the axis 
of the gyroscope and the vector //1 is determined from the equation 

M' 

6 = arc tan (/) 


We see that if a high angular velocity is initially communicated to the 
gyroscope so that H is a large (juanlby, th(‘ aiigk* 0 will be very small. 
Thus a high-speed gyroscope' has the' tendency to presei’ve the direction 
of its axis and resists the actions of external impulses. This property of 
the gyroscope is utilized in many tee'hnical applications, some of which 
will be discussed later. 

Knowing tlu' el'fect produced on the motion of a gyros(;ope by an 
impulsive couple', we can diseniss now the aeuion of a continuously 
applieei couple M wMch can be treated as a series of 
infinitesimal impulses M A/, each of which produces an 
effect similar to that shown in Fig. 255. The most 
important case of this kind is the action of the gravity 
force when the (jcnter of gravity C of the gyroscope 
does not (-oincide with the point of support 0 as shown 
in Fig. 25(>. assume that the gyroscope is rotating 
with high speed about its own axis, so that with good 
accuracy we can take the angular momentum H 
coincident wdth the axis of the gyroscope which has an 
angle of inclination b to the vertical 2:-axis. For a 
constant angle 5, the gravity force TF, together wdth 
the reaction at 0, forms a couple M of constant magnitude acting 
in the plane DOH. From the principle of angular momentum, we con¬ 
clude that during motion, the vector representing this couple is equal to 
the velocity v of point //, the end of the vector representing the angular 
momentum. This velocity will bo pcu’pendicular to DII, and point H 
will des(Tibe a circle of radius DH = H sin b. Demoting by oji the angu¬ 
lar velocity with wKich the plane DOH rotates about the z-axis and 
equating the velocity v to the moment AI of external forceps, we obtain 



from which 


H sin 5 * coi = M, 

M _ 

H sin 5 lo) 


(169) 
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We see that owing to the action of tlie gravity force, the axis of the 
gyroscope describes a cone with constant angular velocity coi, and we have 
a motion similar to the regular precession discussed before. However, 
there is one important difference b(*t\\e(‘n the two motions. Tho axis 
of the gyroscope in this case does not coincide exactly wit h the vector H; 
and owing to this fact, the motion is much more complicated than it 
looks. There is a secondary precession of ihe axis of thc^ gyroscope 
around the vector H like that visualized in 
Fig. 255. To represent this complicated mo¬ 
tion, we can imagine a spherical surface de¬ 
scribed around the fixed point 0. Then the 
end F of the axis of the gyroscope will de¬ 
scribe a complicated curve on this sph(u-e, one 
example of which is shown in Fig. 257. Tn 
this figure, 5 denotes the angle between the 
vector H and the immovable 2:-axis and 0 de¬ 
notes the small angle of the secondary prec(‘s- 
sion. It can be seen that owing to this 
secondary precession, the moment of the grav¬ 
ity force does not remain constant and th(‘ mo¬ 
tion is not so simple as it was assumed at the Ix'ginning. This kind of 
motion is called pseudoregidar ^precession and will be discussed in morc^ 
detail at the end of the next article. 

46. Stability of Free Motion of a Gyroscope. —Let us now consith'r motion of a 
symmetrical gyroscope of the type shown in Fig. 241/a In writing equations of 
motion for this case, we shall use the modified hiuh'r’s equations (162) and take for 

ri% f', the axes 04/, ON, and 0,C, respectively, as shown in Fig. 252. The axes 
Of and ON we take to c,oincid(^ with OO and OiOi in Fig. 244/> and rcqiresenting, 
respectively, the axis of the gyroscope and the axis of rotation of the inner frame NN. 
Let IIm, Hn, be the components of the angular momentum H and co,„/, wd the 
components of the angular velocity of the triluMlron 04/Af in lug. 252. In calculating 
these components of the angular velocity, w(' observe that the position of th(‘ trihedron 
04f Af is completely defined b}^ the angles ^ and 0. The corresponding components 
of the angular velocity in the directions of Oz and ON are rp and 6, respectively. 
Projecting these components on the moving axes 04/, ON, Of, we obtain 

com' — —\P sin e, wn — wf' = \p cos 0. (a) 

The components cow, con, of the angular velocity of the body of the gyrosc^ope are 
obtained by considering, in addition to the components (a), the angular velocity <j) 
that the gyroscope has with respect to the trihedron OMNU This gives 

o)m = —^ sin 0, £ 0,1 == d, cof = ^ cos 0. (b) 

Using these values of the components of the angular velocity of the gyroscope and 
observing that for a symmetrical gyroscope, ON and OM ari' always principal axes, 
we obtain ‘ 

^ We neglect the masses of the frames and consider only the mass of the gyroscope. 



Fiu. 257. 
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Hm « —hyp sin 6, Hn = — I(4> + P cos 6), 

Substituting these components of the angular momentum, together with the com¬ 
ponents (a) of the angular velocity a>', into Eqs. (162), we obtain for equations of 
motion 

^ h^AP sin G) 4“ I^iP + P cos 6) — hp6 cos d — Mm, 
at 

h& — hp^Bin e cos 0 + sin 6(p + P cos 6) — Mn, 

+ ,^cose) 



in which Mm, Mn, and M^ are the moments of external forces acting on the gyroscope 
with respect to the axes OA/, ON^ and respectively. 

In our further discussion, we assume that the gyroscope rotates with respect to its 
own axis with a high angular velocity, so that <j) is very large in comparison with 
p and 6. Neglecting then in Eqs. {d) the terms containing as factors ^ or ^ in com¬ 
parison with terms containing we obtain 

--IiP sin B -f IB<i> — Mm, \ 
h& A- IPP sin 0 = Mn, I 


Assume now that there are no extern.'il fonavs^ acting on the gyroscope; then from 
the third of Eqs. (e) we conclude that P A- P cos B is constant and, with sufficient 
accuracy, we can neglect p cos B in comparis m with p and assume p — u. Accord¬ 
ingly, the first two of Eqs. (c) give 

—sin B + — 0. 1 

7 id + 7a>^ sin = 0. J 


In the solution of these equations, we assume that the a\is of the gyroscope is placed 
at right angles to the vertical 2 :-axis so that B = Tr/2 and also that ^ = 0 when i = 0. 
Giving to the gyroscope by an impulse some small initial velocities do and ^o, 
we may investigate, by Eqs. (/), the motion that ensues. If the corresponding dis¬ 
placements have the tendency to remain always small, we shall have the proof that 
a rapidly rotating gyroscope is in a condition of stable motion. Proceeding as 
explained in Art. 41 and assuming that sin B differs from unity only by a small quan¬ 
tity, we obtain, from Eqs. (/), 


Eliminating d, w^e have 
Introducing the notation 


— I\P 4“ 7o;d 0, 1 
7id 4- I<^p =- 0. I 

I/P 4- 72«V =“ 0. 



(g) 

(h) 

(i) 


we can write the solution of Eq. (h) in the following form; 

^ ~ Cl 4“ Cacos pt A- Casin pt, 

' This means that the intersection point of the three axes of rotation in Fig. 2446 
coincides with the center of gravity of the gyroscope. Taking M^ equal to zero, we 
also neglect friction in the bearings. 
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where Ci, C 2 , Cz are constants of integration. Differentiating twice with respect to 
time and substituting into the first of Eqs. {g), we obtain 

/ ^2 

^ --(C 2 COS pt + Casin 'pt). 

Then, by integration, we find 

^ ^ (C 2 sin pt - C 3 COS pi) -f C 4 = -C 2 sin pt + Cscos pt -f Ca. 

To satisfy the assumed initial conditions 

^ ^ 0 , 6 — ^ = j/^o, when / = 0 , 

we must take 

Cj -+■ ^^2 == 0, (U + C'6 — 2 * ~ 'Poj ~~C2P = ^0, 

and the final solution be(a>mos 

^ — (1 ~ cos pt) -f ~ sin pty 

p p 

e — - -(1 — COS pt) 4- • sni pt. 

2 p V 

We see tha!- if a small impulse is given to lh(‘ axis of the rapidly rotating gyroscope, 
the axis begins to perform harmonic oscillations of small amplitude about the position 
defined by the angles 



The freqiienc}^ of these oscillations, as we sec from expression (/), is verj'^ large, so that 
in experimenting with the gyroscope it is difficult to notice them. We assumed in 
our derivation that 0 ~ Tr/2, but the proof can be extended without difficulty to any 
other value of 6, and it can be concluded that a rapidly rotating gyroscope, supported 
as shown in Fig, 2446, stably retains the direction of its axis. 


Propeller .Engine room Explosi\/e 



Gyroscope Gwimm camera Compressed air 
Fig. 258. 


It must be noted that this stability characteristic vanishes if one of the three 
degrees of freedom of the gyroscope is removed by some constraint. For example, if 
we fix the axis O 2 O 2 of the outer frame PP in Fig. 2446 and give some initial angular 
velocity to the inner frame NN, this frame will continue to rotate with this velocity 
about the axis 0\0i and the direction of the axis of the gyroscope is no longer stably 
retained. The moment of external forces corresponding to variation of the angular 
momentum of the gyroscope in this case is furnished by the reactions on the fixed 
axis O 2 O 2 . 

The property of a gyroscope to retain stably the direction of its axis of rotation is 
utilized in various technical applications. We shall discuss here the use of this 
property in the control of the straight-line motion of the Whitehead torpedo, shown 
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in Fig. 258. This torpedo is about 16 ft. long and 18 in. in maximum diameter and is 
propelled by a compressed-air engine at a speed of about 50 f.p.s.^ To control the 

motion of tlie torpedo in a horizontal plane, the 
gyros(^ope showm in Fig. 259 is used. The first 
device of this kind was construet('d by the Austrian 
engine(‘r Obry .2 gyroscope weighed about 1.8 

lb. and rotated at about 10,000 r.p.m. The frame 
MM of the gyroscope is attached to the body of th(^ 
torpedo, and th(^ axis GO of the gyroscope at the 
instant of shooting (coincides with the longitudinal 
axis of the torpedo. If, in its motion in a horizontal 
plane, the torpcnlo deviatc's from a straight line, the 
gyroscope retains the din'ction of its axis GO and 
some rotation of the outer ring about its vertical 
axis G\G{ takes phnu'. This rotation brings into 
action a device controlling the rudder of the tor¬ 
pedo. To assun^ satisfactory iK*rforniance of the 
gyroscope, friction forces, entirc'ly n(‘gl(‘ct(Hl in th(‘ 
theoretical discussion of this article, must lx* re¬ 
duced to a irunirnum. 

(.k:isid(‘r now the case in which a constant mo¬ 
ment Mn acts f)n the gyroscope with respect ^o the moving axis GN coinciding with 
G\G\ in Fig. 2445. Then, instead of Fqs. (</), we write 



Proceeding as before, we find 


- = 0, 1 
- Mn. ] 


— -)- 1 <j)6 ~ iff 


(k) 


4- pV = 4/„. 


The general solution of this equation is 


M 

— Cl A- C2C0S pt A- Casin pt -f t. 

Substituting in the first of Eqs. (/?), we find 


and, by integration, 


$ ll. ij) = — p(C2Cos pt -f Casin pt) 
6 — --C2sin pt + f'scos pt + O4. 


The constants of integration Ch . . . C 4 have to be determined in each particular 
case from the initial conditions of motion. Assunu', for exarnph', that for f = 0, 


Then 




Cl + C 2 = 0, 

and we find 


0, e = ^ = ^0, e = 0. 

Cip 4' — ^ 0 , Cz At C^ ~ ^ 


C 2 = 0, 



^ All these data refer to a torpedo of about the year 1900. 

2 For a description of this device, see paper by W. J. Sears, Engineeringf vol. 66, 
p. 89, 1898. 
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The angles 4/ and B then are 


The terms 



Mn\ . , L 

- 7 — ) sin j)t f 

J(j3 / 


Mnt 
7 c. ^ 


Mn 

TJ 


) 


COS pi 






il) 


indicate that owing to tlie initial velocity xpo, the axis of the gyroscope is slightly 
displaced from the direction perpendicular to the 2 -axis and rotates alioiit that axis 
with uniform angular velocity^ 

M,. . , 

Cl = (???) 

I 03 


On this regular precefision, small higli-frecjuency vibrations represented by the trigono¬ 
metric terms in Eqs. (/) Jire superimposed. Th(‘ resultant motion is thi‘ pscudorcgnlar 
precession illustrated in Fig. 257, pag(‘. 341. The various shapes of the cairves that 
will be described by th('. end of tlu^ axis of the gyroscope on the spln'rical surfaca'. in 
Fig. 257 will d(‘p('nd on tlu' valu(‘s of i/^o and the (piantity Mn/Io 3 . The (‘onstant 
moment Mn assunual in our discussion may bt‘ produc(‘d by tin* gravity force if tlu; 
center of gravity of the gyroscope do<‘s not coimu’de with tlu; point of support, and 
such a gyros(;ope usually p(;rforms pseudoregular precession. If the initial velocity 
^0 communicated to the gyrosctope is s(‘l(;cted so that 

= 0 , {n) 

J 03 


the trigonometric; terms in Fqs. (/) vanish and the gyroscope will perform regular 
precession. We sec that in tlu; case of an external moment M n, the r(;gular precession 
is only a particular case of motion which can be produced by a proper selection of 
the initial conditions so as to satisfy condition { 71 ). 

47. Gyroscopic Moment of a Symmetrical Gyroscope. —^In the; pre¬ 
ceding articles, several simple cases of the solution of Euler’s e(]nations 
(IGl) and (162) were discussed and gyroscopic motion produced by given 
forces was investigated. Let us consider now the reverse pj*oblem and 
assume that the motion of a gyroscope is known and that it is required 
to find the external forces whicE must be applied to the gyroscope to 
produce the assumed motion. This problem is comparatively simple. 
Knowing the motion, we can calculate without difficulty the left-hand 
side of Eq. (161) or (162) and, in this way, oV)tain the components of 
the resultant external moment acting on the gyros(;ope. The moment 
of the same magnitude but of opposite sign will represent the action of 
the gyroscope on its bearings, and this is called the gyroscopic moment. 
There are many practical problems where the calculation of this gyro¬ 
scopic moment is required, and we shall consider here several such 
examples. 

1 This coincides wuth the result previously obtained; see Eq. (109), p. 340. 
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Let us take first the case of regular precession. A symmetrical 
gyroscope rotates with constant angular velocity o; about its axis, while 
this axis describes, with uniform angular velocity coi, a precession cone 

having the angle 26 at its apex (Fig. 200). 
We take equations of motion (162) and 
use again, as the system of moving axes, 
the trihedron OMN^, In calculating 
the projections of the angular velocity of 
the trihedron on these axes, we have to 
consider only the angular velocity i/' = oji 
about the immovable z-axis. Projecting 
this velocity, we obtain 

oj,/ = “coisin 

o)/ = 0, (a) 

= coiCOS 6. 

In calculating the components of ,the 
angular velocit}^ of the gyroscope, we have to consider also the angular 
velocity co with respect to the trihedron OilfiVf, which gives 

Oim ~ —COiSin 6j 0)n ^ 0, Wf — CO COiCOS 6. (6) 

The corresponding values of the components of the angular momentum 
of the gyroscope are 

Hm = —/icoisin 6, Hn — 0, = /(c*; + coicos 6). (c) 

Substituting expressions (a) and (c) into Eqs. (102), we find the com¬ 
ponents of the resultant moment acting on the gyroscope to be 

Mm - 0 , ] 

Mn = /cjcoisin 6 -\r {I ~ Z^coi^sin 6 cos 6, ? (d) 

il/r = 0. j 

We conclude that the gyroscopic moment in this case acts in the 
plane and that its magnitude is 

Mn = -Mn = -[/co + (/ - /Ocoicos (9]cuisin e, (170) 

In practical applications, the angular velocity co of the gyroscope about 
its own axis is usually very large and the first term in the brackets, which 
is always positive, is large in comparison with the second term. This 
indicates that the gyroscopic moment (170) is negative. It always acts 
so as to bring the vector co into coincidence with the vector coi in Fig. 260. 
If the angular velocity co of the gyroscope is such that 

Jo) + (/ — /i)cuiCos ^ = 0, (e) 


z 



M 

Fig. 260. 
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the condition (164) on page 336 is satisfied, the gyroscopic moment 
vanishes, and the gyroscope, in the absence of external forces, performs 
the regular precession already discussed in Art. 45. 

In a general case of motion of the g^u’oscopc, the position of the 
trihedron OM is defined by the angles xp and 0 in Fig. 260. Its angular 
velocity has the components 4^ and 6 along the and ON-nxes, respec¬ 
tively, and we find 

^ sin Oy Wn = 6y ^ cos d. (/) 

The corresponding components of the angular velocity of the gyroscope 
are 

COm = —4' Oin ^ By COf = (^> + t/- COS By {q) 

and the components of its angiilar momentum are 

Hm ~ —Ii4^ sin By //n = hOy 11^ = I{(1> + 4^ COS 6). (h) 

Equations (162) then give 

Mrn = “~/i ^ (4 + ^K4> + 4 6) — Ji64 COS By I 

Mn ^ I\B 4 B \ I4> "f" (/ — 7i) 4 COS B]y / (171) 

ilif = /^(<^ + cos 0). I 

When the motion of the gyroscope is given, the angles 0, B are all 

known functions of L Substituting Uiern into the right-hand side^s of 
E(is. (171), we obtain the components A/„, of the resultant 
moment acting on the gyroscope. The components of the gyroscopic 
moment will be = — ilfm, 'IHIn = —Mn and 

In the case of a gyroscope having a veiy high angular velocity about 
its own axis, we can neglect the components Hm and Iln of the angular 
momentum in comparison with II^ and also 4 and 6 in comparison with 
<j6. Then Eqs. (171) give 

Mm = IH = ] 

Mn - 144 sin 6 =- ~mr,y} (172) 

M^ - 14 = j 

These equations coincide with those usually given in the elementary 
theory of gyroscopes, where it is assumed that the angular momentum of 
the gyroscope is represented by a vector directed along tln^ axis of spin. 

As an example of calculation of the gyroscopic moment (172), let us 
investigate the reactions at the bearings of a uniformly rotating shaft 
carrying a circular disk the axis of symmetry of which makes an angle B 
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with the axis of the shaft (Fig. 2G1). Considering the disk as a gyroscope, 
the angular velocity of which with respect to its own axis vanishes and 
whose velocity of precession coi is equal to the velocity of the shaft, we 

obtain from Eq. (170) the gyroscopic mo¬ 
ment 

S^lln = — (/ — /Ocoi^sin 6 cos 6. 

Since, for a disk, I > /i, the gyroscopic 
moment is negative and the reactions 
acting on the shaft are directed as shown 
in the figure. The magnitude R of these 
i(‘actions is found from the equation 

Rl = (/ ~ /i)cai“sin 9 (‘OS 6. (i) 

We see that in the case of a large velocity cci of the shaft, the reactions 
can become very large; and to eliminate tlumi, givat care must be used in 
fixing the plane of the disk at right angles to the axis of the shaft. This 
example represcuits the case of dynamic unbalance which is so impoi’tant 
in high-speed machines.^ 

As a second example, let us discuss the gyroscopic action on a pair of 
locomotive wheels during the negotiation of a curve in the track (Fig. 


M 



z 



262). Considering the locomotive axle as a symmetrical gyroscope per¬ 
forming regular precession and using notations y, r, and R for the speed of 
the locomotive, the radius of the wheel, and the radius of the curve, 
respectively, we find, for the velocity of precession coi and for the angular 
velocity of the wheels about their axis, the values 


V V 

f 


U) 


Substituting these values in expression (170) and putting 6 = t/2, 
we find that the gyroscopic moment acting in the rotating ^Of-plane has 
1 See the authors’ ‘‘Engineering Mechanics,” 2d ed., p. 421. 
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the magnitude 

3n„ = -/ojcoi = - —• {k) 

Hr 

This is tho moment about the OiV-axis in Fig. 262, and the minus sign 
indicates that the direction of the moment is such as to increase the rail 
pressure on the outer wheel and diminish that on the inner wheel. This 
gyroscopic, action is in the same direction as the action of the centrifugal 
force applied at the center of gravity of the locomotive, and both moments 
are proportional to In addition, the gyroscopic moment is propor¬ 
tional to /, so that it becomes of greater importance, for example, in the 
case of electric locomotives having the motors directly on the axles. 
Calculations made for one' such lo(‘omotive showed that thc^ gyroscopic 
moment was about 6 per c(‘nt of the moment due to centrifugal force. ^ 
In the preceding discussion, the railroad track was assumed to be in a 
horizontal plane. Usually, to counteract the centrifugal force, some 
superelevation is given to the outer rail on the curve so that during transi¬ 
tion from tangent to (nirve, the axle has some rotation in the vertical 
plane. Assuming a uniform increase in elevation during this transition, 
the corresponding angular velocity is 


where h is the superelevation, s tlie tra(;k gauge, and I the length of the 
transition curve. The corresponding rate of change of angular momen¬ 
tum, indicated in Fig. 263, is 


7a; 


lo^e = 


mi 

rsl 


(0 




Fig. 263. 

This means that during transition, a hori¬ 
zontal couple, furnished by friction forces, must act on the wheels as 
shown. The ratio of the two moments (1) and (k) is 


hR 

s'f 

This ratio may sometimes become larger than unity, and high-speed 
traction experiments have shown that for such speeds as 140 m.p.h., 
it is important to increase the length I of the transition curve. 

An external moment of the type (/) can also be produced by a devia¬ 
tion of the wheels from a true circular shape or by unequal deflections of 
the two rails. In all these cases, a friction moment like that shown in 
Fig. 263 is produced; its magnitude increases in proportion to the square 
^ See Z. Ver, deul. Ing.j vol. 48, p. 949, 1904. 
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of the locomotive speed, and at high speeds it may become of practical 
importance. 

As a third example, let us consider the gyroscopic moment produced 
by a turbine on a pitching ship if the axis of the turbine is parallel to the 
longitudinal axis of the ship. Let co be the angular velocity and Ico the 
angular momentum of the turbine. The pitching of the ship is repre¬ 
sented by the equation 


where a is the amplitude of oscillation and r is its period. The rate of 
change of the angular momentum of the turbine then is 


/co^ = I (jja — cos 

T 


2Trl 


Its maximum value, equal to the maximum value of the gyroscopic 
moment acting in the horizontal plane, is 


Io)a 


ztt 


r 


Assume, for example, that the turbine is making 300 r.p.m. and that the 
weight of the rotor, shaft, and propeller is 80 tons with a radius of gyra¬ 
tion of 4 ft. Then assuming that the period of pitching r = 12 sec. 

and the angular amplitude a = ^ rad., the 
maximum value of the gyroscopic mo¬ 
ment is 82.2 ton-ft. Although this mo¬ 
ment seems large, its action on the motion 
of a large ship is negligible. However, it 
should be considered in discussing pressure 
of the turbine shaft on its bearings. 

As a last example, let us consider the 
gyroscopic moment of the rollers of a rolling mill as shown in Fig. 264. If 
0)1 is the angular velocity of the mill about the vertical axis OiOi, the angu¬ 
lar velocity of each roller about its own axis 00 is 
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Fio. 264. 


CO id 

0 ) — - 

r 

and the magnitude of the gyroscopic moment, from Eq. (170), is 

9TI = Io)o)i = I • 
r 

Its direction is such as to increase the pressure of the rollers on the sup¬ 
porting horizontal plane. As a result of this gyroscopic action, tension 
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will be produded in the vertical driving axle OiOi, which must be con¬ 
sidered in its design. 

Let us consider now the case where the axis of the roller is inclined 
to the vertical axis by an angle B, as shown 
in Fig. 2G5. When the roller is at rest, the ^ 
pressure at A is obtained by ^^riting an 
equation of moments with respect to point 0 
and equating the moment of the gravity 
force W to the moment of the reaction at A . 

When the roller rotates with angular ve¬ 
locity 0)1 about the vertical axis, the angular 
velocity o) about its own axis is found from the condition that OA is the 
instantaneous axis of rotation. Hence 

sin(0 — a;) 

O) = 0)1 -^- 

sm a 

Substituting into Eq. (170), we obtain the gyroscopic moment that must 
be combined with the moment of the gravity force about point 0 in 
calcuk.ting the pressure of the roller at A, The quantity / in Eq. (170) 
is the moment of inertia of the roller about its axis, while h is the moment 
of inertia about an axis perpendicular to the axis of the roller and passing 
through the immovable point 0. 

48. Gjnroscopic Moment of an Unsymmetrical Gyroscope. —In our 

preceding calculation of the gyroscopic moment [Eq. (170)], we assumed 

a symmetrical gyroscope, but there are 
cases of practical interest in which gjTO- 
scopes are not symmetrical. A practically 
important example of such a gyroscope is 
represented by a two-blade airplane pro¬ 
peller. The gyroscopic moment in this case 
represents the action on the bearings of the 
propeller shaft due to any deviation of the 
airplane from a straight-line course. In 
deriving the gyroscopic moment for an un¬ 
symmetrical gyroscope moving about an im¬ 
movable point 0 (Fig. 2G6), we proceed as 
before and take the axis of the gyroscope as 
the f-axis and select the axes OM and ON as 
shown in the figure. Then denoting by coj, Wn', w/ the components of 
the angular velocity of the trihedron OMN^ and by Hm, Hn, the cor¬ 
responding components of the angular momentum of the gyroscope, we 
obtain, by using Eqs. (162), the following expressions for the components 
of the required gyroscopic moment: 


z 
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== - + C0„7/f - COf'Hn), \ 

Mn = -M„ = - \ (a) 

arif = I 

The complication of further calculation comes from the fact that in the 
case of an iinsymmetrical gyroscope, the axes OM and ON are no longer 
principal axes of inertia and we cannot use the simple expressions (159) 
in calculating the components Hm and //„ of the angular momentum of 
the gyroscope. To derive the expressions for these two components, we 
use first the ax(‘S 0^ and Or] in Fig. 2r)(), attached to the gyroscope and 
din^cted along its principal axes through the fixed point 0. For these 
axes, we can write 

= 7^0)^, Hrf == 7,coq. (6) 

The components con and of the angular velocity of the gyroscope will 
now be obtained by projecting on the and rz-axes the components com 
and con as given by expressions (g) of the preceding article. In this way, 
we obtain 

con == wmcos <j> + w„sin 0 == — sin 0 cos 4> + S sin </>, 

(Or, = — a?m«in (j) + o^ncos </> = ^ sin 0 sin </> T ^ cos </>. 

Substituting into Eqs. (5), W(‘ obtain 

Hn = In{ — ^ sin d cos </> + ^ sin </>), | 

Hr, = Ir,{^ sin d sin </> + ^ cos 0). | 

The required components Hm and i/n of the angular momentum are now 
obtained by projecting IIn and Hr, on the OM- and OiV-axes, which gives 

Hm = 7f( —^ sin B cos </> + 6 sin 0)cos </> 

— Ir,(4' sin 6 sin <l> + $ cos (t>)sin 
Hn = sin 6 cos <t) + 6 sin <^)sin (j> 

+ 7„(^ sin 6 sin + 6 cos </))cos <t>. 

For the component 77j-, we have, from expressions (//) of the preceding 
article, 

^ ^)- (/) 
Substituting expressions (c) and (/) togetheir with the components (Om', 
(On', w/ given by expressions (/) of the preceding article into Eqs. (a), 
we shall get formulas for calculating the gyroscopic moment in each 
particular case. 

Let us assume now that the gyrosco{)e has a high angular velocity 
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about its own axis, so that the angular velocity is large in comparison 
with \l/ and d. Keeping then only terms containing as a factor, we 
obtain 


±Hm 

df 

dlln 

dt 

dll^ 

dt 


— (I^ — In)4>{^ t‘os 2<j> + \j/ sin 9 sin 2<^), 
= (/{ — Irj)<l>(6 sin 20 — i/' sin 6 cos 20) 

= 0 . 


Substituting into E(|s. (a), wo obtain 

= —Aim = — [(/^ — /^)0(^ (*os 20+0 sin ^ sin 20) + 7^0^], \ 

= — Ain — — [(/{ ~/ 7 ,) 0 (^ sin 20 — 0 sin ^ cos 20) +7^00 sin ^],> (g) 

= -AI^ = 0 . ) 

In a particular case of regular precession, 6 vanishes and we obtain 

= -Aim == -Ui - 7,)00 sin 0 sin 20, \ 

ilRn = —Ain = (h ~ 6 cos 20 + 7f00 sin 6, | (173) 

= ^AI^ = 0. j 

We see that the gyroscopic moment for an unsymmetrical gyroscope 
consists of two parts: (1) the part 7^00 sin 6, which is of the same kind 
as we obtained previously for a symmetri(\al gyroscope, and (2) the part 
containing sin 20 and (a)s 20 as factors. Since the gyroscope rotates with 
high speed al)out its own axis, this latter part represents a high-frequency 
pulsating moment acting on the bearings of the axle of the gyroscope. 
In the case of a two-blade airplane pi-opelka*, this pulsating moment may 
produce dangerous vibrations if its frequency, equal to twice the r.p.m. 
of the propeller, happens to coincide with the natural frecpiency of some 
portion of the airplane sti ucture. 

To get some idea of the magnitudes of such gyroscopic moments, 
let us consider a two-blade propeller of diameter 6/ = 10 ft., weight 
W = 100 lb., and rotating at 1,800 r.p.m. Taking the radius of gyra¬ 
tion i = 2.5 ft. and neglecting the lateral dimensions of the blade, we 
have, approximately, 

I^^ l^= i4’e(30)2 ^ 233 Ib.-sec.Mn., 7, = 0. 

Then for a horizontal turn of the airplane with angular velocity 0 = 0.5 
rad. per sec., 9 = 7r/2, and 0 = GOtt rad. per sec., we have 

7f00 sin 9 = 22,000 in.-lb., 

and Eqs. (173) give 

— —22,000 sin 20 in.-lb., 

Snin = +22,000(1 + cos 20) in.-lb. 
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49. The G 5 nroscopic Compass. —One of the most important appli¬ 
cations of gyroscopes is the gyroscopic compass. Leon Foucault, the 
originator in the study of the gyroscope, first suggested its use as a com¬ 
pass instead of the magnetic needle.^ However, many ditEculties were 
encountered in the practical application of this idea, and the first satis¬ 
factory gyroscopic compass was accomplished much later by Anschutz 

and Co." and found application in the Ger¬ 
man Navy. In this article, we shall discuss 
the compass developed by the Sperry Gyro¬ 
scope Co.^ and used in the United States 
Navy and in some other countries. 

The essential part of this compass is a 
gyroscope with three degrees of freedom, 
similar to that shown in Fig. 2445, pagci 320. 
Referring to Fig. 207, we assume that in a 
position with latitude a, the gyroscope is 
placed with the axis O 2 O 2 of its outer frame 
directed vertically and its axis of symmetry 
00 horizontally in the meridian plane. The 
vertical direction we take for the 2 ;-axis and the northward horizontal direc¬ 
tion for the x-axis. Then the y-axis will be perpendicular to the plane of 
the figure and positive in the direction from east to west. This system of 
axes is no longer immovable, sin(*-e it participates in the motion of the 
earth; but if the center of gravity of the gyroscope coincides with the 
origin of coordinates 0, we can still use the principle of angular momen¬ 
tum as discussed on page 332 and shall come to the same equations of 
motion (161) and (162) as before. If a high angular velocity co be given 
to the gyroscope about its axis, it will stably retain the direction of this 
axis in space. If the axis was directed toward a certain fixed star, it 
will, in the absence of friction, always continue to be directed toward the 
same star and will not maintain the direction of the meridian of the 
place. To indicate the meridian, the axis of the gyroscope must be made 
to participate in the rotation of the earth and describe in 24 hr. a cone 
with the angle 2a at the apex (Fig. 267). That is, we must have regular 
precession of the gyroscope with the velocity 

To produce such a precession, a constant moment must act on the gyro- 

' Leon Foucault, Compt. rend., vol. 35, pp. 421, 424, 469, 1852. 

* See M. Schuler, “Der Kreiselkompass von Anschutz und Oo./’ Kiel, 1910. 

* Elmer A. Sperry, U.S. Patent 1,279,471. 


X 
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scope with respect to tlie axis OiOi of tli<‘ inner frame in Fig. 2446. 
The magnitude of this moment, e(|iml to the rate of change of the angular 
momentum of the gyroscope, will he /wojisin a. If this constant moment 
is acting, the regular precession of the 
gyroscope will have the above calculated 
velocity oji and the axis of the gyroscope 
always will be in the direction of the me¬ 
ridian of the place; thus the gyros(;ope can 
be used as the magnetic in edh^ of a 
compass. In the Sperry compass, the 
required moment is produced by an 
eccentric weight w attached to the inner 
ring of the gyroscope as shown in Fig. 

208. There is a semicirciilai* frame nti 
rigidly attached to the inner ring, whi(*h 
can freely rotate about the axis OiOi 
mounted in the outer ring. To this 
frame, a weight w is attached at the 
distance a from the axis OiOi. If the inner ring rotates about its 
axis OiOi from its horizontal position by a small angle lio (Fig. 209), the 
weight w furnishes about that axis the moment The rcHiuired 



Fig. 2C)8. 



s 

Fig. 209. 


angle of elcvaiioti (So will now be found from 
the equation (see Fig. 209) 

wa sin (So = /a;co]Sin(« /?o), (a) 

from which 


Jcocoisin a 
wa + /ojcoicos a 


In the Sperry compass, the angular vekxaty 
CO ~ 8,5(K) r.p.m. and the dimensions of 
the gyroscope are such that 


wa 


0.00182. 


The second term in the denominator of expression (6) is small in com¬ 
parison with the first term, so that with sufficient accuracy we can put 


fio « 0.00182 sin a. (c) 

We see that only a very small angle of elevation is required to produce the 
regular precession of the gyroscope which always keeps its axis in the 
meridional plane of the earth so that it can be used as a compass. 
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Naturally, this property of the gyroscope luay he of practical value only if the 
direction of the axis of the gyroscope, deterininecl by Cep (6), represents a stable' posi¬ 
tion of that axis; i.e., if an ae*cideuital impulse preHhie*.e3s a small ele^viation from this 
direction, there must be a tendene*y of thei axis te) return to its initial direction. In 
discussing this questie)n of sta])ility, we shall use the method of small vibration alrcaely 

(iinployeMl in Art. 46. Using again for the^ 
moving .axc'S OA/, OA, anel 0^ (Fig. 270) and 
consielering the system of axes xyz as fixed, 
we finel as ])e4e)re [se‘e lOqs. (ex), page 341] that 
the preqectiems e)f the angular velocity of the 
trihedron OMN^ on the moving axes are 

— sin 0, cos 0. {(i) 

Now, however, the :r-, ?/-, z-axos are no longer 
fixcid, and the triliedron Oxyz partcipates in 
the? rotation of the earth with angular vedocity 
coi, which gives the com{>()nents coicos a and 
ccisin « along the x- and 2 :-axes as (?an be seen 
Img. 270. from Fig. 269. Resolving these components 

first along OD anel ON as shown in Fig. 270 
and tluiii proj(?cting them on the moving axes 047, C.V, anel Cjr, we obtain 

CO 1 cos (X cos cos 0 — coisin a sin 0, j 

— coicos a sin yp, X (c) 

coicos a cos xp sin 0 4- wjsin a cos 0. ) 

Adding these to the components (e/), we finally obtain tlie following e*ennpojK?nts of 
the angular velocity of the trihe'dron OMNC- 

CO,,/ = —xp sin 0 + coi(?os a cos xp cos 6 — coisin « sin 0, 1 

CO,/ — d — coicos cx sin xp, > if) 

co^' == xp cos 0 4" coicos « cos xp sin 0 -f coisin a cos 0. ) 

As already explained, the angle 0 is very close to 7r/2 and the' angle' e/ is vc'ry small.’ 
In such a case, by introdne'ing the notation /f == (7r/2) — 0 wo e*,an use', instc'ael of 
Eqs. (/), the simplified formulas 



CO,,/ — — -f" coi^ cos a — coisin a, | 

CO,/ = “jtl — ojixp cos a, X {</) 

co^^ = cojCOS cx -f- coi/f sin a. } 

To obtain finally the components of the angular velocity of the gyroscope itself, we 
have to consider, in addition, the angular velocit 3 ^ co with respect to its own axis. 
This gives 

com — -^xp -f- coi/3 cos a — coiSin or, | 

COn = —d “• OOlXp cos or, J (/?,) 

coj. = CO 4“ coiCOS oc 4” coi/^t sin Of. / 

The components of the angiilar momentum of the gj^roscope then are 

Hm — Ii(—xp 4- coi/3 cos a — coisin a), ] 

Hn = /i(— ^ — lOiXp cos a), / (i) 

= 7 (co 4" cojCOS OL 4“ coi/I sin a). j 

1 We assume that any accidental impulse produces only a very small deviation of 
the gyroscopic axis from the position described in Fig. 269. 
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Using expressions (g) and (/) in tlu^ general equations (162), wt; obtain the equations of 
motion for the gyroscope placed as shown in Fig. 269 and subjected to a small impulse 
at the instant t ~ 0. These C(iuations can be gn'atly simplified if we observe that w 
is very large in comparison with wi, d, and v^. Then, instead of Kqs. (/), we take 

H,n = 0, Hu =- 0, //f = fuj, U) 

which represent the usual assumption of ehamaitary gyroscopic theory, in which the 
angular momentum of the gyroscojie is repres(‘nt(‘d by a v(‘ctor directed along its 
axis of spin. ]|]quations (1()2) tlnai give 

— CoN cos «) = AIju, \ ... 

Io)(\p — coi/i cos a -f wisin a) = 71/,i. f 

In our case, we need to consider only tln^ monuait of the weight lienee Mm = 0, 
Mu — and Eqs. (/r) give 

ii -f- <-<)s« = 0, 1 ^ 

/cji/' — (/cxicojCOS O' -}- 1V(l)(:i — —/cotoisin a. / 

We alnuidy have seen that for the SpeuTv gyrositope the quantity Icooji is small in 
comparison with wa and can be n(‘gl(‘ct(‘d. Tliiai equations (/) give 

-{- ojN cos a = 0, 

, wa , 

r~~ d — —cx)isin ix. 

10) 

Eliminating the angle (i from these ('quations, W(‘ obtain 





wacoi 


(a)S 


0. 


From this, we see that the axis of the gyroscopic pi'rforms simple harmonic oscillations 
in the horizontal plane, the angular freipiency of which is 


and we can write 


P = 


V 


waco] 

, cos a, 

i CO 


^ = Chcos pi + C 2 sin pt. 


Substituting in the second of hkis. (m), we find 


fcocoisin a , Io)V , .N 

(3 = - - - -f - (—C,sin pt + Uacos pt). 

wa wa ^ ' 


(n) 

(o) 


(p) 


This shows that the axis of the gyroscope also performs oscillations in the vertical 
plane about the position indiccated in Fig. 269 and defined by the angle 

/cocoisin OL 
Po = --> 


which was previously calculated [see Eq. (r)]. From this discussion, w’e conclude 
that the Sperry gyroscope stably retains the direction of its axis in the meridian plane 
and can be used as a compass. 

From Eq. (n), we see also that the period of oscillation of the gyroscope is 


r 


27r 


V; 


lo3 

?WcuiCOS a 
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With the previously given nuinerieiil data, we obtain 


. 2, 

^ wiVos a 


For a = 60 deg., r « 5,230 sec. == 1 hr. 27 min., which represents very slow oscilla¬ 
tions. 

In the above calculations, the simplified expressions (j) for the components of the 
angular momentum were use^d. A more accuirate investigation, by using expressions 
(t), will not affect our conclusion regarding stabilify and will show only that on the 
slow oscillations represented by E(is. (o) and (p), high-frequency small vibrations will 
be superimposed. 


Norfh 



Fm. 271. 


The above discussion shows that an accidental impulse produces slow harmonic 
oscillations of the axis of the gyroscope. To improve the instrument, some damping of 
these oscillations should be introduced. This damping is accomplished by displacing 
the weight w along the frame nn in Fig. 208 sonu'what to tlu' (^ast fi‘om the OM-axis 
as shown in Fig. 2716. Denoting the small angh' corresponding to this displacement 
by €, we see that the component wf^ of the weight w perpendicular to the axis OM is 
at the distance at from this axis and gives, with resp(H*,t tluTcto, a moment 


Mm — 


Substituting this into Fcjs. (A:), we obtain, inst(;ad of Eqs. (a/), the following equations: 

• , w(iat , . ^ 

-f- - 7 - -jr eos a == 0, 

1 CO 

Y -F' /f ~ — wiSin a. 

ICO 

Differentiating the second of these equations with respect to time and eliminating 
we obtain 

, , W(i€ , , ^vacoiOOS a , zaaewisin a 

^ + -jZ'^ + —^ =-- 

.rtcroducing the notations 

wat ^ wacoicos xx . „ 

== 2n, - - - « \\ 

Ico J(a 

we give to this equation the form 

^ “F *4" Xhp — —tXHan a, (q) 

which represents vibrations with damping. Due to the presence of the constant term 
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on the right-hand side of the equation, we shall find that the direction with respect to 
which the oscillations proceed is slightly displaced from the direction of the meridian. 
This constant error is eliminated in the Sperry gyroscope by a certain change in the 
angle of inclination of the frame nn (Fig. 268) to tlu^ <^>f the gyroscope. If we 

take this angle, for the Northern Hemisphere, equal to (7r/2) — /^o, the constant 
moment for the required precession of the gyrosco]>e will be produced for the horizon¬ 
tal position of the gyroscope's axis and the angle of ekwation /3o, indicated in Fig, 269, 
will be eliminated. At the same time, as it can be shown, the directional error, which 
was obtained from Eq. {q), will also be eliminated. 

It was assumed in our discussion that the gyroscopic compass is attached to the 
earth. If the compass is attached to a moving body such as a ship, impulse's produced 
on the compass by the motion of the body must be considered. Since the period of 
oscillation of the gyroscope, as we have sei'ii, is very large, the comparatively short- 
period oscillations of the ship have only a negligible effect on the direction of the 
gyroscope’s axis. 

The constant forward speed of the ship, however, may have a more important 
effect on the functioning of the gyroscope. Imagine a ship moving with a constajit 
speed v in a northerly dinudion. In such a cas(% the Oxyz coordinate', systcun in Fig. 
269 will have an additional angular velocity about the //-axis of the magnitude v/R, 
where R is the radius of the earth. Taking this velocity into account in the same 
manner as the angular velocity wi of the earth was considered in our previous analysis, 
we can calculate, for a giv('n latitude and a giv(;n the deviation of the gyroscopic 
axis from the meridianal direedion. In the Sperry compass, there is a special device 
to makt; the proper correction. 

In all our discussion, friction forces were neglectetl. Hence the theoretical con¬ 
clusions obtained in this manner ma^^ be in satisfactory agreement with actual motion 
only if every precaution is taken to reduce the frkdion for(*,es to a minimum. 

50. The Gyroscopic Pendulum.—A gyroscope suspended at point 0 
above its center of gravity C as shown in 
Fig. 272 is called a gyroscopic pendulum. 

The distance OC we denote by I and take 
the immovable axes x, z, as shown in 
the figure. Then the position of the mov¬ 
ing trihedron OMN^ we define, as before, 
by the angles ^ and the f-axis being the 
axis of the gyroscope and ON the perpen¬ 
dicular to the 2 :Of-plane. If, initially, the 
moving axes coincide with the immovable 
system of coordinates Xjy^Zy their position, 
as shown in the figure, is obtained by rota¬ 
tion first about the 2 :-axis by the angle ^ 
to the position ODNz and then by rotation about the OA'-axis by the 
angle S. The angular velocity of the trihedron OMN^ is then given by 
the components ^ and 6 directed along the s- and OA-axt'.s, respectively. 
Projecting these components on the moving axes OMAf, we obtain 

Wm' = sin con' = coi-' = i/' COS 6. (a) 


JC 
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To obtain the components on the same axes of the angular velocity of the 
gyroscope, we have to consider, in addition to expressions (a), the angular 
velocity of the gyroscope with respect to the trihedron OMN^. Denot¬ 
ing, as before, by 0 the angle of rotation of the gyroscope about its f-axis, 
we obtain 

Wm = —4^ sin 0 )n = 6^ 0)^ = + 4^ ^*os 6. (6) 

The corresponding components of the angular momentum of the gyro¬ 
scope then are 

Hm = —I}4^ sin 6, IJn — ho, //f ^ /(<^ + \p cos 6). (c) 

Considering now only small os(*illations of the pendulum with respect to 
its vertical position, the angle \[/ will be a small angle and 6 will b(" dif¬ 
ferent from 7r/2 only by a small quantity. Introdinang the notation 



and considering /?, 4^, 0 all as small quantities, we obtain, after neglect¬ 
ing small quantities to the powers higher than tlu^ first, 

COm' = -l/', 0)n = -d, COf' == 0. 1 ... 

Ih, = Hr. ^ ~JA Ih = I<i>^ i 

Substituting these values into Eqs. (162), we o])tain 

— — 14>^ — Mm, ] 

—/l/S + I<j> 4 ' = Mrn / (e) 

70 = il7f. j 

Let us assume now that the moment vanishes.^ Then the angular 
velocity 0 of the gyroscope about its own axis remains constant; and 
denoting this by w, we obtain from the first two of Eqs. (c) 

7l0 + Ica)P = —Mrn, ) ... 

IS - 7a;0 = -Mr., j 

The moments on the right-hand sides of these equations are produced in 
this case by the gravity force W of the gyroscope as can be seen from 
Fig. 272. In deriving expressions for these moments, we first calculate 
the moments of the gravity force with respect to the fixed axes x,y,z. 
Observing that for small values of the angles 0 and /5 the coordinates of 
the center of gravity C are approximately 

Xc ly Uc 14^, ~ Sf 

^ This means that we neglect friction in the bearings of the gyroscope or that a 
torque, compensating that friction, is always supplied. 
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we obtain 

M, = 0, iMy = wil3, M, - ~ 

Projeeting these components of the external moment on the axes OM 
and ON, we find, for small values of the angles ^ and 

ALn = TP/^, Mn - Wl^, 

and Eqs. (/) give 

+/a,4 - -117^, 1 
- W == - Wifi. I 

These equations define tlie motion for small oscillations of the gyroscopic 
pendulum. If w(' assuim^ that the angular velocity co of th(i gyroscope 
vanishes, we obtain the following known (‘quations for a spherical 
pendulum without any gyroscopic action; 


IN + WN = 0, I . 

Ufi + Wifi = 0. I ^ ^ 

Returning now to Ecjs. (g), we solve the first equation for fi and by 
differentiation obtain also fi. Then differentiating the second equation 
and substituting the expressions for fi and fi^ we find 

7i2^^v ^ q. 21,WIN + WHN = 0. (i) 

Substituting \l/ — we obtain the characteristic equation 

Ilhn^ + (/2a)2 _|_ 2/iTF0^^^“ + WH’^ = 0, (/r) 

from which 

„ _ -{Pw^ + 2/111^/) + iw \//vT 4 / 7 if 7 

w- 2/72 


It is seen that the expression under the radical is always positive and 
smaller than (/‘co’-^ + 2/i]17)“, which indicates that both values of 
are negative. Using for the absolute values of the notations 


Po=‘^ + 21,wI - io> V/v + 4/ifir/ \ 

2 /,“ ’ I 

P<^^ + 2hWl + /<0 VPo^'^ + 4hWl I 

’ 2 / 1 " ’ / 


(1) 


= 

Xi^ + X 2 " = 
Xi^ - X2^ = 


WH^ 

’ 

7=0.* + 2 hWl 

Iw Vp^^ + ihWl 


we find 
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Taking Xi and X 2 both positive and observing that Xi < X 2 , we obtain 
from these equations 


XX 

A1A2-7“^ 

J 1 


Xi — X 2 •— 


which gives 


-/co + \/T^+ Ahivi 


, , , \//V + 4/ilfZ 

Ai q- A2 =-f- -9 


7a, + + UxWl 


With these vahu's of Xi and X 2 , Ave find the following four roots of the 
characteristic eciuation (/r): 

mi = Xi?', m2 = —Xif, m3 = X2f, m 4 = —\ 2 i. 

The general solution of Eq. (?*) then is 

\p = Cicos Xi^ + C'iSin \it + Cscos X2^ + C^sin X2^. (n) 

Substituting this into the second of Eqs. (g) and eliminating jS by the use 
of the first eciuation, we obtain 

= — Cisin Xi^ + C2COS \it + Cssin \2t — C4COS X2^. {0) 

We see that there are two dilTerent frequencies of oscillation as given by 
Eqs. (m). If the angular velocity co is very large, we can consider the 
second term under the radical in Eqs. (m) as small in comparison with the 
first and write 

Xi , A 2 ^ - 1 ^* iv) 


The first of these two frequencies is very small, while the second is very 
large. 

The constants of integration in the solutions (n) and (0) can be calcu¬ 
lated in each particular case if the initial conditions are given. Assume, 
for example, that for ^ = 0: 

\p = Oj = 0, 1 /' = i/'o, = 0. 

This requires that 

C, = -C3 = 0, C2 = <74 = 

Ai q- A 2 

Using expressions (p) for the two frequencies and neglecting Xi in com¬ 
parison with X 2 , we obtain 

^ ^ (sin \it + sin X 2 O, ) 

l: (’) 

— (cos Xi^ — cos XV)- 1 
X 2 / 
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Multiplying these angles by —1, we obtain, for the coordinates of the 
center of gravity of the gyroscope, 


Vc = (sin \it + sin X 2 /), 

A2 


rpol 


(cos Xi^ — COS X2/) 


(r) 


The first terms of these expressions represent a slow motion of the 
cent('r C of the gyroscope around the V(^rtical x-axis along a circle of 
radius ypd /\2 with angular velocity Xi (Fig. 273a). On this rotation, the 



(a) 

Fig. 273. 



motion represented by the second terms in expressions (r) is superim¬ 
posed. l^his second motion represents a rotation with high angular 
velocity X 2 along a circle of the same radius \l'ol /\2 (Fig. 273a). As a 
result of this superposition, we obtain the trajectory described by the 
center of gravity C as shown in P"ig. 27Sb. 

For comparison, let us consider the spherical pendulum without gyro¬ 
scopic action (a; = 0). From the equations of motion (/O, we conclude 
that the frequency in this case is 


Xo — 



and assuming the same initial conditions as before, we obtain 




Xo 


sin \{)t, 


0 = 0 . 


(s) 


Observing that in the case of large values of w, the frequency X 2 is large 
in comparison with Xo and comparing expressions (q) and (s), we conclude 
that for the same initial values of ^ 0 , the oscillations of the gyroscopic 
pendulum have an amplitude many times smaller than the ampli¬ 
tude of the spherical pendulum. The gyroscopic pendulum retains its 
vertical position with a greater stability than the spherical pendulum, 
and its stability increases with the increase of the angular velocity co of 
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the gyroscope. This characteristic of the gyroscopic pendulum is used 
in many applications where it is important to retain stably a vertical 
line in space as^ for example, in the case of instruments used on ships and 
airplanes to indicate the true horizontal.^ 

In the preceding dis(*ussion, the point of suspension 0 of the gyro¬ 
scopic pendulum (Fig. 272), was considered as fixed. Assume now that 
this point performs harmonic oscillations. Such a condition we have, 
for example, in using the gyroscopic pendulum on a rolling ship where, 
owing to oscillation of the ship, forced vibrations of the pendulum are 
produced. In studying these vibrations, assume that the point 0 
is moving along the 2 :-axis and that this motion is given by the ecpiation 

z ~ a sin pi, (/) 

Then the coordinate system Oxyz in Fig. 272 is no longer immovabh* but 
performs the oscillations (t). To t,ake care of tliis second motion and 
investigate only the relative motion of the pendulum with respect to 
the x-j ?/-, 2 :-axes, we add to the particles of our system the inertia forces 
corresponding to the motion (t) and, after this, treat Xjij^z as immovable 
axes. These inertia forces can be replaced by their resultant applied at 
the center of gravity C of the gyroscope and ecpial to 

p .. W . . . 

/^ =- ^ — — ap-sm pt, 

g g 

This force, parallel to the 2 :-axis, gives the moments- 

M, = Rij, = My - RL M, = 0 . 

Projecting these moments onto the axes Oil/AT in Fig. 272, we obtain® 

i¥,n = 0, Mn = Rl, - 0. 

Adding these moments of the inertia force to the previously (calculated 
moments produced by the gravity force, Eqs. (/) give 

l\^ = —Wllpy 

w 

lifi — — -- Rl = —— apH sin pt. 

^ The description of some of these instruments can he found in the artick? hy 
O. Martienssen mentioned b(?fore, see p. 326. 

2 It is assumed, as before, that oscillations of the pendulum are .small. 

^ In this calculation, we first project Mx, My, M* on the axes 07), ON, and Oz and 
obtain = M* cos + My sin \J/ « 0, Mn = My (cos i/' — Mx sin yp « Rl, /If, = 0. 
Then projecting M^ onto the axes OM and Of, we find Mm = Md cos » 0, 
M^ » Md sin |3 » 0. 
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The particular solution of these equations is 

— A cos ^ ~ B sin pt. (v) 

To calculate the ami)Iitu(les A and Bj ^\{^ su])stitu<,(', expn^ssions into 
Eqs. (u)^ vvlii(‘h giv(\s 

(117 - hp'AA + /cop/? - 0, 

lupA + {Wl - = - -apH. 

From these equations, we find tlu^ following amplitudes of forced vibra¬ 
tion of the gyroscopic pcaululuin: 


\ — „ ira/?>“/cop \ 

(117 - / 

p=~ .. -/,p‘) ( 

f/|/VTr - (117 - lvp‘-y\ I 

The condition of resonance is obtained when the dcaiominatoran these 
expressions vanishes, which gives 


/2co2p2 - {Wl - /ipl^ - 0 
or 

+ 2Wij,)p^ + - 0. 

C'omparing this equation with the chara(*teristic ecpiation (/;) and using 
notations (Z), we conclude that the two critical frequencicvs are 


Pi = Xi and p2 - X2, 


where Xi and X 2 are given by expressions (m). In the case of high-speed 
gyroscopes, we can use the. simplified exprcwssions (p) instt^ad of expres¬ 
sions {in) and conclude that one of the two critic^al frequencies is V(U‘y 
small while the other is very larg(‘. 

If we substitute co = 0 in Eqs. (i^), we obtain the case of a sph(uical 
pendulum and Ec^s. {w) give 


A = 0, 


Walp- 

V(wr- hap) 


Forced vibrations in tliis case are produced in the same plane in whic^h the 
disturbing force is acting, and the critical frequency po is obtained from 
the equation 

Wl - 7ipo2 = 0, 

from which 


po = 



In the case of a gyroscopic pendulum, both amplitudes A and B, 
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as given by Eqs. (w;), are usually different from zero and forced oscil¬ 
lations of the gyroscope occur in both directions. In a particular case 
where = Wl/Ii^ we have J5 = 0 and forced vibrations are produced 
in the plane perpendicular to that in which the disturbing forces are 
acting. 

Usually the angular velocity a? of the gyroscope is very large in com¬ 
parison with the frequency p of the disturbing f()r(;(i and with the fre¬ 
quency po of the spherical pendulum. In such case, we can neglect, in 
the denominators of expressions (ic), all terms except those containing 

as a factor and obtain 

__ Walp ___ apo‘^p 
gJo) g \2 

Wal{W l - hp^^ ^ « 7 >o:(Po 2 

gNr 

Since X 2 in this case is a large number [sec Ecp ( 7 ^)]. we conclude that the 
amplitudes of forced vibration are small and tlio gyroscopic pendulum, 
under the action of a periodic disturbing force, stably retains its vertical 
position. 

61. The G3rroscopic Ship Stabilizer. —The idea of using the gyroscope 
for stabilization of ships was first suggested by Otto Schlick.^ It was 
proposed to use for such stabilization a heavy gyroscope G (Fig. 274) the 

vertical axis 00 of which is mounted in the 
frame NN free to rotate about the axis OiOi. 
The center of gravity of the frame, together 
with the gyroscope, is below the axis OiOi, 
so that under statical conditions, the frame 
stably retains its position in a vertical plane 
perpendicular to the longitudinal axis of the 
ship. From an elementary consideration of 
changes in the angular momentum of the 
gyroscope, it can be concluded that any 
rolling of the ship will result in oscillations of the frame NN about 
the axis OiOi. These oscillations are reduced by applying brakes 
against the wheel MM, The energy brought to the rolling ship by the 
periodic action of waves is thus dissipated in the form of heat generated 
by the friction forces. Experience shows that in this manner, a great 
reduction in rolling oscillations of the ship can be accomplished. 

^ Institution of Naval Architects, March, 1904. The theory of this stabilization 
was developed by A. Foppl, Z, Ver, deuL Ing., vol. 48, p. 478, 1904. See also his 
“Technische Mechanik,” vol. 6, 1910, and the ‘‘Theorie des kreisels,'^ by F. Klein 
and A. Sommerfeld, vol. 4, p. 794, 1910. 



A - 
B = 






Art. 51] ROTATION OF A RIGID BODY ABOUT .1 FIXED POINT 367 


In the derivation of equations of motion of the stabilizer, it is neces¬ 
sary to consider not only the mass of the gyroscope itself, as we did before, 
but also the mass of the frame NN and of the ship. The friction forces, 
usually neglected in our previous problems, are also of importance in 
this case and must be considered. The 
derivation of the required equations can be 
greatly simplified if, from the start, we as¬ 
sume ( 1 ) that the angular velocity co of the 
gyroscope is very large, so that its angular 
momentum can be assumed always di¬ 
rected along the axis of spin, ( 2 ) that the 
mass of the stabilizer is negligible in com¬ 
parison with the mass of the ship, and (3) 
that the ship performs only rolling motion. 

Referring to Fig. 275, the position of the 
frame NN of the stabilizer can be defined 
by the angle \p, representing the roll of the 
ship, and the angle I3 — ( 7 r/ 2 ) — d, representing rotation of the frame NN 
witfi rc^spect to its axis OiOj. In our further discussion, both these angles 
will be considered as small. 

Considering first the free rolling oscillations of the ship, without the 
action of the stabilizer, we can use the known equation for damped 
oscillations (sec page 33) 

Jif' + Cl/' + WExp = 0, (a) 

in which J is the moment of inertia of the ship with respect to its longi¬ 
tudinal axis Oz, C is the damping constant giving the magnitude of the 
moment of resisting forces about the - 2 :-axis when xp is eepial to unity, W 
is the weight of the ship, and L is its mctacentric height. In a like inanrua’, 
the free oscillations of the frame NN, when the ship is stationary, are 
given by the equation 

jH + cp + win - 0 , ( 6 ) 

in which j denotes the moment of inertia of the frame NN toget her with 
the gyroscope about the axis OiOi, c is the magnitude of the moment of 
friction forces when ^ is equal to unity, w is the weight of the frame 
together with the gyroscope, and I is the distance of their common center 
of gravity from the axis of rotation OiOi. This equation holds inde¬ 
pendently of rotation of the gyroscope about its own axis as long as the 
axis OiOi is stationary. The rotation of the gyroscope in this case 
affects only the pressures on the bearings supporting the axle OiOi. 
The corresponding gyroscopic moment with r(‘sp(‘ct to the axis Oz in 




368 


A I) VANCED DYNAMICS 


(Chap. V 


Fig. 275 and transmitt(jd to the ship is 

= -Hi3, (c) 

where // = 7co denotes the angular inomentum of the gyroscope. 

Considering now the rolling movement of the ship, while the frame 
NN does not oscillate, we see that the rate of change of the angular 
momentum of the gyroscope is H^J/ and the corresponding gyroscopic 
moment with respect to the axis OiOi in Fig. 275 is 

m.n = -Hxp. (d) 

This moment represents the action of tlu* axle 00 of the gyroscope on its 
bearings in the frame NN, 

After this preliminary discussion, we can write equations of motion 
for the case Avhen the ship and the frame of the stabilizer are oscillating 
simultaneously. Tn writing the e(iua1ion of motion for the rolling ship, 
we have to take into consideration the gyroscopic momcait (c), represent¬ 
ing the action of the stabilizer on the ship; while in the equation for oscil¬ 
lation of the frame, we have 1o consider the gyroscopic moment (d). 
In this manner we obtain 

+ Oxf/ + WLip — —///^, I / Nj 

jfi + + wifi = ll\p. J 

The sign of the right-hand side of the s(‘cond ecpiation is opposite to the 
sign of the gyroscopic moment (r/), since the angle /3 in Fig. 275 is meas¬ 
ured in the direction opposite to positives rotation about the axis OjOi. 

Equations (c) define the simultaneous oscillations of the ship and of 
the stabilizer. In their derivation, we considered only rolling of the 
ship, but it may be seen that the reactions of the brakes give a couple 
acting on the ship in the plane of the wheel MM in Fig. 274 and will 
produce pitching of the ship. Due to the fact tbat the moment of inertia 
of the ship with respec^t to its transverse axis is very large in comparison 
with that about the longitudinal axis, the pitching oscillations are very 
small and can be neglected.^ A more imporlant eff(‘ct on the motion of 
the system may result from rotation of tlui ship about its vertical axis, 
since such rotation may affect rolling of the ship.- 

We begin our study of the simultaneous motions of the ship and 
stabilizer with the case where friction forces can be neglected. Equa¬ 
tions (e) then give 

^ A. Foppc, Z. Ver. dmt, Ing.j vol. 50, p. 983, 1900, 

’ I'Ois })r()})Ioin wtis discussed by M. Schuler, Z. Vt’r. dvui. Jng.^ vol. 08, p. 1224, 
1924. 
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+ WI4 + //|3 = 0, I , , 

3$ -j- wl^ - IJ^ = 0. I 

Eliminating /3 from these ecjuations, wo. obtain 

+ (Wf.j + wU + + v>lWLy(> = 0. (g) 

The corresponding charackuistic ocpiation is 

Jjm* + (ITLi + wU + ir-)nU + wlWL = 0. (h) 

Introducing the notation 

WLj + wU + //- = k, {{) 

we find 

, _ + vw^Ujwim 

m -- (j) 

From notation (i) it can ho concluded that 

/f2 - 4./>/IFL > (WLj + wlJ)" - 4JjwlWL = (WLj - wlJ)\ 

Hcnc'e, the oxpre.ssion under the I’atlical in Eq. (j) is always positive 
and M- is negative. All four roots of the characteristic ecpiation {h) 
arc imaginary numb(;rs; and with the notations 

" J:fj_ . 

. k + VA-^ - 4.yra'/ll'h ( ^ ^ 

P2- - -2./y - ' ) 

we can represent the solution of E(]. (g) in the following form; 

^ = Cicos Pit + ('T.sin Pit + Cscos pit + CVsin p 2 <. (A) 

I’o obtain the corresponding expression for /?, we calculate, from the first 
of E(is. (/), 

H0 = -{Ji + WT4), 

H0 = -(J\f + WI4). 

Substituting the expression for '$ into the second of Eqs. (/), we obtain 
Hwll3 = + {WLj + IP4. 

Using now for \l/ its expression (Z), we obtain 

(S = ZZjCos Pit + Djsin pit + Dacos pit + Dasin pit, (m) 

where 

fl. _ C.V. mXJiUlJilX, n, . _r.., Wl£+jp-jj^ 


WLj + IP - 
Hwl 

Jjpi^ 

} 


WLj pm- 

Jjpi^ 

D ,. -c,p,FM±r‘lp[3Pl 

Hwl 

7 
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Expressions (Z) and (m) represent the complete solution of Eqs. (/). 
We obtained two harmonic oscillations of the frequencies pi and p 2 as 
given by expressions (A*). Tlu* four constants of integration (\ . . . (\ 
can be calculated in each particular case if the initial values of the angles 
^0 and /So and the initial velocities and /3o are given. 

When oj, the angular velocity of the gyroscope, is very large, the 
quantity is large in comparison with WLj and wlJ and k ^ //“ 

is large in comparison with AJjwlWL. The formulas (k) then give 





(n) 


The first of these frequencies is very small, while the second is very large. 
We conclude that in the case of free oscillations of the system, high- 
frequency vibrations are superposed on the slow fundamental oscillations. 

If, by some constraint, the frame NN oi the stabilizer in Fig. 274 
is fixed, there will be only rolling of the ship and the corresponding equa¬ 
tion of motion is obtained from the first of Eqs. (/) by putting = 0, 
which gives 

+ Wfjyf/ = 0. (o) 


In this case, the ship performs harmonic oscillations of the frequency 


po = 



(p) 


It is seen that by introducing the stabilizer, we split this frequency into 
two parts as given by Eqs. (n): one very small and the other very large. 
Equations (m), for large values of co, give 



„ \^H „ jWL 

~ wl’ 


(( 

1 

D, 

WLj + m-k __ ,, (J 

~ Hwl " 

2)4 - 



and we obtain 


yp = Cicos Pit + Casin pit + Cscos y 

/3 = (Cacos Pit — Cisin pit) + 

We see that for the fundamental mode of vibration with the frequency pi, 
the ratio of the amplitudes of the angles and ip is y/WL/wl while for 
the higher mode of vibration the ratio is \/ J/j, 

Let us calculate now the amplitudes of vibration for the particular 
case in which, by some impulse on a ship at rest, an initial velocity \po of 


at -r C 4 sm pat, 


if 


-j ( — Cicospit + Casin pzO- 


(r) 
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rolling of the ship is produced. The initial conditions for < = 0 are 
^ = 0, 4' — 'I'O) = 0, ^ = 0. 

From expressions (r), we then obtain 




C 2 P 1 + CfPi — ypo, 



p/\ + 



= 0, 


and the constants of integration are 


C, = 0 , 

0 , = 0 , 

^ y /wlJ _ 

^ Pi ^wU + Pi VWLj 
^ \/ 'W Lj 
Pi \/w’i./ + Pi \/wjjj 


^0 a /wlJ 
PiVWTj 



_ 4^ I wi 
H \WL’ 

4'thf jj 

H V'/‘ 


Substituting these values into expressions (r), we obtain 

= ¥ {ylwL + Vj ^4 

0 = ^ (cos Pit — cos Pit). 


If the ji^yroscope is at rest (co = 0) and with th(‘ same initial conditions, 
we obtain, from Eq. (o), 

^ ^ pi sin p4 = h sin pd. 

We see that owing to the action of tlu^ gvi'oscope, the amplitude of the 
fundamental mode of vibration is reduced in the ratio 


4^oJ 

H 



\/jwl 


H • 


We conclude that with large values of H, a considerable reduction in the 
amplitude of rolling can be accomplished by introducing the stabilizer. 

By using the stabilizer, not only the amplitude of rolling of the ship 
can be reduced but this oscillation can be damped out. For this pur¬ 
pose, we have only to apply proper friction forces to the wheel MM of 
the stabilizer (Fig. 274). Assuming viscous friction and neglecting fric¬ 
tion between the ship and water, Eqs. (e) give 


= 0 , 

jiS + c$ + wifi - = 0. 


(s) 
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Eliminating ^ as before, we obtain for rp a differential ecjuation of the 
fourth order, the solution of which could be represented in the form^ 

yp — c“”’^(CiCos Pit + (''2sin pit) + c~”'^(('3C0S p2t + T^sin p2t). 

We see again oscillations of two different frequencies; but owing to 
damping, these oscillations gradually die out. Considering the practi¬ 
cally more important fundamental type of oscillation with th(^ frequency 
Pi, we see that tlu^ damping depends on the constant /Z], which can be 
calculated in each particular case if the constant c in the second of Eqs. 
(s) is known. If this latter constant vanishes, Ave have no damping. 
Again we shall have no damping if the constant c is so largt' that the frame 
of the stabilizer does not rotate at all about its axis. In this case, l3 — 0 
and rolling of the ship is defined by Eq. (o). I'o find c corresponding to 
the most effi(*ient damping, the (piantity iii must be calculated for several 
values of c and the value giving the largest should be selected. For 
illustration, we take as a numeiacal example- the case of a ship having a 
weight W = 6,000(10)^ kg., a metacentric height L = 0.45 in., and a 
rolling pxwiod to == 27r/po = lf> ^sec. For the stabilizer, we assume 

wl = lO'^ kg.-m., 
j = 3,000 kg.-m.-sec.^ 

H = Tcc = 408(10)3 kg.-m.-sec. 


The valiuis of Ui (uilculated for several assumed values of c are given in 
Table XV. 

Table XV 

















We see that Ui first increases with c and then begins to decrease. 
Taking c = 39,000 kg.-m.-sec., for which rii = 0.079 sec."“^, it was found 
that Pi = 0.330 (sec)“^ri = 27r/pi = 19 sec., ^-i.6o == q 22 . This 

indicates that with the assumed friction, the amplitude of oscillation 
during one cycle is reduced to 0.22 of its initial magnitude. 

Forced rolling of the ship, produced by a periodic wave action, can 
also be investigated without difficulty. Assume first that there is no 
damping. Then, instead of Eqs. (/), we obtain in this case, 

J\p' + WL\p + = M sin p/, 

+ WlP - H\P = Oy 

where M sin pt represents the moment about the longitudinal axis of 

‘ We assume that friction is not large enough to make the motion aperiodic. 

* This example was calculated by A. Foppl (see footnote, p. 366). 
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the ship produced by the wave action. Considering only forced vibra¬ 
tions, we take the particular solution of Eqs. (t) in the form 

^ = ^osin pty = /3ocos pt. 

Substituting these solutions back into Eqs. (t), we obtain 


(WL - Jp^)^Po - Hp0o = M, 
{wl — -- HpypQ = 0. 


Solving for and we obtain the amplitudes of forced vibrations as 
follows: 


^0 = 


M {wl — jp^ 


) 


Po = 


MHp 


{v) 


where 


N - {WL - Jp^){wl - jp^) - //V' 

— Jjp"^ — {WLj + wlJ + H^)p- + WLwL 


Comparing this expression for N with the left-hand side of Eq. (/?), we 
conclude that N vanishes and the amplitudes (y) become infinitely large if 


p2 _ ,p^2 yj. p2 ~ p,^2^ 

where pi and p^ are the two natural frequencies of the system calculaf;ed 
before [see expressions (/r)]. Tins indicates that we obtain the known 
phenomenon of resonance if the frequency p of the disturbing couple M 
coincides with one of the natural frequencies of the system. 

From the first of expressions {v)^ we can see also that the amplitude 
^0 vanishes if 

wl = jp^ or p — M 


This specific frequency p is the same as the frequency of oscillation of 
the frame NN of the stabilizer if considered as a pendulum. It can be 
obtained from Eq. (6) by making c vanish, and the stabilizer acts in this 
case as a damper. The amplitude of vibration of the frame is found 
from the first of Eqs. (ti), which gives 


and we have 


/3o = - 


M 

Hp 


Hp 


cos pL 


The gyroscopic moment corresponding to this oscillation of the frame is 


^Trr, = ~IJ^ = sin pi. 
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We see that at each instant, it balances the external disturbing couple 
M sin 'pt. 

The effect of friction, applied to the wheel MM in Fig. 274, can also 
be considered in studying the forced vibrations. Instead of Eqs. (0, we 
obtain in this case, 

J\i/ + WLyj/ + — M sin pt, 

+ efi + wifi — H\l/ = 0 . 

The particular solution of these equations, representing forced vibra¬ 
tions, we take in the form 

^ = ^icos pt + A2sin pty fi = ylscos pt + ^4sin pt. 

Substituting into the equations of motion and equating to zero the 
factors before sin pt and cos pt, we obtain four equations from which the 
constants yli . . . ^ 4 , defining the amplitudes of forced vibrations, can 

be calculated in each particular case. 
The dimensions of the stabilizer and 
the friction constant c must be se¬ 
lected^ so as to make the amplitude of 
rolling as small as possible. Experi- 
ence shows that a properly designed 
stabilizer is very effective in damping 
rolling oscillations of ships. This can 
be appreciated from Fig. 276, repre¬ 
senting the rolling angle of the ship 
in one of Schlik's experiments. The angle was recorded for two con¬ 
ditions: (1) when the stabilizer was locked and (2) when it was acting. 

Instead of introducing proper friction forces, we can reduce rolling of 
a ship also by applying to the stabilizer's frame a proper moment with 
respect to the axis OiOi in Fig. 274. Denoting this moment by Mi and 
neglecting the friction forces, we obtain the equations 

+ WL\I/ + Hfi = M sin pt,] . . 

jfi + wifi - IH = Ml, 

Let us now select the variable moment M i so as to produce oscillations of 
the stabilizer's frame in accordance with the equation 

fi = (y) 

where k is a positive number. 

Substituting in the first of Eqs. (x), we obtain 

+ Kllyp + WL}f/ == M sin pt, (z) 

‘ More information regarding the proper design of the stabilizer can be found in 
Klein and Sommerfeld, op. cii,, vol. 4, p. 833. 
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This is the known equation of damped vibrations, the damping being 
accomplished by gyroscopic action instead of friction. When ^ is found 
from Eq. ( 2 :), we substitute it and also expression {y) for /5 into the second 
of Eqs. {x) and obtain in this way the moment Mi required to produce the 
proper motion of the frame. This idea of stabilizing the ship by com¬ 
municating to the frame of the gyroscope the proper oscillations depend¬ 
ing on the rolling angle yj/ is used in the Sperry stabilizer. In this device, 
the motion of the stabilizer’s frame is accomplished by a special servo¬ 
motor, the action of which depends on the rolling motion of the ship. 
In recent times, this typo of stabilizer has found a much wider applica¬ 
tion than the Scdilick’s stabilizer described above. 

62. Monorail Car Stabilization.—In the case of a monorail car, a 
cross section of which is shown in Fig. 277, the stability of the system is 
accomplished by the use of a gyroscopic stabilizer. The stabilizer 
consists of a gyroscope G the axis GO of which is mounted in a frame NN 
which is free to rotate about its axis OiOi. The center of gravity of the 
stabilizer is above the axis OiOi, so that the position of the frame shown 
in the figure is unstable if the gyroscope is not in rotation. The car is 
also in unstable equilibrium, since its center of gravity is above the 
top of the rail. To explain how' the stability of the car can be accom¬ 
plished by bringing the gyroscope to a high 
speed of rotation, we begin with a discussion 
of stability of the gyroscope, the center of 
gravit}" of which is above the point of support 
O (Fig. 278). Assuming that the axis of the 
gyroscope makes only a small angle with the 
vertical axis and defining its direction by the 
angles yp and as before, we can write equa¬ 
tions of motion of the gyroscope by using Eqs. 

{g) of Art. 50, derived for the gyroscopic pen¬ 
dulum. To take care of the fact that the 
center of gravity of the gyroscope in Fig. 278 
is above the fixed point 0 while in the gyroscopic pendulum of Fig. 272 
it is below that point, we have only to substitute —Z for Z in Eqs. {g). 
This gives 

Ii<P + /co^ = Wlyp, 1 , . 

I 1 & - Ic^yP = WW. i 
Eliminating from these equations, we obtain 

- 2IiWl)^ + WH^ = 0 . ( 6 ) 

The corresponding characteristic equation is 

+ {Po>^ - 2IiWl)m^ + = 0 . 


o 



Fig. 277. 


(c) 
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[Chap. V 


It gives 

= 


- (/w - 2hwi) ± - 21 my - mmy 

2iy 


-{Po,^ - 2I1WI) ± Iw VPo>^ - 4.1 iWl 

2iy 


id) 


The motion of the gyroscope is stable as long as its axis makes a small 
angle with the vertical a:-axis and performs only small oscillations about 
that axis. This condition is satisfied if all four roots of the characteristic 
equation (c) are pure imaginary numbers. To prove this, let us assume 
that there is a real root mi = a. Since Eq. (c) contains only m^ and m^, 
we conclude that m 2 = —a is also the root of Eq. (c). This shows that 

^ and ^ 


are solutions of Eq. (h). Since either a or —a is a positive number, one 
of these solutions r(^presents an indefinite growth of the angle ^ with time 
and indicates that the assumed motion of the gyroscope is unstable. 

Similarly, if there is a complex root mi = 
a + bi, there will also be the root m 2 = 
—a--hi. The conjugate complex 
numbers a — bi and — a + will also be 
roots of Eq. (c), and the general solution 
of Eq. (6) is 



-2 ^ = e««((7ir,os ht + C 2 sin bt) 

+ c“®^((73Cos bt + C4sin bt). 

Since either the factor or increases 
indefinitely with time, we conclude that 
complex roots of Eq. (c) also indicate that 
the motion of the gyroscope is unstable. 
Stability is realized only if all roots of Eq. 
(c) are imaginary. From expression (d), we see that this occurs when m* 
is negative, i.c., when we have 

72co2 ~ AlrWl > 0. (e) 

Assuming that this condition is satisfied and using the notations 

2hWl) - Jco VPo>^ - 4IxWl 


Vi = — 


Vi‘ 


2iy 

_ (Po)^ - 2hWl) + yPoi^ - 4PWl 


2iy 


we can write the general solution of Eq. (6) in the form 

i/ = Cicos Pit + C 2 sin Pit + Cjcos p^t + C'4sin ptt. 


if) 
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Using this solution in F](is. (a)^ w(* shall find 

/5 = Dicos Pit + i> 2 sin p^t + Dscos p^t + Disin p^tj (g) 

where the constants Di . . . I)^ are similar to those that appear in 
Eq. (m) of the prect^ding article. Thus we have altogether four constants 
of integration Ci . . . C 4 , which in etich })articular case can be calculated 
if the initial values /?o of the angk‘s and lln^ initial velocities ^ 0 , fio are 
given. 

We see from this discussion that motion of the gyroscope shown in 
Fig. 278 can always be mad(^ stabks it is n(‘(a'ssary only to give to the 
gyroscope a suffi(aent speed of rotation co such that condition (e) is 
satisfied. This propcaty is utilized in stabilization of the monorail car 
in Fig. 277. The system represented by this car together with the stabi¬ 
lizer is similar to that of th(' ship and stabilizer in Fig. 274 of the preceding 
article. The difference lies only in tlu^ fact that in th(^ present case, the 
centers of gravity of the (‘ar and of the stabilizer are above the corres¬ 
ponding axes of rotation while, in the case of ship stabilization, they were 
below those axes. From this consideration, it follows that the equations 
of motion of the monorail car can be obtained from Eejs. (c) or (/) of 
the preceding article by substituting in those equations —L and —Z for L 
and 1. In this manner, we obtain, from Eqs. (/), 

J\p — WL\l/ + = 0, I . 

0 - wifi - - 0. I ^ ^ 

Here \p is the angle of rotation of the car about the axis taken along the 
top of the rail; fi is the angle of rotation of the stabilizer about the axis 
OiOi, J is the moment of inertia of the car together with the stabilizer 
about the axis along the top of the rail, W is the weight of the car with 
the stabilizer, L the distance of their common center of gravity from the 
top of the rail, H = lo} is the angular momentum of the gyroscope, j is 
the moment of inertia of the frame NN together with the gyroscope about 
the axis OiOi, w is their joint weight, and I is the distance of their center 
of gravity from the axis OiOi. 

To investigate stability of motion of the monorail car, we eliminate 
fi, as before, from Eqs. (h ); and in this manner, Ave obtain 


< 

1 

- {WLj + wlJ - + wlWL^I^ = 0. 

(i) 

Using the notation 

k = -{WLj + wu - m), 

ij) 

we write the characteristic equation 



Jjm^ + km^ + wlWL = 0. 

(k) 
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Proceeding as in the ease of Eq. (6), vve conclude that the motion of the 
monorail car system is stable if all four roots of Eq. (A*) are imaginary 
numbers, which requires that be a real negative number. Solving 
Eq. {k) for we obtain 

-k ± VA'- -UjiciWl 

This quantity will be a negative real number if 

A* > 0 and k~ ~ \JjwlWL > 0. (?//) 

We see that for stability of the car it is (‘ssential to have the center of 
gravity of the stabilizer above th(^ axis of rotation OiOi in Fig. 277. If 
the center of gravity were below ihe axis O/b, we should hav(^ to change 
the sign of /; then the second term under the radical in (expression (J) 
becomes positive, and one of the two roots for m- bec.orne's positive also, 
which indicates instability of motion of the car. 

The conditions of stability (m) will be satisfied if 

A- > 2 VjJwiWL 

or, using notation (j), ^ 

> {\/WLj + \^wljy. (n) 

Since II ^ Iw is the angular momentum of the gyroscope, we always can 
select a sufficiently high angular speed o) to satisfy condition (n) and make 
the monorail car motion stable. 

When w is very large, we can assume 


V/c^ - ijjwiWL ^k(i - 
and Eq. (Z) gives 


mi 


, wlWL 




Using the notations 


. 2JjwlWL 


^2 


py = —my and p 2 ^ — 

we then represent the general solution of Eq. (i) in the form 

= Cicos Pit + C 2 sin Pit + C'scos p^t + C 4 sin p^t. 

The expression for is obtained from Eqs. (/t), which give 

Dicos Pit + 2 ) 2 sin pit + Dzcos p^t + Dism p4^ 

where the constants Di ... 1)4 are expressed through the constants 
Cl ... C 4 by expressions similar to those at the bottom of page 369. 
We see that the motions of the car and of the stabilizer are obtained 
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by superposition of two small oscillations of the frequencies 

Pi - i P2 « H 

For a large the first freciuency is small and the second is large. We 
see that on slow oscillations of the car and the stabilizer, high-frequency 
vibrations are superimposed. 

In the preceding discussion, damping was neglected. To derive 
equations of motion W'th damping, we start with Eqs. (e) of the preceding 
article. Substituting —I and —L for / and L, we obtain the necessary 
equations from which an equation of fourth order for ^ can be derived. 

Oj 



From the kind of roots of the corresponding characteristic equation, the 
conditions required for stability of motion can be established. 

The above-discussed scheme of a gyroscopic stabilizer was used in 
patents of A. ScherF and P. Schilowsky, who worked simultaneously and 
independently on this problem. Another scheme was proposed by L. 
Brennan, who used a gyroscope with horizontal axis perpendicular to 
the direction of the track, as shown in Fig. 279. It may be seen from this 
figure that by proper movements of the handle A producing rotation of 
the frame A A in which the gyroscope G is mounted, a moment in the 
plane perpendicular to the longitudinal axis of the car may be produced. 
This moment can be used to balance the car. In the actual patent, this 
balancing is accomplished automatically. 

‘ Regarding A. Scherl patent, see paper by Von Barkhausen, Z. Ver. deut, Ing.y 
vol. 64, p. 1738, 1910. 
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DIMENSIONAL ANALYSIS AND THEORY OF MODELS 


1. Homogeneity and Dimensional Analysis. —In mechanics, we have 
to deal with three fundamental units^ namely: the unit of lengthy denoted 
by L; the unit of timej denoted by T; and the unit of mas,s, denoted by M. 
All other quantities such as acceleration, force, velocity, momentum, 
energy, etc., can be expressed in terms of these three fundamental units. 
Thus, for example, acceleration is expressed in units of length and time: 


Similarl}^, with mass as a fundamental unit, force becomes a derived unit 
and is obtained as the product of mass times acceleration; z.e.. 


F - 


ML 

fp2 ‘ 


ih) 


Energy or work, which is the product of force times length, likewise 
becomes 


V - 


MJJ 

rp2 


(c) 


Equations like (a), (6), and (c), giving the dimensions of derived units 
in terms of the fundamental units are called dimensional equations. They 
can be used in checking the dimensional character of equations derived in 
the solution of various mechanical problems. All terms of such equations 
must have identical dimensional form. Take, for example, the expres¬ 
sion for displacement s of a particle falling vertically under the action of 
gravity: 

s — + V[it -f- (d) 

Using the dimensional equations for velocity and acceleration, it can be 
readily shown that each term in Eq. {d) has the dimension of length and 
the requirement of identity of dimensions of all terms is satisfied. This 
requirement is sometimes called the 'principle of homogeneity of dimensions. 
It can be very useful in a preliminary analysis of a mechanical problem in 
establishing the proper relations among the various quantities involved. 

As an example, let us consider the motion of a simple pendulum and 
assume that it is required to establish a formula for the period r of 
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oscillation. We start out by assuming that this period depends on the 
mass m of the pendulum, on its length h and on the gravity force defined 
by the acceleration g. Then 

(e) 

where / stands for a function of the quantities m, Z, and g. Our problem 
is to determine the proper function. Since the quantities m, g^ and I have 
different dimensions and cannot be added or subtracted, we assume a 
function in the form of a product of powers of these quantities and write 

r = C7n^Pg\ (/) 

Since the left-hand side of this equation has the dimension of time, the 
right-hand side must have the same dimension. Putting the equation in 
dimensional form, we obtain 

T = 

Then to satisfy the requirement of homogeneity, we have to take 

= 0, 1/ -I- 2 = 0, 22 = -1. {jg) 

From these equations, we find 

X = Oj y ^ hi 2 = 

and Eq. (/) becomes 



Thus, we obtain the correct form of the expression for the period of oscil¬ 
lation by using the principle of homogeneity of dimensions. 

It should be noted that by using this method, we establish only the 
general form of Eq. (Zi), but the numerical value of the factor C remains 
indefinite. To determine it, we must either solve the differential equation 
of motion of the pendulum or resort to experiment. 

It was assumed in the above discussion that the period r depends only 
on the quantities m, Z, and g, but we know that this is approximately cor¬ 
rect only for small angles of oscillation. If the angle is not small, the 
period depends, to some extent, on the arc of swing s. Taking this into 
account, we write, instead of Eq. (/), 

r = CmH^g^s^. (i) 

Then from the principle of homogeneity, we obtain 

X - 0, y + z + u - 0, 22 = — 1, 


0 -) 
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from which 

x = 0, y ^ \ - u, z = - iy 
and r]q. (i) becomes 



Again, by using the method of dimensional analysis, we obtain the general 
formula (k) for the period r, but the number of Eqs. (j) is insufficient to 
determine all of the unknowns, and the exponent u remains indefinite. 
The ratio s/l is a pure number, and the principle of homogeneity imposes 
no restriction on the power to which it is raised. We can take various 
values for u without disturbing the homogeneity of Eq. (Jc) and can write 
it in the more general form 



The method of dimensions does not define the function but since it 
contains only the ratio s/ly we conclude that it is not the arc s but the 
angle of swing that affects the period of oscillation. Having established 
tne general formula (/c'), the proper function <P can be found by experiment. 

As a second example of application of the method of dimensional 
analysis, let us consider the periods of lateral vibrations of geometrically 
similar beams. In such case, we assume that the periods of vibration 
depend on linear dimensions /, modulus of elasticity E, and mass density 
p of the material. Then, proceeding as before, we write 

T = Cl^E^p\ (/) 

Observing that modulus of elasticity E has the dimension of force -t- area 
while density p is mass volume, we obtain 

The requirement of homogeneity now gives 

X - y - 3z = 0, y + z = 0, 2^/ = -1, 

and we obtain 

2/ — ~ i, z ~ X — 1. 

Substituting into Eq. (Z), we find 
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We see that the period of vibration is proportional to the linear dimensions 
of the beam and to the square root of the ratio of mass density to modulus 
of elasticity. Thus the method of dimensional analysis again furnishes 
the general formula (m) for period r. The numerical value of the factor 
C, which is easy to calculate in the case of prismatic beams, can be deter¬ 
mined experimentally in more complicated cases. 

Our assumption that the period of vibration r depends on linear 
dimensions, modulus of elasticity, and mass density can be applied in 
considering vibrations of elastic bodies of any shape. Then using formula 
(m) and comparing periods of vibration of two geometrically similar bodies 
of the same material, we conclude that these periods are in the same ratio 
as the linear dimensions of the bodies. This conclusion holds also in the 
case of gases and it has been established experimentally that when masses 
of air are contained in two geometrically similar vessels, the number of 
vibrations in a given time is inversely proportional to the linear dimen¬ 
sions of the vessel.^ 

As another example, let us consider the time r required for a planet to 
make a complete trip around the sun. We assume that this period of the 
planet will depend on its distance r from the sun, which can be considered 
as constant; on the mass m of the planet; and on the force of attraction. 
Then, using Newton's universal law of gravitation, 



Since the quantity in the parentheses of this expression has the dimension 
of force, the constant k evidently has the dimension of acceleration times 
length^, and we write the dimensional equation 



Applying the principle of homogeneity to this equation, we obtain 

X = ij 2 / = — 2 

and Eq. (n) becomes 

r = Cr^k~ h 

From this equation, we conclude that 

^3 = congt., 

which represents Kepler’s third law of planetary motion (see page 92). 
^ This is known as Savaries theorem. See Ann, chim,^ Paris, 1825. 
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From this and the preceding example, we see that useful conclusions 
regarding mcchanic^al problems can sometimes be reached by dimensional 
analysis alone. Natui ally, however, we must have a correct idea of the 
factors tliat inHuenc.e a given physical phenomenon before we can apply 
the method. 

Dimensional analysis is especially useful in dealing with complicated 
problems that, cannot be solved axialytically but require empirical devel¬ 
opment based on expe^riment. In such cases, the general form of the 
required equation is ('stablished by dimensional analysis and then experi¬ 
ments are made to detei’mine the numerical values of constants that may 
appear in the (Hjuation. As an example, let us derive an eciuation for the 
axial thrust P producc^d by a propeller of given shape rotating in air about 
a fixed axis with constant angular velocity cj. For the total air pressure 
dP acting (jii an (dement d.s of the surfa(‘n of a l)lade, we formulate the 
expression’ 

dP kvh1s(t>{a)j (o) 

in whi(di h is a constant, v is the velocity of the element under considera¬ 
tion, and 4)(a) is an unknown funct ion of the angle a between the velocity 
V and the surface of the elenumt. Sincte the sha])e of the prcmeller is 
given, all quantiti(^s exc.ept k in Eep (o) can be ex]>r(^ssed in terms of the 
diameter d of the propeller and its angular velocity co. Thus the total 
thrust, P can be represcaited by the formula 

P = /(A^d,c.), ip) 

in which the constant as can be schui from (o), has the dimension 
FT^/L^ To satisfy the condition of homogeneity in hap (p), we have to 
take the function / linear and also take d to the fourtli power and co to the 
square, Avhich finally gives 

P = CkdWK (g) 

By making tests with a propeller of given size and running at a given 
speed, we can determine the constant Ck experimentally and then use 
Eq. (g) to compute the thrust for any other geometrlegally similar propeller 
running at any other speed. We see that dimensional analysis used as a 
preliminary to experimental investigation of a given problem can be very 
helpful. 

Resistance to fluid motion in a pipe can also be investigated by using 
the method of dimensional analysis. Experiments show that in the case 
of steady flow of an incompressible fluid through a smooth straight pipe, 
the resistance r per unit of surface area of pipe depends oa the viscosity jx 

' We neglect here the effect roughness of thc^ pro[)eIler surface and also tlu; effect 
of compressibility of th(‘ air. 
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of the fluid, on its mass density p, on the diameter d of the pipe, and on 
the average velocity v of flow.^ Then an equation for r can be written 
as follows: 

r = (r) 

Observing that r has the dimension FL"^ and that viscosity has the 
dimension FTIi"^, the dimensional equation becomes 

LT2 \L^) ^\t) ' 

The requirement of homogeneity then gives 

X + y = —x — 3y + z + u = —ly —x — u = ~2. 

We see that these three equations are insufficient to determine all four 
unknowns and one of them must remain indefinite. Let this be u; then 

X — 2 — Uy y = u — z = u — 2, 

and Eq. (r) becomes 



It can be readily shown that the expression in the parentheses, like s/l 
in Eq. (k), is a pure number. Hence the principle of homogeneity 
imposes no restriction on the exponent u. Taking, for example, ^^ = 1, 
we obtain 



which is the well-known Hagen-Poiseuille law for laminar flow in a 
straight pipe. 

In the more general case when the flow is turbulent, Eq. (s) can be 
generalized by taking a series of values for u. Then combining terms, we 
write the equation in the form 



where <t> stands for any function of pvd/y. We can also multiply the 
right-hand side of this equation by the pure number {pvd/pY and obtain 
for r the formula 

' The average velocity v is defined as the quantity of flow per unit time divided hy 
+ cross-sectional area of the pipe. 
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or, finally, 

(■") 

The equation in this form has proved very useful in experimental studies 
of flow of fluid in smooth pipes. By plotting r/pv^ against pvrf//x, we 
obtain a curve that applies to the flow of any kind of fluid and for any 
diameter of the pipe. Thus the results of experiments with the flow of 
water in small pipes can be applied with confidence to the flow^ of oil in 
large pipes, etc. The pure number pvd/ii was first introduceHl by Osborne 
Reynolds and is called Reynolds nnmberd 

It will be noted that in the preceding examples where our equations 
involved only three independent variables, w^e wxre able, in each case, to 
evaluate all of the exponents by the principle of homogeneity, while in 
those ecpiations such as {i) and (r), which contained four independent 
variables, one of the exponents remained indefinite. In each of these 
latter cases, however, we found that the quantities containing the indefi¬ 
nite exponent u combined so as to give a pure number to this power. 
Thus, in dealing wfith the simple pendulum, we found that the ratio s/l 
defining the angle of swing was significant, w^hile in discussing the resist¬ 
ance to flow^ of fluids in smooth pipes, we found the Reynolds number 
pvd/fi. 

In general, it can be proved that any correct and complete equation of 
the form 

<t(Ql,Q2 . . . Qn) = 0, (1) 

involving n physi(*al (piantities Q all expressible in terms of k funda¬ 
mental units, can ixi reduced to the form 

^l'(lI,,lIo . . . Il„_,) - 0, (2) 

where IR, ll- • . • lbi~;c are all the independent dimensionless products 
that can be made up by combining in any way the n physical quantities in 
Ii]q. (1). This is knowm as Buckingham's pi-theorem, which isnow widely 
used in dimensional analysis.^ 

To show the application of this theorem, we reconsider the problem 
of resistance to flow^ of fluids through smooth pipes as discussed above. 
Having decided on the physical quantities involved, we start with the 
equation 

F p,v 4,p) = 0, (0 

1 O. Reynolds, Phil. Trans, Roy. Soc., 1883, pp. 174, 935. 

® See Edgar Buckingham, Model experiments and the form of empirical equa¬ 
tions,’^ Trans. Am. Soc. Mech. Engrs.y vol. 37, pp. 263-296, 1915. The proof of the 
theorem is given in the appendix to this paper. The terms pi-theorem comes from the 
use of the Greek letter n signifying product. 
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analogous to Eq. (r). Writing down the dimensions of the five quantities 

M _ M _ L , _ . _ M 

^ ^ ^ T’ ^ ^ LT^ 


and remembering that we have k = 3, we find by triaP that two possible 
independent dimensionless products in this case are‘^ 


and Eq. (2) becomes 



as obtained before [see Eq. (s")]. 

The use of the pi-theorem has some advantage if we have to deal with 
a large number of physical quantities, since it reduces the number of 
variables by k. In general, however, we cannot accomplish anything by 
its use that could not be done by the more direct method used before. 
In this respect, the theorem is somewhat analogous to the Lagrangian 
method of writing equations of motion. It does not so much promote 
insight into dimensional analysis as reduce the problem to a systematic 
procedure requiring the minimum ox mental effort. 

2. Theory of Models. —It is common practice in engineeiing to use 
models in solving complicated mechanical problems. Models of such 
structures as bridges and dams are sometimes used to investigate the 
strength of those structures under actual conditions. Likewise models of 
ships are tested under various speeds to establish the necessary power of 
engines. Models are also widely used in airplane design. 

In the case of statical problems, the relations between the mechan¬ 
ical properties of the model and of the prototype are comparatively 
simple. For example, if we are interested in stresses produced in a struc¬ 
ture by live load and use the known formulas of strength of materials, 
we find that the stresses are proportional to the applied forces and inversely 
proportional to the squares of linear dimensions. This indicates that if 
the model is geometrically similar to the prototype with the ratio 1/X 
of linear dimensions to corresponding actual dimensions, then the 


^ If the number of quantities n is large, there arc definite rules of procedure for 
finding the n -- k independent products. See Buckingham, loc. cit. 

* Any two independent products may be taken. We choose these two in order 
to come directly to an equation of the form 
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stresses in the model will be the same as in the actual structure pro¬ 
vided the forces applied to the model are in the ratio l/X^ to the actual 
forces. If the materials of model and prototype are the same, equal 
stresses produce equal strains and the deformed shape of the model will be 
geometrically similar to that of the prototype. Multiplying the deflec¬ 
tions measured on the model by X, we obtain the actual deflections of the 
structure. 

If we are interested in elastic stability of compressed members of a 
structure, we observe that the magnitude of the critical stress, given by 
Euler's formula, is 


(Ter 


T^Er^ 


{a) 


This stress is independent of linear dimensions and, for materials with 
equal moduli is the same for model and prototype. Equations similar 
to Eq. (a) can be established in other cases of instability, which indicates 
that from model tests, we can find the load at which lateral buckling of 
members of the actual structure may occur. 

If we wish to find from model tests the stresses produced in the proto¬ 
type by dead load, such as the proper weight of a structure, we find that 
this problem is more complicated. When the linear dimensions are 
reduced in the ratio 1/X, the weight is reduced in the ratio 1/X*, which 
indicates that the stresses produced in the model by proper weight will 
be X times smaller than in the prototype if the materials are the same. 
To have the same stresses in the model as in the prototype, we must use 
for the model a material the density of which is X times larger than that 
in the actual structure. This requirement is difficult to realize; and in 
practical model tests, the insufficiency of proper weight is usually com¬ 
pensated by dead loads distributed over the model. 

If we are investigating the behavior of a structure only within the 
elastic limit of the material, we do not need to compensate for insuffi¬ 
ciency of dead load and can dispense with the requirement of equal stresses 
in model and prototype. It is only necessary to measure the dead load 
stresses in the model and then multiply by X to obtain the actual stresses 
in the structure. In such cases, however, the dead load stresses and 
deformations in the model will usually be very small and will require very 
sensitive measuring instruments. To remove this difficulty, the use of 
model materials having a small modulus of elasticity has been recom¬ 
mended. For example, in studying stresses in arch dams, models made 
of rubber have been used.^ 

^ See paper by A. V. Karpov and R. L. Templin, Proc, Am. Soc. Civil Engra.^ April, 
1934. 
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To investigate the behavior of a structure beyond the elastic limit 
and establish its ultimate strength under dead load, we have to use for the 
model the same material as for the actual structure. To have stresses 
of the same magnitude as in the prototype, the model must then be put in 
a force field, the intensity of Avhich is X times larger than that of the 
gravitational field. This can be accomplished by revolving the model 
in a centrifuge.^ The centrifugal force field can be assumed as approxi¬ 
mately uniform if the radius of the centrifuge is large in comparison with 
-‘.he dimensions of the model. Such experiments have proved very useful 
in solving problems encountered in mine structures and in the constnic- 
tion of tunnels. Failure of such structures may occur due to dead load 
alone; and since the material does not follow Hooke’s laAv, a theoretical 
solution becomes very involved. In such cases, a reliable value of the 
ultimate strength can be obtained from model tests alone. 

If we go from statics to dynamics, the relations between mechanical 
quantities pertaining to the model and to the prototype become more 
involved. We have to consider not only the ratio X of linear dimensions 
of the two geometrically similar systems but also the ratio of their masses 
and of their velocities. Take, for example, a geometrically similar model 
of an engine, and assume that we use for this model the same material, the 
same angular velocities, and the same gas pressure as for the prototype. 
Then the total forces on the two pistons will be in the ratio 1 /X^. The 
weights of the corresponding parts will be in the same ratio as their 
volumes, i.e.j in the ratio 1/X*\ Velocities and accelerarions of cor¬ 
responding points will be in the ratio 1/X, The inertia forces of cor¬ 
responding parts, haAung the dimension of mass times acceleration, will 
be in the ratio l/X**. From this we conclude that stresses produced by gas 
pressure in the model and in the prototype will be the same, stresses 
produced by gravity forces will be in the ratio 1 /X, and stresses due to 
inertia forces will be in the ratio l/X^. It is seen that in this case we 
do not have complete similarity. Nevertheless, under certain condi¬ 
tions, useful information can be obtained from model tests. If the engine 
is not very large and runs at slow speed, the stresses are produced princi¬ 
pally by gas pressure, and we obtain these with good accuracy from model 
tests. In another extreme case, Avhen the engine is running at high speed, 
the stresses produced by inertia forces predominate, and we can obtain 
these from model tests if the angular velocities of the model and of the 
prototype are taken in the ratio X/1. Then linear velocities of the cor¬ 
responding points of the model and of the prototype are the same, 
accelerations are in the ratio X/1, and inertia forces are in the ratio l/X^. 

^ Experiments of this kind were made by P. B. Bucky; see his paper presented at the 
semiannual meeting of the American Society of Mechanical Engineers, June, 1932. ^ 
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S\ich conditions are satisfied, for example, in model tests of turbine disks 
and flywheels if the peripheral velocities of model and prototype are equal. 

For a more complete study of dynamical models, let us consider two 
geometrically similar systems, the linear dimensions of which are in the 
ratio X, and assume that the masses of the corresponding portions of the 
systems aie in the ratio /x. We say that these two systems perform 
similar mot ions if they pass through geometrically similar configurations 
in intervals of time that are in a constant ratio r. Thus two geometri¬ 
cally similar pendulums perlorm similar motions if the initial angles of 
inclination are taken ecpial and the pendulums are released without initial 
velocity. Tavo geometrically similar engines running each with its 
constant angulai’ velocity also perform similar motions. If equations 
of motion for one of these systems are derived, they can be used also 
for the second system; we have only to substitute XZ, instead of length 
/, ijLin instead of mass ???, and rZ, instead of time t. Velocities of the 
corresponding points for similar configurations wdll be in the ratio Xr~^, 
and accelerations Avill be in the ratio Xt”^. The forces acting on corre¬ 
sponding portions of the tAVO systems must be in the same ratio as thc' 
])roducts of mass times acceleration. Denoting this ratio by we obtain 


This relation establishes the relation among the four constants X, m, t, and 
<p and is of great importance in the theory of models. It states that only 
three of the quantities can be taken arbitrarily; the fourth is then deter¬ 
mined by Eq. (3).^ 

Let us consider again the model of an engine and establish under wdiat 
condition the model and the prototype Aviil perform similar motions. If 
model and engine are of the same material, the gravity forces of cor¬ 
responding portions will be in the ratio /x = xyi. For similarity of 
motion, it is necessary that all other forces be in the same ratio. For 
example, the total pressures on the pistons must be in the ratio X®/!. 
This can be accomplished by using for the model a gas pressure X times 
higher than that for the prototype. From Eq. (3), w^e see that to make 
inertia forces also in the ratio xyi, we must take 

X = T^. (6) 

Observing that X/r = r is the ratio of the velocity of any point of the 
engine to the velocity of the corresponding point of the model, we con- 

»The principle of similitude in dynamics was established by Newton in Prop. 32, 
Sec. VII, of the second book of the Principia.” 
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elude, from Eq. (6), that for similarity of motions, we must have 

= X; (c) 

the squares of linear velocities must be in the same ratio as linear 
dimensions. If we take into account friction forces in bearings and 
assume them proportional to the reactions transmitted through the 
bearings, we shall find that friction forces are also in the ratio XVh We 
obtain the same conclusion also for air resistance if we assume this resist¬ 
ance proportional to area and to the square of velocity. It is seen that in 
the case of a model of an engine, all requirements regarding similarity of 
motion can be satisfied and we can arrange the model so that its motion 
will be similar to that of the engine. However, this will be only dynamical 
similarity; from motion of the model, Ave can draw conclusions about the 
motion of the engine, but not about the strength of machine parts. Since 
all forces are in the ratio X VI, the ratio of stresses in the engine to those in 
the model will be X/1; and with respect to mechanical strength, the engine 
will be weaker than the model. 

To have the same stresses in model and engine, the forces must be in 
the ratio xyi* Theoretically, this can be accomplished by taking for 
the model the same gas pressure as for the engine and using a material the 
density of which is X times larger than that used in the engine. Then the 
gravity forces of corresponding parts will be in the ratio XVI; and if we 
fulfill condition (6), the motion of the model will be similar to that of 
the engine,^ and in both cases we shall have the same stresses. But now 
since the materials are different, it will be impossible to make conclusions 
from model tests regarding the mechanical strength of the engine. 

As a second example, let us consider the use of models in ship design. 
Since these models are used to find the water resistance at various speeds 
of the ship, they do not need to be similar to the ship in all respects. They 
must have only the immersed portions of their outer surfaces geometri¬ 
cally similar; and if the linear dimensions are in the ratio 1/X, the weight 
AArill be in the ratio 1/X®. The moving model produces on the water sur¬ 
face a complicated wave motion, which is the principal source of resistance 
(see page 26). Assuming that the motion of water around the model 
is similar to that around the ship and that condition (c) is fulfilled, we 
conclude from Eq. (3) that the ratio of resistance to motion of the actual 
ship to the measAired resistance of the model is equal to /x = X®. If we, 
take, for example, X = 9, f.6., the linear dimensions of the model are 
one-ninth of the corresponding dimensions of the ship, we obtain from 
Eq. (c) == 3, which states that the velocity of the model should be one- 


^ We neglect here friction forces and air resistance. 
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third that of the ship. Then the resistance to propulsion of the model will 
be l/\® == of the resistance of the ship. When the velocity of the ship 
and, from the model test, the magnitude of the resistance to be expected 
are known, the proper pownr of the engines can be selected.^ 

As a last example, let us consider model tests used to investigate the 
dynamical deflection of a bridge under the action of live load. As a basis 
of discussion, wn take a problem proposed by Routh.^ 

Experiments are t^‘ be made on the deflection of a bridge 50 ft. long and 
w’eigliing 100 tons, when an engine weighing 20 tons passes with a velocity of 
40 in.p.h., by means of a model bridge 5 ft. long and weighing 100 oz. Find the 
weight of the model engine; and if the model bridge be of such stiffness that its 
statical central deflection under the model engine be one-tenth of the statical 
central deflection of the bridge due to the engine, show that the velocity of the 
model must be 40 m.p.h./\/10. 

To obtain dynamical similarity, w’^e select the weight of the model 
engine in the same ratio to the w^eight of the model bridge as that between 
live and dead load in the actual bridge. Since the rigidity of the model 
bridge is such that the ratio of statical deflections of the model to the 
coi responding deflections of the bridge is the same as the span ratio, we 
conclude that for very slow motion, wdien w^e can assume static conditions 
with good accuracy, the deflection curve of the model will be geometrically 
similar to that of the actual bridge. Assume now that velocities are not 
small so that dynamical conditions must be considered. The ratio of the 
span of the briage to that of the model is X = 10. The corresponding 
masses are in the ratio /x == 100 ton/100 oz. The gravity forces are in the 
ratio (f ~ n — 100 ton/100 oz. For geometrically similar deflection 
cAirves, elastic reactions will also be in this ratio. Substituting these 
ratios into Eci. (3), we conclude that for dynamical similarity, it is 
necessary to have 

T = v^, 

which indicates that the ratio of the velocity of the model engine to the 
velocity of the actual engine must be 

^ The methods of determining the resistance to the motion of ships from model tests 
was developed by W. Fronde. He observed also that the resistance determined on the 
basis of dynamical similitude does not give the complete resistance and that friction 
forces depending on the magnitude and roughness of the immersed surface of the ship 
must be considered. See Brit, Assoc, Kept., 1872, p. 118; 1874, p. 249. A modern 
discussion of this question can be found in the article by F. Horn in ^‘Handbuch der 
Physikalischen und Technishen Mechanik,'' Vol. 5, p. 552. 

* See Routh’s Dynamics of a System of Rigid Bodies,6th ed., vol. I, p. 294, 
1897. 
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as is stated above. If this requirement is fulfilled, bridge and model will 
perform similar motions and, dynamical deflections of the two will be in 
the ratio 1/X. It should be noted that in this case where we are inter¬ 
ested only in deflections, the model bridge does not need to be geometri¬ 
cally similar to the actual bridge. Its performance is completely defined 
by its length, its weight, and its flexural rigidity.^ 

A theoretical solution of the problem (see page 311) indicates that the 
ratio of dynamical to statical deflections is approximately equal to 
1/(1 — a) where a represents the ratio of the period of the fundamental 
type of vibration to twice the time l/v required for the load to pass over 
the bridge. If we keep a for the model the same as for the bridge, the 
ratio between the corresponding dynamical deflections will be the same as 
between the statical deflections and will be equal to l/X. To calculate 
a, we must know the period T of natural vibration of a beam. Using, foi* 
this purpose, Eq. (m) of the preceding article, we obtain 


T 



which indicates that the period of vibration is proportional to the square 
root of the statical deflection. In our case, statical deflections of the 
bridge and model are in the ratio X/1. Hence their periods of vibrations 
will be in the ratio 'nA/U In the same ratio also are the times l/v 
required for the loads to pass over the spans. This indicates that a is the 
same for the bridge as for the model and the model can be used for deter¬ 
mining d 3 mamical deflections of the bridge.'^ 

^ The flexural rigidity is ass\imed uniform along the span. 

* Several other examples of the use of models in the investigation of vibration prob¬ 
lems are desc^ribed in the paper by J. P. Den Hartog, Trans, Am, Soc, Mech, Engrs., 
vol. 54, p. 153, 1932. 
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